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1
F I E L D S , U N I T S , A N D S C A L E S .

1.1 what is a field?

A field is a map from space(time) to some set of numbers. These set of
numbers may be organized some how, possibly scalars, or vectors, ...

One example is the familiar spacetime vector, where x ∈ Rd

(1.1)(x, t)→ R(d,1).

Examples of fields:

1. 0 + 1 dimensional “QFT”, where the spatial dimension is zero di-
mensional and we have one time dimension. Fields in this case are
just functions of time x(t). That is, particle mechanics is a 0 + 1
dimensional classical field theory. We know that classical mechanics
is described by the action

(1.2)S =
m
2

∫
dtẋ2.

This is non-relativistic. We can make this relativistic by saying this
is the first order term in the Taylor expansion

(1.3)S = −mc2
∫

dt
√

1 − ẋ2/c2.

Classical field theory (of x(t)). The “QFT” of x(t). i.e. QM. All of
you know quantum mechanics. If you don’t just leave. Not this way
(pointing to the window), but this way (pointing to the door). The
solution of a quantum mechanical state is

(1.4)〈x| e−iHt/ h̄
∣∣∣x′〉 ,

which can be found by evaluating the “Feynman path integral”

(1.5)
∑

all paths x

eiS [x]/ h̄



2 fields , units, and scales.

This will be particularly useful for QFT, despite the fact that such
a sum is really hard to evaluate (try it for the Hydrogen atom for
example).

2. 3 + 0 dimensional field theory, where we have 3 spatial dimensions
and 0 time dimensions. Classical equilibrium static systems. The
field may have a structure like

(1.6)x→M(x),

for example, magnetization. We can write the solution to such a
system using the partition function

(1.7)Z ∼
∑

allM(x)

e−E[M]/kBT .

For such a system the energy function may be like

E[M] =

∫
d3x

aM2(x) + bM4(x) + c
3∑

i=1

(
∂

∂xi
M

)
·

(
∂

∂xi
M

) .
(1.8)

There is an analogy between the partition function and the Feynman
path integral, as both are summing over all possible energy states in
both cases. This will be probably be the last time that we mention
the partition function and condensed matter physics in this term for
this class.

3. 3 + 1 dimensional field theories, with 3 spatial dimensions and 1
time dimension. Example, electromagnetism with E(x, t),B(x, t) or
better use A(x, t), φ(x, t). The action is

(1.9)S = −
1

16πc

∫
d3xdt

(
E2 − B2

)
.

This is our first example of a relativistic field theory in 3 + 1 dimen-
sions. It will take us a while to get there.

These are examples of classical field theories, such as fluid dynamics
and general relativity. We want to consider electromagnetism because this
is the place that we everything starts to fall apart (i.e. blackbody radiation,



1.2 scales. 3

relating to the equilibrium states of radiating matter). Part of the resolution
of this was the quantization of the energy states, where we studied the
normal modes of electromagnetic radiation in a box. These modes can
be considered an infinite number of radiating oscillators (the ultraviolet
catastrophe). This was resolved by Planck by requiring those energy states
to be quantized (an excellent discussion of this can be found in [3]. In that
sense you have already seen quantum field theory.

For electromagnetism the classical description is not always good. Ex-
amples:

1. blackbody radiation.

2. electron energy e2/re of a point charge diverges as re → 0. We can
define the classical radius of the electron by

(1.10)
e2

rcl
e
∼ mec2,

or

rcl
e ∼

mec2

e2 ∼ 10−15m (1.11)

Don’t treat this very seriously, but it becomes useful at frequencies
ω ∼ c/re, where re/c is approximately the time for light to cross a
distance re. At frequencies like this, we should not believe the solu-
tions that are obtained by classical electrodynamics. In particular,
self-accelerating solutions appear at these frequencies in classical
EM. This is approximately ω∗ ∼ 1023Hz, or

(1.12)
h̄ω∗ ∼

(
10−21 MeVs

) (
1023 1/s

)
∼ 100MeV.

At such frequencies particle creation becomes possible.

1.2 scales .

A (dimensionless) value that is very useful in determining scale is

α =
e2

4π h̄c
∼

1
137

, (1.13)

called the fine scale constant, which relates three important scales relevant
to quantum mechanics, as sketched in fig. 1.1.
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Figure 1.1: Interesting scales in quantum mechanics.

• The Bohr radius (large end of the scale).

• The Compton wavelength of the electron.

• The classical radius of the electron.

1.2.1 Bohr radius.

A quick motivation for the Bohr radius was mentioned in passing in class
while discussing scale, following the high school method of deriving the
Balmer series ([7]).

That method assumes a circular electron trajectory (i = e1e2)

(1.14)

r = re1eiωt

v = ωre2eiωt

a = −ω2re1eiωt

The Coulomb force (in cgs units) on the electron is

(1.15)

F = ma
= −mω2re1eiωt

=
−e(e)

r2 e1eiωt,

or

(1.16)m
(v
r

)2
r =

e2

r2 ,
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giving

(1.17)mv2 =
e2

r
.

The energy of the system, including both Kinetic and potential (from an
infinite reference point) is

(1.18)

E =
1
2

mv2 −
e2

r

= −
1
2

mv2

∼ h̄ω
= h̄

v
r
,

or

(1.19)mvr ∼ h̄.

Eliminating v using eq. (1.17), assuming a ground state radius r = a0 gives

(1.20)a0 ∼
h̄2

me2 .

The Bohr radius is of the order 10−10m.

1.2.2 Compton wavelength.

When particle momentum starts approaching the speed of light, by the
uncertainty relation (∆x∆p ∼ h̄) the variation in position must be of the
order

(1.21)λc ∼
h̄

mec
,

called the Compton wavelength. Similarly, when the length scales are re-
duced to the Compton wavelength, the momentum increases to relativistic
levels. Because of the relativistic velocities at the Compton wavelength,
particle creation and annihilation occurs and any theory has to account for
multiple particle states.
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1.2.3 Relations.

Scaling the Bohr radius once by the fine structure constant, we obtain the
Compton wavelength (after dropping factors of 4π)

(1.22)

a0α =
h̄2

me2

e2

4π h̄c

=
h̄

4πmc

∼
h̄

mc
= λc.

Scaling once more, we obtain (after dropping another 4π) the classical
electron radius

(1.23)
λcα =

e2

4πmc2

∼
e2

mc2 .

1.3 natural units .

(1.24)

[ h̄] = [action] = M
L2

T 2 T =
ML2

T

[c] = [velocity] =
L
T

[energy] = M
L2

T 2 .

Setting c = 1 means

(1.25)
L
T

= 1

and setting h̄ = 1 means

(1.26)
[ h̄] = [action]

= ML
�
��
L
T

= ML



1.4 gravity. 7

therefore

(1.27)[L] =
1

mass

and

(1.28)[energy] = M
�
�
�L2

T 2

= mass eV

Summary

• energy ∼ eV

• distance ∼ 1
M

• time ∼ 1
M

From:

(1.29)α =
e2

4π��̄hc

which is dimensionless (1/137), so electric charge is dimensionless.
Some useful numbers in natural units

(1.30)

me ∼ 10−27g ∼ 0.5MeV

mp ∼ 2000me ∼ 1GeV

mπ ∼ 140MeV

mµ ∼ 105MeV

h̄c ∼ 200MeV fm = 1

1.4 gravity.

Interaction energy of two particles

(1.31)GN
m1m2

r

(1.32)[energy] ∼ [GN]
M2

L
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(1.33)[GN] ∼ [energy]
L

M2

but energy x distance is dimensionless (action) in our units

(1.34)[GN] ∼ dimensionlessM2

(1.35)

GN

h̄c
∼

1
M2

∼
1

1020GeV

Planck mass

(1.36)

MPlanck ∼

√
h̄c

GN

∼ 10−4g

∼
1(

1020GeV
)2

We can revisit the scale diagram from last lecture in terms of MeV
mass/energy values, as sketched in fig. 1.2.

Figure 1.2: Scales, take II.

At the classical electron radius scale, we consider phenomena such as
back reaction of radiation, the self energy of electrons. At the Compton
wavelength we have to allow for production of multiple particle pairs. At
Bohr radius scales we must start using QM instead of classical mechanics.
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1.5 cross section .

(Verbal discussion of cross section, not captured in these notes). Roughly,
the cross section sounds like the number of events per unit time, related to
the flux of some source through an area.

We’ll compute the cross section of a number of different systems in
this course. The cross section is relevant in scattering such as the electron-
electron scattering sketched in fig. 1.3.

Figure 1.3: Electron electron scattering.

We assume that QED is highly relativistic. In natural units, our scale
factor is basically the square of the electric charge

(1.37)α ∼ e2,

so the cross section has the form

(1.38)σ ∼
α2

E2

(
1 + O(α) + O(α2) + · · ·

)
In gravity we could consider scattering of electrons, where GN takes the

place of α. However, GN has dimensions.
For electron-electron scattering due to gravitons

(1.39)σ ∼
G2

NE2

1 + GNE2 + · · ·

Now the cross section grows with energy. This will cause some problems
(violating unitarity: probabilities greater than 1!) when O(GNE2) = 1.

When the coupling constant is not-dimensionless we have the same sort
of problems at some scale in any quantum field theories.

The point is that we can get far considering just dimensional analysis.
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If the coupling constant has a dimension (1/mass)N ,N > 0, then uni-
tarity will be violated at high energy. One such theory is the Fermi theory
of beta decay (electro-weak theory), which had a coupling constant with
dimensions inverse-mass-squared. The relevant scale for beta decay was 4
Fermi, or GF ∼ (1/100GeV)2. This was the motivation for introducing the
Higgs theory, which was motivated by restoring unitarity.

1.6 problems.

Exercise 1.1 Dimensional analysis. (2015 ps1.4)

Even though we have set h̄ = c = 1, we can still do dimensional analysis
because we still have one unit left, mass (or 1/length). In d space-time
dimensions (1 time and d − 1 space), what is the dimension in mass
units of a canonical free scalar field, φ? (Work it out from the equal-time
commutation relations.) Still in d dimensions, the Lagrange density for a
scalar field with self-interactions might be of the form

(1.40)L =
1
2

(
∂µφ

)2
−

∑
n≥2

anφ
n.

a. What is the dimension (again in mass units) of the Lagrange den-
sity?

b. The action?

c. The coefficients an? (as a check, whatever the value of d, a2 had
better have the dimensions of mass2 ).

Answer for Exercise 1.1

Part a. With [φ(x), π(y)] = iδ(3)(x− y), which is dimensionless, we have

(1.41)1 = [φπ]
= [φ2]/L,

so

(1.42)[φ] = L1/2.
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This means that the dimensions of the Lagrangian are

(1.43)

[L] = [(∂µφ)2]

=
1
L2 L

=
1
L
.

Part b. The dimensions of the action are

(1.44)

[S ] = [
∫

dd xL]

= Ld 1
L

= Ld−1

Part c. The dimensions of the coefficients are found from

(1.45)
1
L

= [anφ
n]

= [an]Ln/2,

or

(1.46)[an] = L−1−n/2.

For n = 2 that is [an] = L−1−2/2 = L−2. Provided [L] = 1/[M] this is
what is expected. To see that is the case consider the dimensions of the
ratio

(1.47)[ h̄/c] = [(ML2/T )/(L/T )] = [ML].

If both h̄ and c are dimensionless then the dimensions of length must
be inverse mass.

Exercise 1.2 Zero point energy, and unit conversion. (2018 Hw1.III)

In class, we showed that the zero-point energy of the quantized massless
scalar field (we are taking this case, because in the physically relevant case
of electrodynamics, the number of degrees of freedom and the associated
vacuum energy is the same as that of two massless scalar fields) can be
written as:

(1.48)Evac = V3

∫
d3k

(2π)3

ωk

2
.
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where V3 is the (large, i.e., almost infinite) volume of space. This expres-
sion diverges, because we assume that electromagnetic fields and photons
of arbitrarily large momenta exist. There’s no justification to this, as par-
ticle physicists have only probed the Standard Model up to energies of
order a few TeV. Assume, then, that the integral above is cut off at some
maximum value of the momentum Λ (called the “UV cutoff”), say of order
10 TeV.

a. What is the value of the vacuum energy density ρvac, in units of
g/cm3.

b. What value should Λ have in order that ρvac matches the observed
value of the “dark energy”, of order ρdark ∼ 10−29 g/cm3. Express
Λ both as a high-energy scale cutoff and as a short-distance cutoff.

c. What is the ratio of ρvac for Λ ∼ MPlanck to ρdark?

d. Note that the zero-point energies of phonons – the zero point
energies of the quantized collective sound oscillations of nuclei
in a crystal – are given, up to simple numerical factors counting
the numbers of polarizations (which we won’t worry about here)
by an expression similar to the above. This is because phonons
are massless scalar fields propagating with the speed of sound
instead of speed of light. Notice that this difference is irrelevant
as c appears in Evac simply: k is a wavevector and ωk = ck – a
frequency (secretly multiplied by h̄, of course). In the case of
phonons, however, we are well aware that a cutoff scale exists
and we understand well its nature: it is given by the interatomic
separation, as the notion of phonons does not make sense for shorter
wavelengths. Now take kmax = Λ ∼ 1/a0, with a0 of order the Bohr
radius and estimate the energy density of the zero point fluctuations
in a crystal. Compare your result to the typical rest energy (i.e.
mass) density of crystals.

The results from the first three items above lead to a puzzle com-
monly referred to as the “cosmological constant problem”. There
are various proposals for its solution, ranging from cancellations
between the contributions of high and low momentum oscillators,
anthropic principle (multiverse) considerations, modifications of
gravity at long distances, to name a few. The issue awaits your
input!

Answer for Exercise 1.2
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Part a. To make a bit more sense of the unit conversions required, let’s
insert factors of h̄, c back into the mix temporarily

(1.49)

Evac = V3

∫
d3k

(2π)3

h̄ωk

2
.

= V3
h̄(4π)

(2π)32

∫ k

0
k2dkωk

= V3
h̄

(2π)2c3

∫ ω

0
ω3dω

= V3
h̄ω4

4(2π)2c3 ,

so

ρvac =
Evac

V3
=

1
16π2 ( h̄ω)

(
ω

c

)3
(1.50)

Observe that [ω/c] = 1/L so we have energy/L3 as desired. With the
following conversion factors ([25])

(1.51)
1 eV = 1.78 × 10−33 g

1 (eV)−1 = 1.97 × 10−5 cm

we have

(1eV)4 = 1.78× 10−33
(

1
1.97 × 10−5

)3

g/(cm)3 = 2.3× 10−19 g/(cm)3,

(1.52)

and

1 g/(cm)3 =
1

2.3 × 10−19 (eV)4 = 4.3 × 1018 (eV)4 (1.53)

The vacuum energy density at the 10 TeV cutoff is therefore

(1.54)ρvac =
1

16π2 (1013eV)4 × 2.3 × 10−19 g/(cm)3/(eV)4

= 1.4 × 1031 g/(cm)3.

This seems extraordinarily large to me, especially given the intuitive de-
scription of vacuum as empty.
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Part b. The equivalent cutoff associated with the dark energy density is

(1.55)

Λ =
(
16π2ρ

)1/4

=
(
16π2 × 10−29 g/(cm)3

)1/4

=
(
16π2 × 10−29 g/(cm)3 × 4.3 × 1018 (eV)4/(g/(cm)3)

)1/4

= 9.1 × 10−3 eV.

(In contrast with the vacuum energy density, this seems extraordinarily
small.)

As a distance scale (wavelength), this is

(1.56)

λ =
2π
k

=
2π

9.1 × 10−3 eV
× 1.97 × 10−5(eV)(cm)

= 1.4 × 10−2 cm.

Part c. The Planck mass is

(1.57)MPlanck = 2.2 × 10−5 g ×
1 eV

1.78 × 10−33 g
= 1.2 × 1028eV,

so the energy density ratio is

(1.58)
ρvac (Planck)

ρdark
=

(
1028 eV

)4

(
10−2 eV

)4

= 10120.

This is an extraordinary difference, but what it means is not clear to me.

Part d. Mathematica workbook attached.
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L O R E N T Z T R A N S F O R M AT I O N S .

2.1 lorentz transformations.

The goal, perhaps not for today, is to study the simplest (relativistic) scalar
field theory. First studied classically, and then consider such a quantum
field theory. How is relativity implemented when we write the Lagrangian
and action?

Our first step must be to consider Lorentz transformations and the
Lorentz group.

Spacetime (Minkowski space) is R3,1 (or Rd−1,1). Our coordinates are

(2.1)(ct, x1, x2, x3) = (ct, r).

Here, we’ve scaled the time scale by c so that we measure time and
space in the same dimensions. We write this as

(2.2)xµ = (x0, x1, x2, x3),

where µ = 0, 1, 2, 3, and call this a “4-vector”. These are called the space-
time coordinates of an event, which tell us where and when an event
occurs.

For two events whose spacetime coordinates differ by dx0, dx1, dx2, dx3

we introduce the notion of a space time interval

(2.3)
ds2 = c2dt2 − (dx1)2 − (dx2)2 − (dx3)2

=

3∑
µ,ν=0

gµνdxµdxν

Here gµν is the Minkowski space metric, an object with two indexes that
run from 0-3. i.e. this is a diagonal matrix

(2.4)gµν ∼


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1
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i.e.

(2.5)

g00 = 1

g11 = −1

g22 = −1

g33 = −1

We will use the Einstein summation convention, where any repeated
upper and lower indexes are considered summed over. That is eq. (2.3) is
written with an implied sum

(2.6)ds2 = gµνdxµdxν.

Explicit expansion:

(2.7)
ds2 = gµνdxµdxν

= g00dx0dx0 + g11dx1dx1 + g22dx2dx2 + g33dx3dx3

= (1)dx0dx0 + (−1)dx1dx1 + (−1)dx2dx2 + (−1)dx3dx3.

Recall that rotations (with orthogonal matrix representations) are trans-
formations that leave the dot product unchanged, that is

(2.8)
(Rx) · (Ry) = xTRTRy

= xTy
= x · y,

where R is a rotation orthogonal 3x3 matrix. The set of such transfor-
mations that leave the dot product unchanged have orthonormal matrix
representations RTR = 1. We call the set of such transformations that have
unit determinant the SO(3) group.

We call a Lorentz transformation, if it is a linear transformation acting
on 4 vectors that leaves the spacetime interval (i.e. the inner product of 4
vectors) invariant. That is, a transformation that leaves

(2.9)xµyνgµν = x0y0 − x1y1 − x2y2 − x3y3

unchanged.
Suppose that transformation has a 4x4 matrix form

(2.10)x′µ = Λµ
νxν
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Figure 2.1: Boost transformation.

For an example of a possible Λ, consider the transformation sketched in
fig. 2.1. We know that boost has the form

(2.11)

x =
x′ + vt′√
1 − v2/c2

y = y′

z = z′

t =
t′ + (v/c2)x′√

1 − v2/c2

(this is a boost along the x-axis, not y as I’d drawn), or

(2.12)


ct

x

y

z


=



1√
1 − v2/c2

v/c√
1 − v2/c2

0 0

v/c√
1 − v2/c2

1√
1 − v2/c2

0 0

0 0 1 0

0 0 0 1




ct′

x′

y′

z′


Other examples include rotations (λ0

0 = 1 zeros in λ0
k, λ

k
0, and a

rotation matrix in the remainder.)
Back to Lorentz transformations (SO(1, 3)+), let

(2.13)
x′µ = Λµ

νxν

y′κ = Λκ
ρyρ

The dot product

(2.14)gµκx′
µy′κ = gµκΛµ

νΛκ
ρxνyρ

= gνρxνyρ,
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where the last step introduces the invariance requirement of the transfor-
mation. That is

gνρ = gµκΛµ
νΛκ

ρ. (2.15)

Upper and lower indexes We’ve defined

(2.16)xµ = (t, x1, x2, x3)

We could also define a four vector with lower indexes

(2.17)xν = gνµxµ

= (t,−x1,−x2,−x3).

That is

(2.18)

x0 = x0

x1 = −x1

x2 = −x2

x3 = −x3.

which allows us to write the dot product as simply xµyµ.
We can also define a metric tensor with upper indexes

(2.19)gµν ∼


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


This is the inverse matrix of gµν, and it satisfies

(2.20)gµνgνρ = δµρ

Exercise: Check:

(2.21)

gµνxµyν = xνyν

= xνyν
= gµνxµyν
= δµνxµyν
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Class ended around this point, but it appeared that we were heading this
direction:

Returning to the Lorentz invariant and multiplying both sides of eq. (2.15)
with an inverse Lorentz transformation Λ−1, we find

(2.22)
gνρ

(
Λ−1

)ρ
α

= gµκΛµ
νΛκ

ρ

(
Λ−1

)ρ
α

= gµκΛµ
νδ
κ
α

= gµαΛµ
ν,

or

(2.23)
(
Λ−1

)
να

= Λαν.

This is clearly analogous to RT = R−1, although the index notation obscures
things considerably. Prof. Poppitz said that next week this would all lead
to showing that the determinant of any Lorentz transformation was ±1.

For what it’s worth, it seems to me that this index notation makes life
a lot harder than it needs to be, at least for a matrix related question (i.e.
determinant of the transformation). In matrix/column-(4)-vector notation,
let x′ = Λx, y′ = Λy be two four vector transformations, then

(2.24)

x′ · y′ = x′TGy′

= (Λx)TGΛy
= xT (ΛTGΛ)y
= xTGy.

so

ΛTGΛ = G. (2.25)

Taking determinants of both sides gives −(det(Λ))2 = −1, and thus
det(Λ) = ±1.

2.2 determinant of lorentz transformations.

We require that Lorentz transformations leave the dot product invariant,
that is x · y = x′ · y′, or

(2.26)xµgµνyν = x′µgµνy′
ν.
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Explicitly, with coordinate transformations

(2.27)
x′µ = Λµ

ρxρ

y′µ = Λµ
ρyρ

such a requirement is equivalent to demanding that

(2.28)xµgµνyν = Λµ
ρxρgµνΛν

κyκ

= xµΛα
µgαβΛβ

νyν,

or

(2.29)gµν = Λα
µgαβΛβ

ν

multiplying by the inverse we find

(2.30)
gµν

(
Λ−1

)ν
λ

= Λα
µgαβΛβ

ν

(
Λ−1

)ν
λ

= Λα
µgαλ

= gλαΛα
µ.

This is now amenable to expressing in matrix form

(2.31)
(GΛ−1)µλ = (GΛ)λµ

= ((GΛ)T)µλ
= (ΛTG)µλ,

or

(2.32)GΛ−1 = (GΛ)T.

Taking determinants (using the normal identities for products of deter-
minants, determinants of transposes and inverses), we find

(2.33)���
�det(G)det(Λ−1) =���

�det(G)det(Λ),

or

(2.34)det(Λ)2 = 1,

or det(Λ)2 = ±1. We will generally ignore the case of reflections in
spacetime that have a negative determinant.
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Smart-alec Peeter pointed out after class last time that we can do the
same thing easier in matrix notation

(2.35)
x′ = Λx

y′ = Λy

where

(2.36)x′ · y′ = (x′)TGy′

= xTΛTGΛy,

which we require to be x · y = xTGy for all four vectors x, y, that is

(2.37)ΛTGΛ = G.

We can find the result eq. (2.34) immediately without having to first
translate from index notation to matrices.

2.3 problems.

Exercise 2.1 Lorentz transformation. (2015 ps1.1)

A Lorentz transformation xµ → x′µ = ∧µνxν is such that it preserves the
Minkowski metric ηµν meaning that ηµνxµxν = ηµνx′µx′ν for all x.

a. Show that this implies that

(2.38)ηµν = ηστ∧
σ
µ∧

τ
ν.

b. Use this result to show that an infinitesimal transformation of the
form

(2.39)∧µν = δµν + ωµν

is a Lorentz transformation when ωµν is antisymmetric i.e. ωµν =

−ωνµ. (Note that there an antisymmetric 4× 4 matrix has six param-
eters, as does a Lorentz transformation - 3 rotations and 3 boosts -
so the counting works out).

c. Write down the matrix form for ωµν that corresponds to a rotation
through an infinitesimal angle θ about the x3-axis.

d. Do the same for a boost along the x1-axis by an infinitesimal
velocity v.

Answer for Exercise 2.1
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Part a. The dot product of the transformed coordinates is

(2.40)ηµνx′µx′ν = ηµν∧
µ
αxα∧νβxβ

= ηστ∧
σ
µ∧

τ
νxµxν,

where the last step is just a change of indexes µ→ σ, ν→ τ, α→ µ, β→ ν.
The identity eq. (2.38) can be read off directly.

Part b.

(2.41)

ηστ∧
σ
µ∧

τ
ν = ηστ

(
δσµ + ωσµ

) (
δτν + ωτν

)
=

(
ηµτ + ωτµ

) (
δτν + ωτν

)
= ηµτδ

τ
ν + ηµτω

τ
ν + ωτµδ

τ
ν + ωτµω

τ
ν

= ηµν + ωµν + ωνµ + ωτµω
τ
ν

= ηµν + ωµν − ωµν + O(ω2)
= ηµν.

Part c. With a γ2
0 = 1, γ2

k = −1 metric, a rotation in the x-y plane around
the z-axis can be written as

(2.42)
γ1x1 + γ2x2 →

(
γ1x1 + γ2x2

)
eγ2γ1θ

=
(
γ1x1 + γ2x2

)
(cos θ + γ2γ1 sin θ)

= γ1x1 cos θ + γ2x2 cos θ + γ2x1 sin θ − γ1x2 sin θ,

or x1

x2


′

=

cos θ − sin θ

sin θ cos θ


x1

x2

 , (2.43)

so in the small angle approximation, with a γ0, γ,γ2, γ3 basis, we have

(2.44)ωνµ =


0 0 0 0

0 0 −θ 0

0 θ 0 0

0 0 0 0


.
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Part d. For the boost the rotation is also an exponential

γ1x1 + γ0x0 →
(
γ1x1 + γ0x0

)
eγ0γ1α

=
(
γ1x1 + γ0x0

)
(coshα + γ0γ1 sinhα)

= γ1x1 coshα + γ0x0 coshα + γ0x1 sinhα + γ1x0 sinhα,
(2.45)

or

(2.46)

x0

x1


′

=

coshα sinhα

sinhα coshα


x0

x1


The rapidity angle α can be related to velocity by considering a space-

time difference in position

(2.47)∆

x0

x1


′

=

coshα∆x0 + sinhα∆x1

sinhα∆x0 + coshα∆x1

 ,
For a particle fixed at the origin in the unprimed frame (i.e. ∆x1 = 0∀t),
we have

(2.48)∆

x0

x1


′

=

coshα∆x0

sinhα∆x0

 .
In particular

(2.49)
∆x′1

∆x′0
= tanhα.

If the unprimed frame is moving at velocity v along the x-axis, then the
primed frame is moving at −v, or

(2.50)−v = tanhα.

Noting that cosh2 α − sinh2 α = 1,

(2.51)v2 =
sinh2 α

1 + sinh2 α
,

so

(2.52)sinh2 α
(
v2 − 1

)
= −v2,
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or

(2.53)sinhα = ±
v√

1 − v2
.

We also have

(2.54)
cosh2 α =

v2

1 − v2 + 1

=
1

1 − v2 .

Picking the negative sign in eq. (2.53) to match eq. (2.50), we have

(2.55)

x0

x1


′

=
1√

1 − v2

 1 −v

−v 1


x0

x1

 .
In the small velocity limit, this gives

(2.56)ωµν =


0 −v 0 0

−v 0 0 0

0 0 0 0

0 0 0 0


.
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C L A S S I C A L F I E L D T H E O RY.

3.1 field theory.

The electrostatic potential is an example of a scalar field φ(x) unchanged
by SO(3) rotations

x→ x′ = Ox, (3.1)

that is

(3.2)φ′(x′) = φ(x).

Here φ′(x′) is the value of the (electrostatic) scalar potential in a primed
frame.

However, the electrostatic field is not invariant under Lorentz transfor-
mation. We postulate that there is some scalar field

(3.3)φ′(x′) = φ(x),

where x′ = Λx is an SO(1, 3) transformation. There are actually no stable
particles (fields that persist at long distances) described by Lorentz scalar
fields, although there are some unstable scalar fields such as the Higgs,
Pions, and Kaons. However, much of our homework and discussion will
be focused on scalar fields, since they are the easiest to start with.

We need to first understand how derivatives ∂µφ(x) transform. Using the
chain rule

(3.4)

∂φ(x)
∂xµ

=
∂φ′(x′)
∂xµ

=
∂φ′(x′)
∂x′ν

∂x′ν

∂xµ

=
∂φ′(x′)
∂x′ν

∂µ
(
Λν

ρxρ
)

=
∂φ′(x′)
∂x′ν

Λν
µ

=
∂φ(x)
∂x′ν

Λν
µ.
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Multiplying by the inverse
(
Λ−1

)µ
κ

we get

(3.5)
∂

∂x′κ
=

(
Λ−1

)µ
κ

∂

∂xµ

This should be familiar to you, and is an analogue of the transformation
of the

(3.6)dr · ∇r = dr′ · ∇r′ .

3.2 actions.

We will start with a classical action, and quantize to determine a QFT. In
mechanics we have the particle position q(t), which is a classical field in
1+0 time and space dimensions. Our action is

(3.7)
S =

∫
dtL(t)

=

∫
dt

(
1
2

q̇2 − V(q)
)
.

This action depends on the position of the particle that is local in time.
You could imagine that we have a more complex action where the action
depends on future or past times

(3.8)S =

∫
dt′q(t′)K(t′ − t),

but we don’t seem to find such actions in classical mechanics.

3.3 principles determining the form of the action.

• relativity (action is invariant under Lorentz transformation)

• locality (action depends on fields and the derivatives at given (t, x).

• Gauge principle (the action should be invariant under gauge trans-
formation). We won’t discuss this in detail right now since we will
start with studying scalar fields. Recall that for Maxwell’s equations
a gauge transformation has the form

(3.9)φ→ φ + χ̇,A
→ A − ∇χ.
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Suppose we have a real scalar field φ(x) where x ∈ R1,d−1. We will be
integrating over space and time

∫
dtdd−1x which we will write as

∫
dd x.

Our action is

(3.10)S =

∫
dd x

(
Some action density to be determined

)
The analogue of q̇2 is

(3.11)

(
∂φ

∂xµ

) (
∂φ

∂xν

)
gµν = (∂µφ)(∂νφ)gµν

= ∂µφ∂µφ.

This has both time and spatial components, that is

(3.12)∂µφ∂µφ = φ̇2 − (∇φ)2,

so the desired simplest scalar action is

(3.13)S =

∫
dd x

(
φ̇2 − (∇φ)2

)
.

The measure transforms using a Jacobian, which we have seen is the
Lorentz transform matrix, and has unit determinant

dd x′ = dd x
∣∣∣det(Λ−1)

∣∣∣ = dd x. (3.14)

3.4 principles (cont.)

• Lorentz (Poincaré : Lorentz and spacetime translations)

• locality

• dimensional analysis

• gauge invariance

These are the requirements for an action. We postulated an action that
had the form

(3.15)
∫

dd x∂µφ∂µφ,

called the “Kinetic term”, which mimics
∫

dtq̇2 that we’d see in quantum
or classical mechanics. In principle there exists an infinite number of local
Poincaré invariant terms that we can write. Examples:
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• ∂µφ∂
µφ

• ∂µφ∂ν∂
ν∂µφ

• (∂µφ∂µφ)
2

• f (φ)∂µφ∂µφ

• f (φ, ∂µφ∂µφ)

• V(φ)

It turns out that nature (i.e. three spatial dimensions and one time di-
mension) is described by a finite number of terms. We will now utilize
dimensional analysis to determine some of the allowed forms of the action
for scalar field theories in d = 2, 3, 4, 5 dimensions. Even though the real
world is only d = 4, some of the d < 4 theories are relevant in condensed
matter studies, and d = 5 is just for fun (but also applies to string theories.)

With [x] ∼ 1
M in natural units, we must define [φ] such that the kinetic

term is dimensionless in d spacetime dimensions

(3.16)
[dd x] ∼

1
Md

[∂µ] ∼ M

so it must be that

(3.17)[φ] = M(d−2)/2

It will be easier to characterize the dimensionality of any given term by
the power of the mass units, that is

(3.18)

[mass] = 1

[dd x] = −d

[∂µ] = 1

[φ] = (d − 2)/2

[S ] = 0.

Since the action is

(3.19)S =

∫
dd x

(
L(φ, ∂µφ)

)
,

and because action had dimensions of h̄, so in natural units, it must be
dimensionless, the Lagrangian density dimensions must be [d]. We will
abuse language in QFT and call the Lagrangian density the Lagrangian.
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3.4.1 d = 2.

Because [∂µφ∂µφ] = 2, the scalar field must be dimension zero, or in
symbols

(3.20)[φ] = 0.

This means that introducing any function f (φ) = 1 + aφ + bφ2 + cφ3 + · · ·

is also dimensionless, and

(3.21)[ f (φ)∂µφ∂µφ] = 2,

for any f (φ). Another implication of this is that the a potential term in the
Lagrangian [V(φ)] = 0 needs a coupling constant of dimension 2. Letting
µ have mass dimensions, our Lagrangian must have the form

(3.22)f (φ)∂µφ∂µφ + µ2V(φ).

An infinite number of coupling constants of positive mass dimensions for
V(φ) are also allowed. If we have higher order derivative terms, then we
need to compensate for the negative mass dimensions. Example (still for
d = 2).

(3.23)L = f (φ)∂µφ∂µφ + µ2V(φ) +
1
µ′2

∂µφ∂ν∂
ν∂µφ +

(
∂µφ∂

µφ
)2 1
µ̃2 .

The last two terms, called couplings (i.e. any non-kinetic term), are exam-
ples of terms with negative mass dimension. There is an infinite number of
those in any theory in any dimension.

Definitions

• Couplings that are dimensionless are called (classically) marginal.

• Couplings that have positive mass dimension are called (classically)
relevant.

• Couplings that have negative mass dimension are called (classically)
irrelevant.

In QFT we are generally interested in the couplings that are measurable
at long distances for some given energy. Classically irrelevant theories
are generally not interesting in d > 2, so we are very lucky that we don’t
live in three dimensional space. This means that we can get away with
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a finite number of classically marginal and relevant couplings in 3 or 4
dimensions. This was mentioned in the Wilczek’s article referenced in the
class forum [26]1

Long distance physics in any dimension is described by the marginal
and relevant couplings. The irrelevant couplings die off at low energy.
In two dimensions, a priori, an infinite number of marginal and relevant
couplings are possible. 2D is a bad place to live!

3.4.2 d = 3.

Now we have

(3.24)[φ] =
1
2

so that
(3.25)[∂µφ∂µφ] = 3.

A 3D Lagrangian could have local terms such as

(3.26)L = ∂µφ∂
µφ + m2φ2 + µ3/2φ3 + µ′φ4 +

(
µ′′

)
1/2φ5 + λφ6.

where m, µ, µ′′ all have mass dimensions, and λ is dimensionless. i.e.
m, µ, µ′′ are relevant, and λ marginal. We stop at the sixth power, since any
power after that will be irrelevant.

3.4.3 d = 4.

Now we have
(3.27)[φ] = 1

so that
(3.28)[∂µφ∂µφ] = 4.

In this number of dimensions φk∂µφ∂
µ is an irrelevant coupling.

A 4D Lagrangian could have local terms such as

(3.29)L = ∂µφ∂
µφ + m2φ2 + µφ3 + λφ4.

where m, µ have mass dimensions, and λ is dimensionless. i.e. m, µ are
relevant, and λ is marginal.

1 There’s currently more in that article that I don’t understand than I do, so it is hard to find
it terribly illuminating.
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3.4.4 d = 5.

Now we have

(3.30)[φ] =
3
2
,

so that

(3.31)[∂µφ∂µφ] = 5.

A 5D Lagrangian could have local terms such as

(3.32)L = ∂µφ∂
µφ + m2φ2 +

√
µφ3 +

1
µ′
φ4.

where m, µ, µ′ all have mass dimensions. In 5D there are no marginal cou-
plings. Dimension 4 is the last dimension where marginal couplings exist.
In condensed matter physics 4D is called the “upper critical dimension”.

From the point of view of particle physics, all the terms in the La-
grangian must be the ones that are relevant at long distances.

3.5 least action principle.

Now we want to study 4D scalar theories. We have some action

(3.33)S [φ] =

∫
d4xL(φ, ∂µφ).

Let’s keep an example such as the following in mind

(3.34)L =
1
2
∂µφ∂

µφ

Kinetic term

− m2φ − λφ4

all relevant and marginal couplings

.

The even powers can be justified by assuming there is some symmetry that
kills the odd powered terms.

We will be integrating over a space time region such as that depicted in
fig. 3.1, where a cylindrical spatial cross section is depicted that we allow
to tend towards infinity. We demand that the field is fixed on the infinite
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Figure 3.1: Cylindrical spacetime boundary.

spatial boundaries. The easiest way to demand that the field dies off on the
spatial boundaries, that is

(3.35)lim
‖x‖ →∞

φ(x)→ 0.

The functional φ(x, t) that obeys the boundary condition as stated extrem-
izes S [φ].

Extremizing the action means that we seek φ(x, t)

δS [φ] = 0 = S [φ + δφ] − S [φ]. (3.36)

How do we compute the variation?

(3.37)

δS =

∫
dd x

(
L(φ + δφ, ∂µφ + ∂µδφ) −L(φ, ∂µφ)

)
=

∫
dd x

(
∂L

∂φ
δφ +

∂L

∂(∂µφ)
(∂µδφ)

)
=

∫
dd x

(
∂L

∂φ
δφ + ∂µ

(
∂L

∂(∂µφ)
δφ

)
−

(
∂µ

∂L

∂(∂µφ)

)
δφ

)
=

∫
dd xδφ

(
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)

)
+

∫
d3σµ

(
∂L

∂(∂µφ)
δφ

)
If we are explicit about the boundary term, we write it as

(3.38)

∫
dtd3x

(
∂t

(
∂L

∂(∂tφ)
δφ

)
− ∇ ·

(
∂L

∂(∇φ)
δφ

))
=

∫
d3x

∂L

∂(∂tφ)
δφ

∣∣∣∣∣t=T

t=−T
−

∫
dtd2S ·

(
∂L

∂(∇φ)
δφ

)
.

but δφ = 0 at t = ±T and also at the spatial boundaries of the integration
region.
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This leaves

(3.39)δS [φ] =

∫
dd xδφ

(
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)

)
= 0∀δφ.

That is

∂L

∂φ
− ∂µ

∂L

∂(∂µφ)
= 0. (3.40)

This is the Euler-Lagrange equations for a single scalar field.
Returning to our sample scalar Lagrangian

(3.41)L =
1
2
∂µφ∂

µφ −
1
2

m2φ2 −
λ

4
φ4.

This example is related to the Ising model which has a φ→ −φ symmetry.
Applying the Euler-Lagrange equations, we have

(3.42)
∂L

∂φ
= −m2φ − λφ3,

and

(3.43)

∂L

∂(∂µφ)
=

∂

∂(∂µφ)

(
1
2
∂νφ∂

νφ

)
=

1
2
∂νφ

∂

∂(∂µφ)
∂νφ +

1
2
∂νφ

∂

∂(∂µφ)
∂αφgνα

=
1
2
∂µφ +

1
2
∂νφgνµ

= ∂µφ

so we have

(3.44)
0 =

∂L

∂φ
− ∂µ

∂L

∂(∂µφ)
= −m2φ − λφ3 − ∂µ∂

µφ.

For λ = 0, the free field theory limit, this is just

(3.45)∂µ∂
µφ + m2φ = 0.
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Written out from the observer frame, this is

(3.46)∂ttφ − ∇
2φ + m2φ = 0.

With a non-zero mass term

(3.47)
(
∂tt − ∇

2 + m2
)
φ = 0,

is called the Klein-Gordan equation.
If we also had m = 0 we’d have

(3.48)
(
∂tt − ∇

2
)
φ = 0,

which is the wave equation (for a massless free field). This is also called
the D’Alembert equation, which is familiar from electromagnetism where
we have

(3.49)

(
∂tt − ∇

2
)

E = 0(
∂tt − ∇

2
)

B = 0,

in a source free region.

3.6 problems.

Exercise 3.1 Four vector form of the Maxwell gauge transformation.

Show that the transformation

(3.50)Aµ → Aµ + ∂µχ

is the desired four-vector form of the gauge transformation eq. (3.9), that
is

jν = ∂µF′µν = ∂µFµν. (3.51)

Also relate this four-vector gauge transformation to the spacetime split.
Answer for Exercise 3.1

(3.52)

∂µF′µν = ∂µ
(
∂µA′ν − ∂νA′

µ
)

= ∂µ
(
∂µ

(
Aν + ∂νχ

)
− ∂ν

(
Aµ + ∂µχ

))
= ∂µFµν + ∂µ∂

µ∂νχ − ∂µ∂
ν∂µχ

= ∂µFµν,
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by equality of mixed partials. Expanding eq. (3.50) explicitly we find

(3.53)A′µ = Aµ + ∂µχ,

which is

(3.54)
φ′ = A′0 = A0 + ∂0χ = φ + χ̇

A′ · ek = A′k = Ak + ∂kχ = (A − ∇χ) · ek.

The last of which can be written in vector notation as A′ = A −∇χ.

Exercise 3.2 One dimensional string. (2015 ps1.3)

A string of length a, mass per unit length σ and under tension T is fixed
at each end. The Lagrangian governing the time evolution of the transverse
displacement y(x, t) is

(3.55)L =

∫ a

0
dx

σ2
(
∂y
∂t

)2

−
T
2

(
∂y
∂x

)2
where x identifies position along the string from one end point.

a. By expressing the displacement as a sine series Fourier expansion
of the form

(3.56)y(x, t) =

√
2
a

∞∑
n=1

sin
(nπx

a

)
qn(t)

show that the Lagrangian becomes

(3.57)L =

∞∑
n=1

(
σ

2
q̇2

n −
T
2

(nπ
2

)2
q2

n

)
.

b. Derive the equations of motion. Hence, show that the string is
equivalent to an infinite set of decoupled harmonic oscillators, and
find their frequencies.

Answer for Exercise 3.2

Part a. First observe that the functions 〈x|n〉 =

√
2
a

sin (nπx/a) are

orthonormal over the [0, a] domain.
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(3.58)

〈n|n〉 =
2
a

∫ a

0
sin2 (nπx/a) dx

= 2
∫ 1

0
sin2 (nπu) du

=

∫ 1

0
(1 − cos (2nπu)) du

= 1,

and for n , m

(3.59)

〈n|m〉 =
2
a

∫ a

0
sin (nπx/a) sin (mπx/a) dx

= 2
∫ 1

0
sin (nπu) sin (mπu) du

= −
1
2

∫ 1

0

(
einπu − e−inπu

) (
eimπu − e−imπu

)
du

= −

∫ 1

0
du (cos((n + m)πu) − cos((m − n)πu))

= 0,

so

L =

∫ a

0
dx

2
a

∞∑
m,n=1

sin
(nπx

a

)
sin

(mπx
a

) (
σ

2
q̇nq̇m −

T
2

(nπ
a

) (mπ
a

)
qnqm

)
=

∞∑
m,n=1

δnm

(
σ

2
q̇nq̇m −

T
2

(nπ
a

) (mπ
a

)
qnqm

)
=

∞∑
n=1

(
σ

2
(q̇n)2 −

T
2

(nπ
a

)2
q2

n

)
.

(3.60)

Part b. We have an Euler-Lagrange equation for each qn. The conjugate
momenta are

∂L
∂q̇n

= σq̇n. (3.61)

We also have

∂L
∂qn

= −T
(nπ

a

)2
qn, (3.62)
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so we have

q̈n = −
T
σ

(nπ
a

)2
qn. (3.63)

These have solutions

qn(t) = A± exp

±i

√
T
σ

nπ
a

t

 . (3.64)

The angular frequencies are

ωn = 2πνn =

√
T
σ

nπ
a
, (3.65)

so the frequencies are

νn =

√
T
σ

n
2a
. (3.66)

Exercise 3.3 Maxwell Lagrangian with mass term. (2015 ps1.6)

(You can probably find this worked out in lots of places2, but it’s good
practice with working with four-vectors, so I strongly encourage you to do
it yourself!) Consider the Lagrangian for a real vector field Aµ:

(3.67)L = −
1
2
∂αAβ(x)∂αAβ(x) +

1
2
∂αAα(x)∂βAβ(x) +

µ2

2
Aα(x)Aα(x).

a. Show that this leads to the field equations

(3.68)
(
gαβ

(
� + µ2

)
− ∂α∂β

)
Aβ(x) = 0,

and that the field Aα(x) satisfies the Lorentz condition

(3.69)∂αAα(x) = 0.

(NB: If you are not careful with your indices and Einstein sum-
mation convention you will get yourself hopelessly messed up
here.)

2 Including Hw1 from 2018 QFT I exercise 3.4, although that problem didn’t include the
mass term.
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b. Consider the limiting case of a massless field, µ→ 0, and identify
the field Aµ with the scalar and vector potentials of electrodynamics:
Aµ = (φ,A), where

E = −∇φ −
∂A
∂t

(3.70)

B = ∇ ×A. (3.71)

Show that the field equations reproduce two of Maxwell’s equa-
tions, and that the other two hold as identities given the definitions
of E and B in terms of φ and A.

Answer for Exercise 3.3

Part a. First rewrite the Lagrangian slightly

(3.72)L = −
1
2
∂αAβ(x)∂αAβ(x) +

1
2

gτβ∂αAα(x)∂τAβ(x) +
µ2

2
Aα(x)Aα(x),

to compute

(3.73)

∂µ
∂L

∂∂µAν
= ∂µ

(
−∂µAν + gµν∂αAα(x)

)
=
∂L

∂Aν
= +µ2Aν,

or

(3.74)0 = −�Aν + ∂ν∂αAα − µ2Aν
=

(
−gνα

(
� + µ2

)
+ ∂ν∂α

)
Aα.

After a sign switch and change of indexes, we have the desired result.
Operating on this with ∂ν gives

(3.75)0 =
(
−∂α

(
� + µ2

)
+ �∂α

)
Aα

= −µ2∂αAα.

Unless µ = 0 we must have a zero four-divergence ∂αAα = 0.
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Part b. In the µ→ 0 case with zero divergence, the field equation is just

(3.76)

0 = �Aν
= ∂α∂αAν
= ∂α∂αAν − ∂ν∂αAα
= ∂α (∂αAν − ∂νAα)
= ∂αFαν.

Now consider the various index combinations of the electromagnetic
field Fµν. When one index is zero we have the electric field components

(3.77)

F0k = ∂0Ak − ∂kA0

= −
∂Ak

∂t
−
∂φ

∂xk

= E · ek.

The remaining are the magnetic field components, for example

(3.78)
F12 = ∂1A2 − ∂2A1

= −∂1A2 + ∂2A1

= −B · e3.

By cyclic permutation we have

B3 = −F12

B1 = −F23

B2 = −F31.

(3.79)

The field relation eq. (3.76) for ν = 0 expands to

(3.80)0 = ∂kFk0

= −∇ · E,

which is one of the (source-less) Maxwell equations.
For the other indexes, the expansion is like

(3.81)

0 = ∂αFα1

= ∂2F21 + ∂3F31 + ∂0F01

= −∂2(B3) − ∂3(−B2) + ∂tE1

=

(
∂E
∂t
− ∇ × B

)
· e1.



40 classical field theory.

Using cyclic permutation, we must have

(3.82)0 =
∂E
∂t
− ∇ × B,

another of the source free Maxwell equations.

Exercise 3.4 Electrodynamics, variational principle. (2018 Hw1.I)

Given the action In terms of the four-vector potential A, the Lagrangian
density of the electromagnetic field, interacting with a charged particle of
mass m can be written as follows:

(3.83)S =

∫
all spacetime

d4x
(
−

1
4

FµνFµν − Aµ jµ
)
− m

∫
worldline

ds.

Here, Fµν ≡ ∂µAν − ∂νAµ field strength tensor. The current jµ is the current
corresponding to the particle which can be written as:

(3.84)jµ(x) = e
∫

worldline
dXµ(τ)δ(4)(x − X(τ)),

where δ(4)(x) is a four-dimensional delta function. All indices are raised
and lowered by means of the metric tensor gµν and its inverse gµν.

The last term in eq. (3.83) is the relativistic kinetic energy of the particle
and the integral is over the particle’s worldline, Xµ(τ). Note that τ is a
parameter used to describe the particle’s location along the worldline. One
can take this parameter be equal to x0, so that Xµ(τ) means (X0 = x0,
Xi = Xi(x0)), where X(x0) is simply the trajectory of the particle (such
a choice of parametrization can be useful, but is not required). Notice
also that the term involving the current in eq. (3.83), after substitution of
eq. (3.84) simply becomes

(3.85)−e
∫

worldline

dXµ(τ)Aµ(X(τ)) ,

which is the usual coupling of a charged particle to the electromagnetic
field (choose the τ = x0 parameterization of the worldline to see this).
Whether you use this form of the one of eq. (3.83) depends on the problem
you’re solving (this is a hint).

The dynamical degrees of freedom in the action eq. (3.83) are the four-
vector potential Aµ and the particle position Xµ(τ).
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a. Use the identification A0 = φ, the scalar potential, and (A1, A2, A3) =

A, the vector potential, to convince yourself that F01 = Ex, F02 =

Ey, F03 = Ez, and that F12 = −Bz, F31 = −By, F23 = −Bx.

b. Prove the identity

(3.86)εµναβ∂νFαβ = 0,

and use this to show that the source free Maxwell’s equations can
be recovered directly from the definition of Fi j.

c. Write the Euler-Lagrange equations obtained when varying eq. (3.83)
with respect to Aµ. Show that they can be cast in terms of the field
strength tensor F and j. Note that when varying with respect to Aµ,
the current is kept fixed. Using the E and B fields as the appropriate
components of F, show that the Euler-Lagrange equations for Aµ
from eq. (3.83) reduce to the Maxwell equations familiar to you
from electrodynamics.

d. Finally, write the Euler-Lagrange equation varying with respect
to the worldline of the particle. Show that they give mdUµ/ds =

eFµνUν, where Uµ = dXµ/ds is the four velocity of the particle and
F is, of course, taken at the particle’s position. Convince yourself
that this is the relativistic Lorentz force equation.

The point of this problem is to make sure you remember/learn
how the action principle works in electrodynamics. The two cou-
pled equations, obtained by varying w.r.t. Aµ and Xµ complete the
equations of classical electrodynamics. Feel free to use [12], or
[20] while solving this problem.

Answer for Exercise 3.4

Part a. With k = {1, 2, 3},

(3.87)

∑
k

F0kek =
∑

k

(∂0Ak − ∂kA0) ek

= −
∑

k

(
∂Ak

∂t
−
∂φ

∂xk

)
ek

= −
∂A
∂t
− ∇φ

= E.



42 classical field theory.

which is the conventional scalar, plus vector potential definition of the
electric field in natural units. For the magnetic field, it’s easier to work
backwards

(3.88)B = ∇ × A
= εi jk∂iA jek,

or, for each cyclic permutation of i jk = {1, 2, 3}

(3.89)

Bi = ∂ jAk − ∂kA j

= −∂ jAk + ∂kA j

= Fk j

= −F jk,

Part b. To prove eq. (3.86), we use explicit expansion and an index
exchange

(3.90)
= εµναβ∂ν

(
∂αAβ − ∂βAα

)
= εµναβ∂ν∂αAβ − εµνβα∂ν∂βAα
= 2εµναβ∂ν∂αAβ,

but because the partials are symmetric in να (assuming sufficient continuity
of the fields components), and because the sum is antisymmetric in the
same indexes, the result is zero as claimed.

Expanding eq. (3.86) explicitly for ν = 0, we find Gauss’s law for the
magnetic field

(3.91)
0 = εi jk∂iF jk

= −∂iBi

= −∇ · B,

For ν = 1

(3.92)

0 = ∂2F30 + ∂3F02 + ∂0F23

= −∂2E3 + ∂3E2 −
∂B1

∂t

= −(∇ × E)x −
∂Bx

∂t
,
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and for ν = 2

(3.93)

0 = ∂3F01 + ∂0F13 + ∂1F30

= ∂3E1 +
∂B2

∂t
− ∂1E3

= (∇ × E)y +
∂By

∂t
,

and for ν = 3

(3.94)

0 = ∂0F12 + ∂1F20 + ∂2F01

= −
∂B3

∂t
− ∂1E2 + ∂2E1

= −(∇ × E)z −
∂Bz

∂t
,

so

(3.95)0 = ∇ × E +
∂B
∂t
,

which is Faraday’s law.

Part c. For the source dependent Maxwell’s equations we vary the
action. Recall that for a single field Lagrangian density L = L(φ, ∂µφ) the
variation of the action S =

∫
L can be found by Taylor expansion

δS =

∫
d4xδL

=

∫
d4x

∂L

∂φ
δφ +

∫
d4x

∂L

∂(∂νφ)
δ(∂νφ)

=

∫
d4x

∂L

∂φ
δφ +

∫
d4x

∂L

∂(∂νφ)
∂νδφ

=

∫
d4x

∂L

∂φ
δφ +

∫
d4x∂ν

(
∂L

∂(∂νφ)
δφ

)
−

∫
d4x∂ν

(
∂L

∂(∂νφ)

)
δφ

=

∫
d4xδφ

(
∂L

∂φ
− ∂ν

(
∂L

∂(∂νφ)

))
(3.96)

Assuming that δφ is stationary at the boundaries killed the second integral
in the second last step. Setting δS = 0 gives the Euler-Lagrange equations
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for a Lagrangian density that is dependent on a single field and its first
derivatives

(3.97)0 =
∂L

∂φ
− ∂ν

(
∂L

∂(∂νφ)

)
.

For a multiple particle field we must Taylor expand around each field
variable, so we have one equation for each field

(3.98)0 =
∂L

∂Aµ
− ∂ν

(
∂L

∂(∂νAµ)

)
.

We wish to apply eq. (3.98) to the field Lagrangian density

(3.99)L = −
1
4

FµνFµν − Aµ jµ,

and vary with respect to the fields Aµ (or Aµ).
The first order partials are trivial

(3.100)
∂L

∂Aµ
= − jµ,

but we have to do a bit more work for the rest

(3.101)

∂L

∂(∂νAµ)
= −

1
2

Fαβ ∂

∂(∂νAµ)
Fαβ

= −
1
2

Fαβ ∂

∂(∂νAµ)

(
∂αAβ − ∂βAα

)
= −

1
2

Fνµ +
1
2

Fµν

= Fµν.

Putting the pieces together, we have

(3.102)0 = − jµ − ∂νFµν,

or

∂µFµν = jν. (3.103)

For ν = 0 this is

(3.104)∂µFµ0 = j0,
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or

(3.105)

ρ = ∂kFk0

= −∂kFk0

= ∂kF0k

= ∇ · E,

which is Gauss’s law.

(3.106)

j1 = ∂µFµ1

= ∂0F01 + ∂2F21 + ∂3F31

= −
∂Ex

∂t
+ ∂2Bz − ∂3By

= (−E + ∇ × B) · e1

(3.107)

j2 = ∂µFµ2

= ∂3F32 + ∂0F02 + ∂1F12

= ∂3Bx −
∂Ey

∂t
− ∂1Bz

= (−E + ∇ × B) · e2

(3.108)

j3 = ∂µFµ3

= ∂0F03 + ∂1F13 + ∂2F23

= −
∂Ez

∂t
+ ∂1By − ∂2Bx

= (−E + ∇ × B) · e3,

so

(3.109)J = −
∂E
∂t

+ ∇ × B,

which recovers the Ampere-Maxwell equation.
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Part d. The portion of the action that is dependent on the worldline is

(3.110)S =

∫
worldline

(
−mds − eAµdXµ

)
.

Let’s consider the variation of each of these terms separately, starting
with δds

(3.111)

δ

∫
ds = δ

∫ √
dXµdXµ

=

∫
1

2ds
2dXµδdXµ

=

∫
dXµ

ds
dδXµ

=

∫
d
(
dXµ

ds
δXµ

)
− d

(
dXµ

ds

)
δXµ

=
dXµ

ds
δXµ

∣∣∣∣∣
∆s
−

∫
d
(
dXµ

ds

)
δXµ.

The endpoints of the worldline are presumed to be stationary, which kills
the boundary term, leaving just

(3.112)δ

∫
ds = −

∫
dUµδXµ.

Now let’s compute the variation of the potential term

(3.113)

δ

∫
AµdXµ =

∫
(δAµ)dXµ +

∫
AµδdXµ

=

∫
∂νAµδXνdXµ −

∫
dAµδXµ

=

∫
∂νAµδXνUµds −

∫
∂νAµdXνδXµ

=

∫ (
∂νAµUµδXν − ∂νAµUνδXµ

)
ds

=

∫ (
∂νAµ − ∂µAν

)
UµδXνds

=

∫
FνµUµδXνds

=

∫
FνµUµδXνds.

Here the boundary term has been dropped again after integration by parts,
and an index switcheroo was done to factor out a common UµδXνds term
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from the integrand, and we finish off with a set of raising and lowering
operations on all the matched indexes. Putting the pieces back together we
have

(3.114)
δS =

∫ (
−mU̇ν − eFνµUµ

)
δXνds

=

∫ (
mU̇µ − eFµνUν

)
δXµds.

Requiring δS = 0 for all worldline path variations δXµ means that the
equations of motion are

m
dUµ

ds
= eFµνUν, (3.115)

as expected.
To unpack this and obtain the conventional Lorentz force equation

we need to relate the proper time derivatives to the time of a stationary
observer

(3.116)
d
ds

=
dt
ds

d
dt
,

The stationary observer’s world line is Xµ = (t, x), and the spacetime
interval on that worldline is

(3.117)ds2 = dt2 − dx2,

or (
ds
dt

)2

= 1 −
dx
dt

2
= 1 − v2. (3.118)

Equation (3.116) can now be written as

d
ds

=
1√

1 − v2

d
dt
≡ γ

d
dt
. (3.119)

In particular, the proper velocity is

(3.120)Uµ = γ (1, v) .

First inserting µ = 0 into eq. (3.115) now gives

(3.121)

d
ds

m√
1 − v2

= eF0kUk

= (−1)2eF0kUk

= eE · vγ,
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or

(3.122)
d
dt

m√
1 − v2

= eE · v.

This is the timelike portion of the Lorentz force equation in non-covariant
form and natural units (cf. [12] eq. (17.7).)

For the µ , 0 case, we find

(3.123)

γ
d
dt

mv√
1 − v2

= eF jνUνe j

= eF j0e j − e
∑

1≤( j,k)≤3

F jkvke jγ

= eE + eε jkiBivke jγ

= eE + ev × Bγ,

or

(3.124)
dp
dt

= eE + ev × B,

which is the Lorentz force equation in natural units in terms of p =

d(γmv)/dt, the relativistically correct momentum from the viewpoint of a
stationary observer. =



4
C A N O N I C A L Q UA N T I Z AT I O N

4.1 canonical quantization.

The harmonic oscillator described by

(4.1)L =
1
2

q̇2 −
ω2

2
q2,

which has solution q̈ = −ω2q. With

p =
∂L

∂q̇
= q̇, (4.2)

the Hamiltonian is given by

(4.3)

H(p, q) = pq̇ −L|q̇(p,q)

= pp −
1
2

p2 +
ω2

2
q2

=
p2

2
+
ω2

2
q2.

In QM we quantize by mapping Poisson brackets to commutators.

(4.4)
[
p̂, q̂

]
= −i

One way to represent is to say that states are Ψ(q̂), a wave function, q̂ acts
by q

(4.5)q̂Ψ = qΨ(q)

With

(4.6)p̂ = −i
∂

∂q
,

so

(4.7)
[
−i

∂

∂q
, q

]
= −i



50 canonical quantization

Returning to the field Lagrangian. Let’s introduce an explicit space time
split. We’ll write

(4.8)L =

∫
d3x

(
1
2

(∂0φ(x, t))2 −
1
2

(∇φ(x, t))2 −
m2

2
φ2

)
,

so that the action is

(4.9)S =

∫
dtL.

The dynamical variables are φ(x). We define

(4.10)
π(x, t) =

δL
δ(∂0φ(x, t))

= ∂0φ(x, t)
= φ̇(x, t),

called the canonical momentum, or the momentum conjugate to φ(x, t).
Why δ? Has to do with an implicit Dirac function to eliminate the integral?

(4.11)
H =

∫
d3x

(
π(x̄, t)φ̇(x̄, t) − L

)∣∣∣∣
φ̇(x̄,t)=π(x,t)

=

∫
d3x

(
(π(x, t))2 −

1
2

(π(x, t))2 +
1
2

(∇φ)2 +
m2

2
φ2

)
,

or

(4.12)H =

∫
d3x

(
1
2

(π(x, t))2 +
1
2

(∇φ(x, t))2 +
m2

2
(φ(x, t))2

)
In analogy to the momentum, position commutator in QM

(4.13)
[
p̂i, q̂ j

]
= −iδi j,

we “quantize” the scalar field theory by promoting π, φ to operators and
insisting that they also obey a commutator relationship

(4.14)
[
π(x, t), φ(y, t)

]
= −iδ(3)(x − y).

Note that in this commutator, the fields are evaluated at different spatial
points, but at the same time.
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4.2 canonical quantization (cont.)

Last time we introduced a Lagrangian density associated with the Klein-
Gordon equation (with a quadratic potential coupling)

(4.15)L =

∫
d3x

(
1
2

(∂0φ)2 −
1
2

(∇φ)2 −
m2

2
φ2 −

λ

4
φ4

)
.

This Lagrangian density was related to the action by

S =

∫
dtL =

∫
dtd3xL, (4.16)

with momentum canonically conjugate to the field φ defined as

π(x, t) =
δL

δφ̇(x, t)
=

∂L

∂φ̇(x, t)
(4.17)

The Hamiltonian defined as

(4.18)H =

∫
d3x

(
π(x, t)φ̇(x, t) −L

)
,

led to

(4.19)H =

∫
d3x

(
1
2
π2 +

1
2

(∇φ)2 +
1
2

m2φ2 +
λ

4
φ4

)
.

Like the Lagrangian density, we may introduce a Hamiltonian density H

as

(4.20)H =

∫
d3xH(x, t).

For our Klein-Gordon system, this is

(4.21)H(x, t) =
1
2
π2 +

1
2

(∇φ)2 +
1
2

m2φ2 +
λ

4
φ4.

Canonical Commutation Relations (CCR) :
We quantize the system by promoting our fields to Heisenberg-Picture

(HP) operators, and imposing commutation relations

(4.22)
[
π̂(x, t), φ̂(y, t)

]
= −iδ(3)(x − y),

which is analogous to

(4.23)
[
p̂i, q̂ j

]
= −iδi j.
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To choose a representation, we may map the Ψ of QM → to a wave
functional Ψ[φ]

(4.24)φ̂(y, t)Ψ[φ] = φ(y, t)Ψ[φ]

This is similar to the QM wave functions

(4.25)
q̂iΨ({q}) = qiΨ(q)

p̂iΨ({q}) = −i
∂

∂qi
Ψ(p)

Our momentum operator is quantized by expressing it in terms of a
variational derivative

(4.26)π̂(x, t) = −i
δ

δφ(x, t)
.

(Fixme: I’m not really sure exactly what is meant by using the variation
derivative δ notation here), and to quantize the Hamiltonian we just add
hats, assuming that our fields are all now HP operators

(4.27)Ĥ(x, t) =
1
2
π̂2 +

1
2

(∇φ̂)2 +
1
2

m2φ̂2 +
λ

4
φ̂4.

QM SHO review Recall the QM SHO had a Hamiltonian

(4.28)Ĥ =
1
2

p̂2 +
1
2
ω2q̂2,

where

(4.29)
[
p̂, q̂

]
= −i,

and that HP time evolution operators O satisfied

(4.30)
dÔ
dt

= i
[
Ĥ, Ô

]
.

In particular

(4.31)

dp̂
dt

= i
[
Ĥ, p̂

]
= i

ω2

2

[
q̂2, p̂

]
= i

ω2

2
(2iq̂)

= −iω2q̂,
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and

(4.32)

dq̂
dt

= i
[
Ĥ, q̂

]
= i

1
2

[
p̂2, q̂

]
=

i
2

(−2ip̂)

= p̂.

Applying the time evolution operator twice, we find

d2

dt2 q̂ =
dp̂
dt

= −ω2q̂. (4.33)

We see that the Heisenberg operators obey the classical equations of
motion.

Now we want to try this with the quantized QFT fields we’ve promoted
to operators

(4.34)

dπ̂
dt

(x, t) = i
[
Ĥ, π̂(x, t)

]
= i

∫
d3y

1
2

[(
∇φ̂(y)

)2
, π̂(x)

]
+ i

∫
d3y

m2

2

[
φ̂(y)2, π̂(x)

]
+ i

λ

4

∫
d3

[
φ̂(y)4, π̂(x)

]
.

Starting with the non-gradient commutators, and utilizing the HP field
analogues of the relations [q̂n, p̂] = niq̂n−1, we find∫

d3y
[
(φ̂(y))2

, π̂(x)
]

=

∫
d3y2iφ̂(y)δ(3)(x − y) = 2iφ̂(x). (4.35)

∫
d3y

[
(φ̂(y))4

, π̂(x)
]

=

∫
d3y4iφ̂(y)3δ(3)(x − y) = 4iφ̂(x)3. (4.36)

For the gradient commutators, we have more work. Prof Poppitz blitzed
through that, just calling it integration by parts. I had trouble seeing what he
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was doing, so here’s a more explicit dumb expansion required to calculate
the commutator∫

d3y(∇φ̂(y))2π̂(x) =

∫
d3y

(
∇φ̂(y) · ∇φ̂(y)

)
π̂(x)

=

∫
d3y∇φ̂(y) ·

(
∇(φ̂(y)π̂(x))

)
=

∫
d3y∇φ̂(y) ·

(
∇(π̂(x)φ̂(y) + iδ(3)(x − y))

)
=

∫
d3y

(
∇

(
φ̂(y)π̂(x)

)
·∇φ̂(y)+ i∇φ̂(y) ·∇δ(3)(x−y)

)
=

∫
d3y

(
∇

(
π̂(x)φ̂(y) + iδ(3)(x− y)

)
·∇φ̂(y) + i∇φ̂(y)

· ∇δ(3)(x − y)
)

=

∫
d3yπ̂(x)

(
∇φ̂(y) · ∇φ̂(y)

)
+ 2i

∫
d3y∇φ̂(y) · ∇δ(3)(x − y)

=

∫
d3yπ̂(x)∇2φ̂(y) + 2i

∫
d3y∇

·
(
δ(3)(x − y)∇φ̂(y)

)
− 2i

∫
d3yδ(3)(x − y)∇2φ̂(y)

=

∫
d3yπ̂(x)∇2φ̂(y) + 2i

∫
∂

d2yδ(3)(x − y)n̂

· ∇φ̂(y) − 2i∇2φ̂(x).
(4.37)

Here we take advantage of the fact that the derivative operators ∇ = ∇y
commute with π̂(x), and use the identity ∇ · (a∇b) = (∇a) · (∇b) + a∇2b,
so the commutator is

(4.38)

∫
d3y

[
(∇φ̂(y))2, π̂(x)

]
= 2i

∫
∂

d2yδ(3)(x − y)n̂ · ∇φ̂(y) − 2i∇2φ̂(x)

= −2i∇2φ̂(x),

where the boundary integral is presumed to be zero (without enough
justification.) All the pieces can now be put back together

(4.39)
d
dt
π̂(x, t) = ∇2φ̂(x, t) − m2φ̂(x, t) − λφ̂3(x, t).
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Now, for the φ̂ time evolution, which is much easier

(4.40)

dφ̂
dt

(x, t) = i
[
Ĥ, φ̂(x, t)

]
= i

1
2

∫
d3y

[
π̂2(y), φ̂(x)

]
= i

1
2

∫
d3y(−2i)π̂(y, t)δ(3)(x − y)

= π̂(x, t)

(4.41)
d2

dt2 φ̂(x, t) = ∇2φ − m2φ − λφ̂3.

That is

(4.42)¨̂φ − ∇2φ̂ + m2φ̂ + λφ̂3 = 0,

which is the classical Euler-Lagrange equation, also obeyed by the Heisen-
berg operator φ(x, t). When λ = 0 this is the Klein-Gordon equation.

4.3 momentum space representation.

Dropping hats, we now consider the momentum space representation of
our operators, as determined by Fourier transform pairs

(4.43)
φ(x, t) =

∫
d3 p

(2π)3 eip·xφ̃(p, t)

φ̃(p, t) =

∫
d3xe−ip·xφ(x, t).

We can discover a representation of the delta function by applying these
both in turn

(4.44)φ̃(p, t) =

∫
d3xe−ip·x

∫
d3q

(2π)3 eiq·xφ̃(q, t)

so ∫
d3xeiA·x = (2π)3δ(3)(A) (4.45)

Also observe that φ∗(x, t) = φ(x, t) iff φ̃(p, t) = φ̃∗(−p, t).
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We want the equations of motion for φ̃(p, t) where the operator obeys
the Klein-Gordon equation

(4.46)
(
∂2

t − ∇
2 + m2

)
φ(x, t) = 0

Inserting the transform relation eq. (4.43) we get

(4.47)
∫

d3 p
(2π)3 eip·x

( ¨̃φ(p, t) +
(
p2 + m2

)
φ̃(p, t)

)
= 0,

or

¨̃φ(p, t) = −ω2
p φ̃(p, t), (4.48)

where

(4.49)ωp =

√
p2 + m2.

The Fourier components of the HP operators are SHOs!
As we have SHO’s and know how to deal with these in QM, we use the

same strategy, introducing raising and lowering operators

(4.50)φ̃(p, t) =
1√
2ωp

(
e−iωptap + eiωpta†−p.

)
Observe that

(4.51)
φ̃†(−p, t) =

1√
2ωp

(
eiωpta†−p + e−iωptap

)
= φ̃(p, t),

or

(4.52)φ̃†(p, t) = φ̃(−p, t),

so φ(p, t) has a real representation in terms of ap.
We will find (Wednesday) that

(4.53)
[
aq, a

†
p
]

= (2π)3δ(3)(p − q),

which are equivalent to

(4.54)
[
π̃(p, t), φ̃(q, t)

]
= −iδ(3)(p − q).
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4.4 quantization of field theory.

We are engaging in the “canonical” or Hamiltonian method of quantization.
It is also possible to quantize using path integrals, but it is hard to prove
that operators are unitary doing so. In fact, the mechanism used to show
unitarity from path integrals is often to find the Lagrangian and show
that there is a Hilbert space (i.e. using canonical quantization). Canonical
quantization essentially demands that the fields obey a commutator relation
of the following form

(4.55)
[
π(x, t), φ(y, t)

]
= −iδ(3)(x − y).

We assumed that the quantized fields obey the Hamiltonian relations

(4.56)

dφ
dt

= i [H, φ]

dπ
dt

= i [H, π] .

We were working with the Hamiltonian density

(4.57)H =
1
2

(π(x, t))2 +
1
2

(∇φ(x, t))2 +
m2

2
φ2 +

λ

4
φ4,

which included a mass term m and a potential term (λ). We will expand all
quantities in Taylor series in λ assuming they have a structure such as

(4.58)f (λ) = c0λ
0 + c1λ

1 + c2λ
2 + c3λ

3 + · · ·

We will stop this perturbation theory approach at O(λ2), and will ignore
functions such as e−1/λ.

Within perturbation theory, to leaving order, set λ = 0, so that φ obeys
the Klein-Gordon equation (if m = 0 we have just a d’Lambertian (wave
equation)).

We can write our field as a Fourier transform

(4.59)φ(x, t) =

∫
d3 p

(2π)3 eip·xφ̃(p, t),

and due to a Hermitian assumption (i.e. real field) this implies

(4.60)φ̃∗(p, t) = φ̃(−p, t).

We found that the Klein-Gordon equation implied that the momentum
space representation obey Harmonic oscillator equations

(4.61)¨̃φ(p, t) = −ωpφ̃(p, t),
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where ωp =

√
p2 + m2. The solution of eq. (4.61) may be represented as

(4.62)φ̃(q, t) =
1√
2ωq

(
e−iωqtaq + eiωqtb†q

)
.

This is a general solution, but imposing aq = b−q ensures eq. (4.60) is
satisfied. This leaves us with

(4.63)φ̃(q, t) =
1√
2ωq

(
e−iωqtaq + eiωqta†−q

)
.

We want to show that iff

(4.64)
[
aq, a

†
p
]

= (2π)3 δ(3)(p − q),

then

(4.65)
[
π(y, t), φ(x, t)

]
= −iδ(3)(x − y),

where everything else commutes (i.e. [ap, aq] =
[
a†p, a

†
q
]

= 0). We will
only show one direction, but you can go the other way too.

(4.66)φ(x, t) =

∫
d3 p

(2π)3
√

2ωp

eip·x
(
e−iωptap + eiωpta†−p

)

(4.67)

π(x, t) = φ̇

= i
∫

d3q

(2π)3
√

2ωq

ωqeiq·x
(
−e−iωqtaq + eiωqta†−q

)
.
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The commutator is

(4.68)

[π(y, t), φ(x, t)]

= i
∫

d3 p

(2π)3
√

2ωp

d3q

(2π)3
√

2ωq

ωqeip·y+iq·x ×

[
−e−iωqtaq + eiωqta†−q, e

−iωptap + eiωpta†−p
]

= i
∫

d3 p

(2π)3
√

2ωp

d3q

(2π)3
√

2ωq

ωqeip·y+iq·x ×

(
−ei(ωp−ωq)t

[
aq, a

†
−p

]
+ ei(ωq−ωp)t

[
a†−q, ap

])
= i

∫
d3 p

(2π)3
√

2ωp

d3q

(2π)3
√

2ωq

ωq(2π)3eip·y+iq·x ×

(
−ei(ωp−ωq)tδ(3)(q + p) − ei(ωq−ωp)tδ(3)(−q − p)

)
= −2i

∫
d3 p

(2π)32ωp
ωpeip·(y−x)

= −iδ(3)(y − x),

which is what we wanted to prove.

4.5 free hamiltonian.

We call the λ = 0 case the “free” Hamiltonian. Plugging in the creation
and annihilation operator representation we have

(4.69)

H =

∫
d3x

(
1
2
π2 +

1
2

(∇φ)2 +
m2

2
φ2

)
=

1
2

∫
d3x

d3 p
(2π)3

d3q
(2π)3

ei(p+q)·x√
2ωp

√
2ωq

(
− (ωp)(ωq)

(
−e−iωptap + eiωpta†−p

) (
−e−iωqtaq + eiωqta†−q

)
− p · q

(
e−iωptap + eiωpta†−p

) (
e−iωqtaq + eiωqta†−q

)
+ m2

(
e−iωptap + eiωpta†−p

) (
e−iωqtaq + eiωqta†−q

))
.



60 canonical quantization

An immediate simplification is possible by identifying a delta function
factor

∫
d3xei(p+q)·x/(2π)3 = δ(3)(p + q), so

H =
1
2

∫
d3 p

(2π)3

1
2ωp

(
−(ωp)2

(
−e−iωptap +eiωpta†−p

) (
−e−iωpta−p +eiωpta†p

))
+ (p2 + m2)

(
e−iωptap + eiωpta†−p

) (
e−iωpta−p + eiωpta†p

)
=

1
2

∫
d3 p

(2π)3

1
2ωp

(
apa−p

(
��

���−ω2
pe−2iωpt +���

��ω2
pe−2iωpt

)
+ a†−pa†p

(
−���

�ω2
pe2iωpt +���

�ω2
pe2iωpt

)
+ apa†pω

2
p(1 + 1) + a†−pa−pω

2
p(1 + 1)

)
(4.70)

When all is said and done we are left with

(4.71)H =

∫
d3 p

(2π)3

ωp

2

(
a†−pa−p + apa†p

)
.

A final p→ −p transformation 1 in the first integral, puts the free Hamilto-
nian (λ = 0) into a nice symmetric form

H0 =

∫
d3 p

(2π)3

ωp

2

(
a†pap + apa†p

)
. (4.72)

Vacuum energy density. From the commutator relationship eq. (4.64)
we can write

(4.73)apa†q = a†qap + (2π)3δ(3)(p − q),

so

(4.74)H0 =

∫
d3 p

(2π)3ωp

(
a†pap +

1
2

(2π)3δ(3)(0)
)
.

The delta function term can be interpreted using

(4.75)(2π)3δ(3)(q) =

∫
d3xeiq·x,

so when q = 0

(2π)3δ(3)(0) =

∫
d3x = V. (4.76)

We can write the Hamiltonian now in terms of the volume

H0 =

∫
d3 p

(2π)3ωpa†pap + V3

∫
d3 p

(2π)3

ωp

2
× 1. (4.77)

1
# R
−R d3 p→ (−1)3

# −R
R d3 p′ = (−1)6

# R
−R d3 p′.
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4.6 qm sho review.

In units with m = 1 the non-relativistic QM SHO has the Hamiltonian

(4.78)H =
1
2

p2 +
ω2

2
q2.

If we define a position operator with a time-domain Fourier representation
given by

(4.79)q =
1
√

2ω

(
ae−iωt + a†eiωt

)
,

where the Fourier coefficients a, a† are operator valued, then the momen-
tum operator is

p = q̇ =
iω
√

2ω

(
−ae−iωt + a†eiωt

)
, (4.80)

or inverting for a, a†

(4.81)
a =

√
ω

2

(
q −

1
iω

p
)

e−iωt

a† =

√
ω

2

(
q +

1
iω

p
)

eiωt.

By inspection it is apparent that the product a†a will be related to the
Hamiltonian (i.e. a difference of squares). That product is

(4.82)

a†a =
ω

2

(
q +

1
iω

p
) (

q −
1
iω

p
)

=
ω

2

(
q2 +

1
ω2 p2 −

1
iω

[
q, p

])
=

1
2ω

(
p2 + ω2q2 − ω

)
,

or

(4.83)H = ω

(
a†a +

1
2

)
.
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We can glean some of the properties of a, a† by computing the commutator
of p, q, since that has a well known value

(4.84)

i =
[
q, p

]
=

iω
2ω

[
ae−iωt + a†eiωt,−ae−iωt + a†eiωt

]
=

i
2

([
a, a†

]
−

[
a†, a

])
= i

[
a, a†

]
,

so

(4.85)
[
a, a†

]
= 1.

The operator a†a is the workhorse of the Hamiltonian and worth studying
independently. In particular, assume that we have a set of states |n〉 that are
eigenstates of a†a with eigenvalues λn, that is

(4.86)a†a |n〉 = λn |n〉 .

The action of a†a on a† |n〉 is easy to compute

(4.87)a†aa† |n〉 = a†
(
a†a + 1

)
|n〉

= (λn + 1) a† |n〉 ,

so λn + 1 is an eigenvalue of a† |n〉. The state a† |n〉 has an energy eigenstate
that is one unit of energy larger than |n〉. For this reason we called a† the
raising (or creation) operator. Similarly,

(4.88)a†aa |n〉 =
(
aa† − 1

)
a |n〉

= (λn − 1)a |n〉 ,

so λn − 1 is the energy eigenvalue of a |n〉, having one less unit of energy
than |n〉. We call a the annihilation (or lowering) operator. If we argue that
there is a lowest energy state, perhaps designated as |0〉 then we must have

(4.89)a |0〉 = 0,

by the assumption that there are no energy eigenstates with less energy
than |0〉. We can think of higher order states being constructed from the
ground state from using the raising operator a†

(4.90)|n〉 =
(a†)n

√
n!
|0〉 .
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4.7 discussion .

We’ve diagonalized in the Fourier representation for the momentum space
fields. For every value of momentum p we have a quantum SHO.

For our field space we call our space the Fock vacuum and

(4.91)ap |0〉 = 0,

and call ap the “annihilation operator”, and call a†p the “creation operator”.
We say that a†p |0〉 is the creation of a state of a single particle of momentum
p by a†p.

We are discarding the volume term, a procedure called “normal order-
ing”. We define

:
a†a + aa†

2
:≡ a†a. (4.92)

We are essentially forgetting the vacuum energy as some sort of unobserv-
able quantity, leaving us with the free Hamiltonian of

(4.93)H0 =

∫
d3 p

(2π)3ωpa†pap.

Consider

(4.94)

H0a†q |0〉 =

∫
d3 p

(2π)3ωpa†papa†q |0〉

=

∫
d3 p

(2π)3ωpa†p
(
a†qap + (2π)3δ(3)(p − q)

)
|0〉

=

∫
d3 p

(2π)3ωpa†p
(
a†q��

�ap |0〉 + (2π)3δ(3)(p − q) |0〉
)

= ωqa†q |0〉 .

Question: Is it possible to modify the Lagrangian or Hamiltonian that
we start with so that this vacuum ground state is eliminated? Answer:
Only by imposing super-symmetric constraints (that pairs this (bosonic)
Hamiltonian to a fermionic system in a way that there is exact cancellation).

We will see that the momentum operator has the form

(4.95)P =

∫
d3 p

(2π)3 pa†pap.
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We say that a†pa†q |0〉 is a two particle space with energy ωp +ωq, and

(4.96)(a†p)m(a†q)n |0〉 ≡ (a†p)m |0〉 ⊗ (a†q)n |0〉 ,

is a m + n particle space.
There is a connection to statistical mechanics that is of interest

(4.97)
〈E〉 =

1
Z

∑
n

Ene−En/kBT

=
1
Z

∑
n

〈n| e−Ĥ/kBT Ĥ |n〉 ,

so for a SHO Hamiltonian system

(4.98)

〈E〉 =
1
Z

∑
n

e−En/kBT 〈n| Ĥ |n〉

=
1
Z

∑
n

e−En/kBT 〈n|ωa†a |n〉

=
ω

eω/kBT − 1
=

〈
ωa†a

〉
kBT

,

which is the kBT ensemble average energy for a SHO system. Note that
this sum was evaluated by noting that 〈n| a†a |n〉 = n which leaves sums of
the form

(4.99)

∑∞
n =0 nan∑∞
n =0 an = a

∑∞
n=1 nan−1∑∞

n=0 an

= a(1 − a)
d
da

(
1

1 − a

)
=

a
1 − a

.

If we consider a real scalar field of mass m we have ωp =

√
p2 + m2, but

for a Maxwell field E,B where m = 0, our dispersion relation is ωp = ‖p‖.
We will see that for a free Maxwell field (no charges or currents) the

Hamiltonian is

(4.100)HMaxwell =

2∑
i=1

∫
d3 p

(2π)3ωpai†
pai

p,
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where i is a polarization index.
We expect that we can evaluate an average such as eq. (4.98) for our

field, and operate using the analogy

(4.101)
aa† = a†a + 1

apa†p = a†pap + V3.

so if we rescale by
√

V3

(4.102)ap =
√

V3ãp,

then we have commutator relations like standard QM

(4.103)ãã† = ã†ã + 1.

So we can immediately evaluate the energy expectation for our quantized
fields

(4.104)

〈H0〉 =

〈∫
d3 p

(2π)3ωpa†pap

〉
=

∫
d3 p

(2π)3ωpV3
〈
ã†pap

〉
= V3

∫
d3 p

(2π)3

ωp

eωp/kBT − 1
.

Using this with the Maxwell field, we have a factor of two from polarization

(4.105)UMaxwell = 2V3

∫
d3 p

(2π)3

‖p‖
eωp/kBT − 1

,

which is Planck’s law describing the blackbody energy spectrum.

4.8 problems.

Exercise 4.1 Scalar field creation operator commutator.

In [13] it is stated that the creation operators of eq. 2.78

(4.106)αk =
1
2

∫
d3k

(2π)3

(
φ(x, 0) +

i
ωk
∂0φ(x, 0)

)
e−ik·x

associated with field operator φ commute. Verify that.
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Answer for Exercise 4.1

[αk, αm]

=
1
4

1
(2π)6

∫
d3xd3ye−ik·xe−im·y ×[

φ(x, 0) +
i
ωk
∂0φ(x, 0), φ(y, 0) +

i
ωm

∂0φ(y, 0)
]

=
i
4

1
(2π)6

∫
d3xd3ye−ik·xe−im·y ×([

φ(x, 0),
1
ωm

∂0φ(y, 0)
]

+

[
1
ωk
∂0φ(x, 0), φ(y, 0)

])
=

i
4

1
(2π)6

∫
d3xd3ye−ik·xe−im·y

(
i
ωm

δ(3)(x − y) −
i
ωk
δ(3)(x − y)

)
= −

1
4

1
(2π)6

∫
d3xe−i(k+m)·x

(
1
ωm
−

1
ωk

)
= −

1
4

1
(2π)3

(
1
ωm
−

1
ωk

)
δ(3)(k + m)

= −
1
4

1
(2π)3

(
1

ω‖−k‖
−

1
ω‖k‖

)
δ(3)(k + m)

= 0.
(4.107)

Exercise 4.2

In [13] it is left as an exercise to expand the scalar field Hamiltonian in
terms of the raising and lowering operators. Let’s do that.
Answer for Exercise 4.2

The field operator expanded in terms of the raising and lowering opera-
tors is
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(4.108)

φ(x) =

∫
d3k

(2π)3/2
√

2ωk

(
ake−ik·x + a†keik·x

)
=

∫
d3k

(2π)3/2
√

2ωk

(
ake−iωkt+ik·x + a†keiωkt−ik·x

)
=

∫
d3k

(2π)3/2
√

2ωk

(
ake−iωkt+ik·x + a†

−keiωkt+ik·x
)

=

∫
d3k

(2π)3/2
√

2ωk

(
ake−iωkt + a†

−keiωkt
)

eik·x.

Note that x and k here are both four-vectors, so this field is dependent
on a spacetime point, but the integration is over a spatial volume. This
is discussed in the class notes but also justified nicely in [19] using the
structure of the raising and lower operators. The trick of reversing the sign
above is also from that text.

The Hamiltonian in terms of the fields was

(4.109)H =
1
2

∫
d3x

(
π2 + (∇φ)2 + µ2φ2

)
.

The field derivatives are

(4.110)
π = ∂0φ

∫
d3k

(2π)3/2
√

2ωk

(
ake−iωkt + a†

−keiωkt
)

eik·x

= i
∫

d3k
(2π)3/2

√
ωk

2

(
−ake−iωkt + a†

−keiωkt
)

eik·x,

and

(4.111)
∂nφ = ∂n

∫
d3k

(2π)3/2
√

2ωk

(
ake−iωkt + a†

−keiωkt
)

eik·x

= i
∫

d3k
(2π)3/2

kn√
2ωk

(
ake−iωkt + a†

−keiωkt
)

eik·x.

Introducing a second set of momentum variables j, the momentum
portion of the Hamiltonian is
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1
2

∫
d3xπ2 = −

1
2

1
(2π)3

∫
d3x

∫
d3 jd3k

ω jωk

2

(
−aje−iω jt

+ a†
−je

iω jt
) (
−ake−iωkt + a†

−keiωkt
)

eik·xeij·x

= −
1
2

∫
d3 jd3k

ω jωk

2

(
−aje−iω jt + a†

−je
iω jt

) (
−ake−iωkt

+ a†
−keiωkt

)
δ(3)(k + j)

= −
1
2

∫
d3k

ω2
k

2

(
−a−ke−iωkt + a†keiωkt

) (
−ake−iωkt + a†

−keiωkt
)

= −
1
4

∫
d3kωk

(
a†
−ka†ke2iωkt + a−kake−2iωkt − a†kak − a−ka†

−k

)
.

(4.112)

For the gradient portion of the Hamiltonian we have

1
2

∫
d3x (∇φ)2 =

−
1
2

1
(2π)3

∫
d3x

∫
d3 jd3k

1√
4ω jωk

 3∑
n=1

jnkn

 (aje−iω jt

+ a†
−je

iω jt
) (

ake−iωkt + a†
−keiωkt

)
eij·xeik·x

= −
1
2

∫
d3 jd3k

1√
4ω jωk

j

· k
(
aje−iω jt + a†

−je
iω jt

) (
ake−iωkt + a†

−keiωkt
)
δ(3)(j + k)

=
1
2

∫
d3k

1√
4ωkωk

k2
(
a−ke−iωkt + a†keiωkt

) (
ake−iωkt

+ a†
−keiωkt

)
=

1
4

∫
d3k

k2

ωk
(a†
−ka†ke2iωkt + a−kake−2iωkt + a†kak

+ a−ka†
−k).

(4.113)

Finally, for the mass term, we have
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1
2

∫
d3xµ2φ2 =

µ2

2
1

(2π)3

∫
d3x

∫
d3 jd3k

1√
4ω jωk

(aje−iω jt

+ a†
−je

iω jt)
(
ake−iωkt + a†

−keiωkt
)

eij·xeik·x

=
µ2

2

∫
d3 jd3k

1√
4ω jωk

(aje−iω jt + a†
−je

iω jt)
(
ake−iωkt

+ a†
−keiωkt

)
δ(3)(j + k)

=
µ2

2

∫
d3k

1
2ωk

(a−ke−iωkt + a†keiωkt)
(
ake−iωkt + a†

−keiωkt
)

=
µ2

4

∫
d3k

1
ωk

(
a−kake−2iωkt + a†

−ka†ke2iωkt + a−ka†
−k

+ a†kak
)
.

(4.114)

Now all the pieces can be put back together again

(4.115)

H =
1
4

∫
d3k

1
ωk

(

− ω2
k

(
a†
−ka†ke2iωkt + a−kake−2iωkt − a†kak − a−ka†

−k

)
+ k2

(
a†
−ka†ke2iωkt + a−kake−2iωkt + a†kak + a−ka†

−k

)
+ µ2

(
a−kake−2iωkt + a†

−ka†ke2iωkt + a−ka†
−k + a†kak

)
)

=
1
4

∫
d3k

1
ωk

(a†
−ka†ke2iωkt

(
−ω2

k + k2 + µ2
)

+ a−kake−2iωkt
(
−ω2

k + k2 + µ2
)

+ aka†k
(
ω2

k + k2 + µ2
)

+ a†kak
(
ω2

k + k2 + µ2
)
).

With ω2
k = k2 + µ2, the time dependent terms are killed leaving

(4.116)H =
1
2

∫
d3kωk

(
aka†k + a†kak

)
.

Exercise 4.3 Complex scalar field. (2018 Hw1.II (from [19] pr. 2.2))

Consider a complex scalar field with action S =
∫

d4x
(
∂µφ

†∂µφ −m2φ†φ
)
.

When doing the variational principle consider φ and φ† as independent,
rather than their real and imaginary parts (this is equivalent, but more
convenient).
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a. Show that H =
∫

d3x
(
π†π +∇φ† ·∇φ + m2φ†φ

)
and that the Klein-

Gordon equation is obeyed by φ and φ†.

b. Introduce complex amplitudes, diagonalize the Hamiltonian, and
quantize the theory. Show that the theory has now two sets of
particles.

c. Write the charge conserved due to the global U(1) symmetry,

(4.117)Q =

∫
d3x

i
2

(
φ†π† − πφ

)
,

in terms of creation and annihilation operators and find the charge
of the particles of each type.

Answer for Exercise 4.3

Part a. Classically, evaluating the Euler-Lagrange equations gives us

(4.118)

∂L

∂φ
= −m2φ†

∂L

∂(∂µφ)
= ∂µφ†

∂L

∂φ†
= −m2φ

∂L

∂(∂µφ†)
= ∂µφ,

so the equations of the field are respectively

(4.119)
∂µ∂

µφ† = −m2φ†

∂µ∂
µφ = −m2φ.

These are Klein-Gordon equations for each field variable φ, φ† as expected,
although this can be made more explicit written out explicitly in the
stationary observer frame(

∂tt −∇
2 + m2

)
φ† = 0(

∂tt −∇
2 + m2

)
φ = 0

(4.120)

To find the Hamiltonian, note that the Lagrangian density written out
explicitly is

(4.121)L = ∂0φ
†∂0φ − (∇φ†) · (∇φ) − m2φ†φ,



4.8 problems. 71

so the conjugate momentum densities are

(4.122)
π(x, t) =

∂L

∂(∂0φ)
= ∂0φ

†

π†(x, t) =
∂L

∂(∂0φ†)
= ∂0φ

The Hamiltonian (including a “pq̇” term for each of φ, φ†) is

(4.123)

H =

∫
d3x

(
π∂0φ + π†∂0φ

† −L
)

=

∫
d3x

(
ππ† + π†π − ππ† + (∇φ†) · (∇φ) + m2φ†φ

)
=

∫
d3x

(
π†π + (∇φ†) · (∇φ) + m2φ†φ

)
Part b. To canonically quantize the fields, we promote the fields to oper-
ators, demand that we have commutators for conjugate pairs of operators

[φ(x), π(y)] =
[
φ†(x), π†(y)

]
= iδ(3)(x − y), (4.124)

and require all the other operator pairs φφ†, ππ†, φ†π, φπ† commute.
Before diagonalizing the Hamiltonian, let’s verify that applying com-

puting Hamilton’s equations using such quantized operators recovers the
Klein-Gordon equations we expect.

∂φ

∂t
(x, t) = i

[
H, φ(x)

]
= i

∫
d3y

([
π†(y)π(y), φ(x)

]
+
(((

((((
(((([

∇yφ
†(y) · ∇yφ(y), φ(x)

]
+
���

���
��[

φ†(y)φ(y), φ(x)
])

= i
∫

d3yπ†(y)
[
π(y), φ(x)

]
= i

∫
d3yπ†(y)(−i)δ(3)(y − x)

= π†(x)
(4.125a)
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∂φ†

∂t
(x, t) = i

[
H, φ†(x)

]
= i

∫
d3y

([
π†(y)π(y), φ†(x)

]
+
(((

((((
(((

(([
∇yφ

†(y) · ∇yφ(y), φ†(x)
]

+ m2
���

���
��[

φ†(y)φ(y), φ†(x)
])

= i
∫

d3yπ(y)
[
π†(y), φ†(x)

]
= i

∫
d3yπ(y)(−i)δ(3)(y − x)

= π(x)
(4.125b)

∂π

∂t
(x, t) = i [H, π(x)]

= i
∫

d3y
(
���

���
��[

π†(y)π(y), π(x)
]
+

[
∇yφ

†(y) · ∇yφ(y), π(x)
]

+ m2
[
φ†(y)φ(y), π(x)

])
= i

∫
d3y

(
∇yφ

†(y) · ∇y
[
φ(y), π(x)

]
+ m2φ†(y)

[
φ(y), π(x)

])
= i

∫
d3y

(
∇yφ

†(y) · ∇y(iδ(3)(y − x)) + m2φ†(y)iδ(3)(y − x)
)

= −

∫
d3y

(
∇y ·

(
δ(3)(y − x)∇yφ

†(y)
)
− δ(3)(y − x)∇2

yφ
†(y)

)
− m2φ†(x)

= ∇2φ†(x) − m2φ†(x).
(4.125c)
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∂π†

∂t
(x, t) = i

[
H, π†(x)

]
= i

∫
d3y

(
��

���
���[

π†(y)π(y), π†(x)
]
+

[
∇yφ

†(y) · ∇yφ(y), π†(x)
]

+ m2
[
φ†(y)φ(y), π†(x)

])
= i

∫
d3y

(
∇yφ(y) · ∇y

[
φ†(y), π†(x)

]
+ m2φ(y)

[
φ†(y), π†(x)

])
= i

∫
d3y

(
∇yφ(y) · ∇y(iδ(3)(y − x)) + m2φ(y)iδ(3)(y − x)

)
= −

∫
d3y

(
∇y ·

(
δ(3)(y−x)∇yφ(y)

)
−δ(3)(y−x)∇2

yφ(y)
)
−m2φ(x)

= ∇2φ(x) − m2φ(x).
(4.125d)

This recovers the Klein-Gordon equations

(4.126)

(
∂2

∂t2 − ∇
2 + m2

)
φ(x, t) = 0(

∂2

∂t2 − ∇
2 + m2

)
φ†(x, t) = 0,

consistent with eq. (4.120) found by evaluating the classical Euler-Lagrange
equations.

Somewhat cavalierly, the divergence integrals of the delta function above
were assumed to be zero. One possible justification for killing the delta
function divergence integrals above first transforms those into surface
integrals∫

V
d3y∇y ·

(
δ(3)(y − x)∇y f (y)

)
=

∫
∂V

dAyδ
(3)(y− x)n̂y ·∇y f (y), (4.127)

after which one argue that this is non-zero only when x is on the boundary,
so if we let the boundary go to infinity, it is zero everywhere, regardless of
the normal derivative of the function being operated on2.

2 This was Prof. Poppitz’s argument. It’s not completely convincing to me, as it requires
integrating a delta function that may sit on the boundary. However, what is the meaning of
such a boundary integral, such as

∫ ∞
0 δ(x)dx? Apparently, such integrals are considered

well defined in field theory, and we’ll end up encountering these later too, and one of the
future problems will help us understand an interpretation.
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Diagonal basis for the Hamiltonian. In class we saw that a momentum
space representation of φ, π for the scalar single field Lagrangian simplified
the Hamiltonian considerably. Let’s assume a similar momentum space
representation of our field operator

(4.128)φ̃(p, t) =
1√
2ωp

(
e−iωptap + eiωptb†p

)
,

but will not make any a-priori assumption that the quantized field operator
φ is Hermitian. We find the following spatial representation of the operator
φ and it’s relations

(4.129a)φ(x, t) =

∫
d3 p

(2π)3 eip·x 1√
2ωp

(
e−iωptap + eiωptb†p

)

(4.129b)φ†(x, t) =

∫
d3 p

(2π)3 e−ip·x 1√
2ωp

(
eiωpta†p + e−iωptbp

)

(4.129c)∇φ(x, t) =

∫
d3 p

(2π)3 eip·x ip√
2ωp

(
e−iωptap + eiωptb†p

)

(4.129d)∇φ†(x, t) =

∫
d3 p

(2π)3 e−ip·x −ip√
2ωp

(
eiωpta†p + e−iωptbp

)

(4.129e)
π(x, t) =

∂φ†

∂t

=

∫
d3 p

(2π)3 e−ip·x iωp√
2ωp

(
eiωpta†p − e−iωptbp

)

(4.129f)

π†(x, t) =
∂φ

∂t

=

∫
d3 p

(2π)3 eip·x iωp√
2ωp

(
−e−iωptap + eiωptb†p

)
.
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By inspection, we may read off the Fourier transform of π̃†, which is

(4.130)π̃†(p, t) =
iωp√
2ωp

(
−e−iωptap + eiωptb†p

)
,

which allows, with eq. (4.128), inversion for operators ap, b
†
p

(4.131)
ap = eiωpt

√
ωp

2

(
φ̃ −

1
iωp

π̃†
)

b†p = e−iωpt

√
ωp

2

(
φ̃ +

1
iωp

π̃†
)
,

or, in terms of spatial operators

(4.132)

ap =

∫
d3xe−ip·xeiωpt

√
ωp

2

(
φ(x, t) −

1
iωp

π†(x, t)
)

a†p =

∫
d3xeip·xe−iωpt

√
ωp

2

(
φ†(x, t) +

1
iωp

π(x, t)
)

bp =

∫
d3xeip·xeiωpt

√
ωp

2

(
φ†(x, t) −

1
iωp

π(x, t)
)

b†p =

∫
d3xe−ip·xe−iωpt

√
ωp

2

(
φ(x, t) +

1
iωp

π†(x, t)
)
.

We seek the commutators of all the eq. (4.132) Fourier coefficient operators,
which we expect to behave like creation and annihilation operators. By
inspection 0 =

[
ap, b

†
q
]

= [ap, aq] =
[
bp, a

†
q
]

= [bp, bq], but the rest require
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evaluation. We expect 0 = [ap, bq] =
[
a†p, b

†
q
]

and explicit expansion
confirms this

[ap, bq] =

∫
d3xd3ye−ip·xeiq·yeiωpteiωqt

√
ωp

2

√
ωq

2
×[

φ(x, t) −
1

iωp
π†(x, t), φ†(y, t) −

1
iωq

π(y, t)
]

=

∫
d3xd3ye−ip·xeiq·yeiωpteiωqt

√
ωp

2

√
ωq

2
×(

−
1

iωq
iδ(3)(x − y) −

1
iωp

(−i)δ(3)(x − y)
)

=
1
2

∫
d3xei(q−p)·xeiωpteiωqt √ωpωq

(
−

1
ωq

+
1
ωp

)
= (2π)3δ(q − p)yiωpteiωqt √ωpωq

(
−

1
ωq

+
1
ωp

)
= 0,

(4.133a)

[
a†p, b

†
q
]

=

∫
d3xd3yeip·xe−iq·ye−iωpte−iωqt

√
ωp

2

√
ωq

2
×[

φ†(x, t) +
1

iωp
π(x, t), φ(y, t) +

1
iωq

π†(y, t)
]

=

∫
d3xd3yeip·xe−iq·ye−iωpte−iωqt

√
ωp

2

√
ωq

2
×(

+
1

iωq
iδ(3)(x − y) +

1
iωp

(−i)δ(3)(x − y)
)

=
1
2

∫
d3xei(p−q)·xe−iωpte−iωqt √ωpωq

(
1
ωq
−

1
ωp

)
= (2π)3δ(p − q)eiωpteiωqt √ωpωq

(
1
ωq
−

1
ωp

)
= 0.

(4.133b)
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Finally, we expect that there are two pairs of non-zero commutators

(4.134a)

[
ap, a

†
q
]

=

∫
d3xd3ye−ip·xeiq·yeiωpte−iωqt

√
ωp

2

√
ωq

2
×[

φ(x, t) −
1

iωp
π†(x, t), φ†(y, t) +

1
iωq

π(y, t)
]

=
1
2

∫
d3xd3ye−ip·xeiq·yeiωpte−iωqt √ωpωq ×(
1

iωq
iδ(3)(x − y) −

1
iωp

(−i)δ(3)(x − y)
)

=
1
2

∫
d3xei(q−p)·xeiωpte−iωqt √ωpωq

(
1
ωq

+
1
ωp

)
=

1
2

(2π)3δ(q − p)eiωpte−iωqt √ωpωq

(
1
ωq

+
1
ωp

)
= (2π)3δ(q − p),

(4.134b)

[
bp, b

†
q
]

=

∫
d3xd3yeip·xe−iq·yeiωpte−iωqt

√
ωp

2

√
ωq

2
×[

φ†(x, t) −
1

iωp
π(x, t), φ(y, t) +

1
iωq

π†(y, t)
]

=

∫
d3xd3yeip·xe−iq·yeiωpte−iωqt

√
ωp

2

√
ωq

2
×(

1
iωq

iδ(3)(x − y) −
1

iωp
(−i)δ(3)(x − y)

)
=

1
2

∫
d3xei(p−q)·xeiωpte−iωqt √ωpωq

(
1
ωq

+
1
ωp

)
=

1
2

(2π)3δ(3)(p − q)eiωpte−iωqt √ωpωq

(
1
ωq

+
1
ωp

)
= (2π)3δ(3)(p − q).

The
[
a†p, a

†
q
]
,
[
b†p, b

†
q
]

commutators show that the fields may be represented
as a pair of independent creation and annihilation operators.
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Let’s compute the Hamiltonian representation next to verify that it
diagonalizes nicely with this representation. We use eq. (4.129) to find∫

d3xπ†π

=

∫
d3x

d3 p
(2π)3

d3q
(2π)3 eip·xe−iq·x iωp√

2ωp

iωq√
2ωq

×

(
−e−iωptap + eiωptb†p

) (
eiωqta†q − e−iωqtbq

)
=

1
2

∫
d3 p

(2π)3ωp
(
e−iωptap − eiωptb†p

) (
eiωpta†p − e−iωptbp

)
=

1
2

∫
d3 p

(2π)3ωp
(
apa†p + b†pbp + e2iωpt(−b†pa†p) + +e−2iωpt(−apbp)

)
,

(4.135a)∫
d3x

(
∇φ† · ∇φ + m2φ†φ

)
=

1
2

∫
d3x

d3 p
(2π)3

d3q
(2π)3 ei(q−p)·x ×

(p · q + m2)
√
ωpωq

(
eiωpta†p + e−iωptbp

) (
e−iωqtaq + eiωqtb†q

)
=

1
2

∫
d3 p

d3q
(2π)3 δ

(3)(q − p)
(p · q + m2)
√
ωpωq

×(
eiωpta†p + e−iωptbp

) (
e−iωqtaq + eiωqtb†q

)
=

1
2

∫
d3 p

(2π)3ωp
(
eiωpta†p + e−iωptbp

) (
e−iωptap + eiωptb†p

)
=

1
2

∫
d3 p

(2π)3ωp
(
a†pap + bpb†p + e2iωpt

(
a†pb†p

)
+ e−2iωpt (bpap)

)
(4.135b)

Summing eq. (4.135), we find the Hamiltonian has the expected diagonal
representation

(4.136)H =
1
2

∫
d3 p

(2π)3ωp
(
a†pap + apa†p + b†pbp + bpb†p

)
,

or in normal form

: H :=
∫

d3 p
(2π)3ωp

(
a†pap + b†pbp

)
. (4.137)
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Part c. Before diving into computation, it is worth deriving eq. (4.117)
manually, since the naive calculation using the current as derived in class
differs slightly. We can find the current/charge as stated in the problem if
our variation maintains the order of the conjugate pairs. The symmetry is
that imposed by the transformation

(4.138)
φ(x)→ e−iθ/2φ(x) ≈ (1 − iθ/2)φ(x)

φ†(x)→ eiθ/2φ†(x) ≈ (1 + iθ/2)φ†(x),

or

(4.139)
δφ(x) = −

i
2
θφ(x)

δφ†(x) =
i
2
θφ†(x).

The Lagrangian is left unchanged by this transformation, so we can
determine the current directly by varying the action, but do so leaving the
order of the φ† and φ terms in the Lagrangian unchanged

δS =

∫
d4xδ

(
∂µφ

†∂µφ − m2φ†φ
)

=

∫
d4x

(
δ
(
∂µφ

†
)
∂µφ + ∂µφ†δ

(
∂µφ

)
− m2

(
δφ†

)
φ − m2φ† (δφ)

)
=

∫
d4x

(
∂µ

((
δφ†

)
∂µφ

)
−

(
δφ†

) (
∂µ∂

µφ
)
+ ∂µ

(
∂µφ†δφ

)
−

(
∂µ∂

µφ†
)
δφ

− m2
(
δφ†

)
φ − m2φ† (δφ)

)
=

∫
d4x∂µ

(
δφ†∂µφ + ∂µφ†δφ

)
−

∫
d4xδφ†

((
∂µ∂

µφ
)

+ m2φ
)

−

∫
d4x

(
∂µ∂

µφ† + m2φ†
)
δφ

=

∫
d4x∂µ

(
δφ†∂µφ + ∂µφ†δφ

)
,

(4.140)

where the Euler-Lagrange equations for each of the fields has been imposed
to kill off the last two integrals. We are left with a current

(4.141)
jµ = δφ†∂µφ + ∂µφ†δφ

=
iθ
2

(
φ†

(
∂µφ

)
−

(
∂µφ†

)
φ
)
.
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In particular

(4.142)
j0
∣∣∣
θ =1 =

i
2

(
φ†

(
∂0φ

)
−

(
∂0φ†

)
φ
)

=
i
2

(
φ†π† − πφ

)
.

This recovers eq. (4.117), and we are now set to compute the charge by
plugging in eq. (4.117)

Q =
i
2

∫
d3x

(
φ†π† − πφ

)
=

i
4

∫
d3x

d3 p
(2π)3

d3q
(2π)3 ei(q−p)·x iωq

√
ωpωq

(
eiωpta†p + e−iωptbp

) (
−e−iωqtaq

+ eiωqtb†q
)
−

i
4

∫
d3x

d3 p
(2π)3

d3q
(2π)3 ei(p−q)·x iωp

√
ωpωq

(
eiωpta†p

− e−iωptbp
) (

e−iωqtaq + eiωqtb†q
)

=
1
4

∫
d3 p

(2π)3

((
eiωpta†p − e−iωptbp

) (
e−iωptap + eiωptb†p

)
−

(
eiωpta†p + e−iωptbp

) (
−e−iωptap + eiωptb†p

))
=

1
4

∫
d3 p

(2π)3

(
a†pap − bpb†p + a†pap − bpb†p + e2iωpt

(
b†pa†p − a†pb†p

)
+ e−2iωpt

(
−bpap + bpap

))
=

1
2

∫
d3 p

(2π)3

(
a†pap − bpb†p

)
,

(4.143)

or, in normal order

: Q :=
1
2

∫
d3 p

(2π)3

(
a†pap − b†pbp

)
(4.144)

To understand the action of the charge operator (a set of number operators)
we may apply it to the states corresponding to each creation operator. With

(4.145)
|k〉a = a†k |0〉

|k〉b = b†k |0〉 ,
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we find

(4.146)

Q |k〉a =
1
2

∫
d3 p

(2π)3

(
a†pap − b†pbp

)
a†k |0〉

=
1
2

∫
d3 p

(2π)3 a†papa†k |0〉

=
1
2

∫
d3 p

(2π)3 a†p
(
a†kap + (2π)3δ(3)(k − p)

)
|0〉

=
1
2

a†k |0〉

=
1
2
|k〉a ,

and

(4.147)

Q |k〉b =
1
2

∫
d3 p

(2π)3

(
a†pap − b†pbp

)
b†k |0〉

= −
1
2

∫
d3 p

(2π)3 b†pbpb†k |0〉

= −
1
2

∫
d3 p

(2π)3 b†p
(
b†kbp + (2π)3δ(3)(k − p)

)
|0〉

= −
1
2

b†k |0〉

= −
1
2
|k〉b .

So, we could say that the particles associated with creation operator a†p
have a (1/2) charge and particles associated with creation operator b†p
have a (-1/2) charge. However, the 1/2, as well as the sign itself, was
arbitrary, coming from the value of θ used in the transformation of the
field. Therefore, it is probably more accurate to say that the a†pap portion
of the charge operator is associated with some unit of charge whereas the
b†pbp portion of the charge operator is associated with a unit of charge that
has an opposite sign.

Exercise 4.4 Zero point energy, and Casimir force. (2018 Hw1.V)

In class, when discussing the quantization of the real scalar field, we
found the sum of zero point energies of the harmonic oscillators (one per
each k ) into which we decomposed the field:

(4.148)Ezero point = V3

∫
d3k

(2π)3

h̄ωk

2
.
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Expression eq. (4.148) gives the zero point energy of the field in a spatial
volume V3. This energy is, of course, infinite and is usually discarded (as
we learned, by applying a “normal ordering” procedure) as unobservable.
Nevertheless, there are circumstances under which changes in the zero
point energy lead to measurable effects. The most celebrated example
is the Casimir effect 3, predicted by Casimir in 1948 [4] and discovered
experimentally in 1958 (see Lamoreaux’s more recent article linked to
in the “Summary of Sept. 25th class”). Another instance where this has
been “observed” (in numerical simulations) is the L’́ uscher term in the
confining string in QCD. Casimir energies generally also appear whenever
the topology of space(time) is changed and people have speculated that
dark energy may have something to do with that...

The Casimir effect can be described very simply (!): the zero point
energy of the electromagnetic field between two infinite conducting plates
is smaller than it would be in the absence of the plates. This is because the
boundary conditions on the plates eliminate some of the modes of the field
that would be otherwise present. The vacuum energy in the space between
the plates should be proportional to the area A of the plates, as well as to
h̄ (as zero point energies are proportional to h̄). It can also depend on a,
the distance between the plates, and the speed of light c. By dimensional
analysis, the excess energy (negative) in the volume aA between the plates
should be

∆Evac(a) ∼ −aA
h̄c
a4 = −A

h̄c
a3 , (4.149)

where the aA factor is the volume, h̄ has dimensions of energy × time,
c/a has dimensions of inverse time, and the extra factor of 1/a3 is there
to make the dimension of energy right. Thus, to minimize Evac the plates
“want to” get closer. In other words, there should be an attractive force per
unit area of the plates, called “Casimir pressure”

pCasimir ∼
h̄c
a4 , (4.150)

proportional to the inverse fourth power of the distance between the plates.
In what follows we shall calculate this force.

3 Notice that just like for the Planck derivation of blackbody radiation formula, where some
people would say that it does not imply that the electromagnetic radiation is quantized,
but only its sources (as radiation is emitted by the atoms of the cavity), there are similar
claims for the Casimir force (my take is to ignore these, as we know that the radiation is
quantized). See article by Lamoreaux that I put a link to online.
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We will use our real scalar massless field theory as a model for the real
thing (the electromagnetic field, that we have not formally learned how to
quantize yet). Casimir considered two infinite, conducting plates stretching
in the y, z plane and located at x = 0 and x = a, respectively; furthermore,
he used perfect conductor boundary conditions on the plates. These require
that the tangential component of the vector potential, Atang., vanishes at
the plates (in Coulomb gauge ∇ ·A = 0, A0 = 0). Our two toy “conducting
plates” will be made of a “material” that requires that the scalar field φ
vanish at the plates.

a. Show that the boundary conditions on the plates impose a quanti-
zation condition on the allowed values of field momentum perpen-
dicular to the plates, i.e. kx = nπ/a, n = 0,±1,±2, · · · [e.g., recall
your waveguide physics].

b. Consider now the contribution to the energy of the vacuum fluc-
tuations of the field in the space between the plates and find the
zero point energy per unit area of the plates... Consider now the
contribution to the energy of the vacuum fluctuations of the field
in the space between the plates and find the zero point energy per
unit area of the plates. To do this, replace the integral over kx in
eq. (4.148) by a sum over n,

∫
dkx = (π/a)

∑
n [Hint: to save work,

use the fact that the correct expression should have the property
that as the plates are removed, a→ ∞, the energy (per unit volume)
should give back eq. (4.148)]. Does the resulting expression for the
zero point energy still diverge?

c. Show now, starting from eq. (4.148) , with integral replaced by
sum, that the difference between the zero point energies per unit
area, in the space between the plates in the presence of the plates
and without the plates is:

(4.151)
∆Evac(a) = h̄c

∫ ∞

0

dk
2π

k

k
4

+
1
2

∞∑
n=1

√
k2 +

n2π2

a2

−
1
2

∫ ∞

0
dn

√
k2 +

n2π2

a2

 .
where, obviously, k is radial wave vector in y, z-directions.

d. The expression eq. (4.151) is still ill-defined, as every single term
is infinite
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Now, to make progress, we note that the idealization of perfect
conducting plates and the corresponding macroscopic boundary
conditions do not make sense for wavelengths smaller than the
atomic size. In particular, for frequencies above 1/a0 (a0 is of the
order of the Bohr radius) the conducting plates are totally invisible
for the electromagnetic field. To incorporate this in our calculation,
introduce a function f (k) into the integrand in eq. (4.151) such
that f (k) = 1 for k < 1/a0 and f (k) = 0 for k > 1/a0, somehow
smoothly interpolating between these two values.
The integrals in eq. (4.151) thus become absolutely convergent—all
momenta larger than the inverse Bohr size are cut off.
Show that eq. (4.151) (with the cutoff f (k) as described in the
original problem spec) can be written as:

(4.152)∆Evac(a) =
h̄cπ2

8a3

1
2

F(0) +

∞∑
n=1

F(n)−
∫ ∞

0
dnF(n)

 ,
where

(4.153)F(n) =

∫ ∞

0
du

√
u + n2 f ((π/a)

√
u + n2).

e. To calculate eq. (4.152), use the Euler-Maclaurin formula:4

1
2

F(0) + F(1) + F(2) + . . . −

∞∫
n=0

dnF(n)

= −
1
2!

B2F′(0) −
1
4!

B4F′′′(0) + . . . ,

(4.154)

where B2 = 1/6, B4 = −1/30, etc. are Bernoulli numbers, and
primes denote derivatives. Now, f (0) = 1 as stated above; further-
more, assume that all derivatives of our smearing function f (k)
vanish at zero (it is not difficult to construct examples of such
functions). Show that F′(0) = 0, F′′′(0) = −4, and that all higher
derivatives of F vanish.

4 This formula is used to approximate sums with integrals. See, e.g., Wikipedia article for a
derivation by induction. Other, fun ways to proceed exist, my favorite is [9].
Most importantly, the result is independent of the method of regularization. “By definition”,
this is what we call a physical result in QFT (=cutoff independent). Notice the striking
difference with the Evac of eq. (1.48), which inherently depends on the cutoff and can
not be made physical sense within QFT ... as you see, many lessons lurk in this “simple”
problem!
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Thus the “cutoff” function f does not enter the final result—or the
fact that we assumed a cutoff at scales of order the inverse Bohr
radius; it only mattered that a0 � L.

f. Show, now, that the final result for the Casimir energy per unit area
of the plates is:

∆Evac.(a) =
π2

2a3

B4

4!
= −

π2

2 × 720
1
a3 , (4.155)

giving rise to an attractive force between the plates. This force—
for the electromagnetic field, where there is an additional factor
of two—was measured in 1958, and not only the sign, but also
the ∼ a−4 distance dependence was observed! In fact, measur-
ing the distance dependence is crucial for verifying the nature of
this force—at atomic distances the Casimir force competes with
Van-der-Vaals forces, which however have a different, ∼ a−7, de-
pendence on the distance.

g. To get some idea of what experimentalists have to go through,
estimate the force acting on plates of area 1cm2 a micron apart...
Compare with the magnitude of forces whose measurements you
are familiar with. Note that the 1990’s Lamoreaux measurements
are accurate within 5%.

h. A final bonus question: what if the scalar field had a mass, m?
Would you expect an effect if m � 1/a? What if m � 1/a?

You just saw the first example of extracting a finite and physically
meaningful result from seemingly infinite expressions. Infinities
result from assuming that quantum field theory makes sense at
arbitrarily short distances, or large momenta k in eq. (4.151). The
possibility of extracting finite results (e.g., the Casimir force) from
quantum field theory simply means that in many cases (most cases,
in fact: the so-called “renormalizable" ones—and even in “non-
renormalizable" if one is happy with finite precision—see QFT2)
the long-distance physics is independent of the details of the short-
distance, most often not understood, physics, when expressed only
through quantities observed at long distances.5

5 This is already familiar from classical electrodynamics although may not be always
stressed. The electrostatic energy of a point charge diverges, as is well known, hence it
gives an infinite contribution to the charge’s rest energy. However, in the non relativistic
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In this example, this was seen by the independence of the final
answer on the cutoff function f (k). This independence really means
that field modes with wave vectors� 1/L do not contribute to the
Casimir effect, i.e., it is an IR (infrared) effect.

Answer for Exercise 4.4

Part a. Our scalar massless field satisfies the Klein-Gordon equation(
∂00 −∇

2
)
φ = 0, which has a plane wave superposition solution

(4.156)φ(x, t) = αeiωt−ik·x + βe−iωt+ik·x,

where ω2 = k2c2. At the boundaries

(4.157)
φ(0, 0) = α + β = 0

φ(a, 0) = αe−ikxa + βeikxa = 0,

so

e−ikxa = eikxa. (4.158)

We must have e2ikxa = 1, or

(4.159)2kxa = 2πn,

which provides the

(4.160)kx =
πn
a

quantization constraint.

limit (to order v2/c2, in fact) the equations describing the motion of charged particles do
not depend at all on whatever structure one might ascribe to the electron (it could be a
ball, a hollow sphere, or a tiny string). The relative motion of particles in this limit (and, of
course, at relative distances larger than the “classical radius of the electron") is determined
by two “relevant" parameters: their mass m and charge e. These are quantities determined
by experiment, not calculated from first principles. These experiments are made at the long
distance/time scales, where classical electromagnetic theory applies. There is no way to
calculate m and e from first principles.
The situation in QFT is not that different—its calculational tools are a way to relate
measurable quantities to measurable quantities. It usefulness is in that there are more
measurable quantities than the number of measurements required to fix the relevant
parameters in the Lagrangian (e.g., the same m and e for QED), so it has predictive power.
When QFT is used to relate observables to observables, no infinities appear.
There we go. QFT in a nutshell.
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Part b. Making the discrete substitution for kx, the vacuum energy per
unit area is

(4.161)

E
A

=
1
A

Aa
(2π)3

∫
d3k

h̄c ‖k‖
2

=
a

(2π)3

h̄c
2

∫
dkydkz

(∫
dkx

) √
k2

x + k2
y + k2

z

=
a h̄c
16π3

∫
dkydkz

πa
∞∑

n=−∞

 √
k2

x + k2
y + k2

z

=
h̄c
8π

∫ ∞

k=0
kdk

∞∑
n=−∞

√(nπ
a

)2
+ k2

=
h̄c
8π

∫ ∞

k=0
kdk

k + 2
∞∑

n=1

√(nπ
a

)2
+ k2

 ,
so the energy per unit area (A) between the plates is

(4.162)
E
A

=
h̄c
8π

∫ ∞

k=0
kdk

k + 2
∞∑

n=1

√(nπ
a

)2
+ k2

 .
As

∫
k2dk = k3/3 is unbounded for large k, this expression still diverges.

Part c. The presence of the plates was accounted for by summing over
kx = πn/a for discrete n. The absence of the boundaries may be accounted
for by performing the integral over all values of n, as in

(4.163)

E
A

=
a

(2π)3 (2π)
h̄c
2

∫ ∞

k=0
kdk

∫
dkx

√
k2 + k2

x

=
a h̄c
8π2

∫ ∞

k=0
kdk

∫ ∞

kx=−∞

dkx

√
k2 + k2

x

=
a h̄c
8π2

π

a

∫ ∞

k=0
kdk

∫ ∞

n=−∞

dn

√
k2 +

(nπ
a

)2

=
h̄c
4π

∫ ∞

k=0
kdk

∫ ∞

n=0
dn

√
k2 +

(nπ
a

)2
.

The difference of eq. (4.162) and eq. (4.163) yields eq. (4.151) as desired.
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Part d. Introducing the cutoff function f (k) into the integrand of eq. (4.151),
and making a change of variables k = πx/a, we have

(4.164)∆Evac(a) =

∫ ∞

0

dk
2π

k

k
4

f (k) +
1
2

∞∑
n=1

√
k2 +

n2π2

a2 f (

√
k2 +

n2π2

a2 )

−
1
2

∫ ∞

0
dn

√
k2 +

n2π2

a2 f (

√
k2 +

n2π2

a2 )


=

h̄cπ2

4a3

∫ ∞

0
dxx

 x
2

f ((π/a)x)

+

∞∑
n=1

√
x2 + n2 f ((π/a)

√
x2 + n2)−

∫ ∞

0
dn

√
x2 + n2 f ((π/a)

√
x2 + n2)

 .
Now let u = x2

∆Evac(a)

=
h̄cπ2

8a3

∫ ∞

0
du

 √u
2

f ((π/a)
√

u)

+

∞∑
n=1

√
u + n2 f ((π/a)

√
u + n2) −

∫ ∞

0
dn

√
u + n2 f ((π/a)

√
u + n2)


=

h̄cπ2

8a3

1
2

F(0) +

∞∑
n=1

F(n) −
∫ ∞

0
dnF(n)

 ,
(4.165)

which recovers eq. (4.152) as desired.

Part e. To calculate the derivatives of eq. (4.153) we make a v = u + n2

change of variables

(4.166)F(n) =

∫ ∞

n2
dv
√

v f ((π/a)
√

v),

and utilize

(4.167)
d
du

∫ v

u
f (t)dt = f (v)

dv
dt
− f (u)

du
dt
,

so the first derivative is

(4.168)F′(n) = −n f ((π/a)n)
dn2

dn
= −2n2 f ((π/a)n),
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the second is

(4.169)F′′(n) = −4n f ((π/a)n) − 2n2(π/a) f ′((π/a)n),

the third is

F′′′(n)
= −4 f ((π/a)n)

− 4n(π/a) f ′((π/a)n) − 4n(π/a) f ′((π/a)n),−2n2(π/a)2 f ′′((π/a)n).
(4.170)

Any higher order derivatives are dependent on f (k)(πn/a), k ≥ 1, so are
zero at n = 0 by construction. Summarizing the values at n = 0 we have

(4.171)

F′(0) = 0

F′′(0) = 0

F′′′(0) = −4

F(k)(0) = 0, k > 3.

Part f. The original problem statement included the following statement
of the Euler-Maclaurin formula:

1
2

F(0) +

∞∑
n =1

F(n) −
∫ ∞

0
dnF(n) = −

1
2!

B2F′(0) −
1
4!

B4F′′′(0) + · · · ,

(4.172)

so

(4.173)

1
2

F(0) +

∞∑
n =1

F(n) −
∫ ∞

0
dnF(n) =

1
4!

1
30

(−4)

= −
1

180
.

Inserting eq. (4.173) into eq. (4.165) gives

(4.174)
∆Evac(a) = −

h̄cπ2

8a3

1
180

= −
h̄cπ2

1440a3 ,

which is the desired result.
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Part g. Numeric calculations were performed in a Mathematica work-
sheet (attached).

Summary: The Casimir force between 1 (cm)2 plates with a 1 micron
separation is −2 × 10−8 N. As a comparison, the force between “plates” of
a 1µF capacitor charged with 1 Volt and plate separation of 1 micron is

F = CV2/a = 1 N. (4.175)

I’m not actually sure if that capacitance is a physically realizable in a
capacitor with effective plate area of 1 (cm)2. Regardless, this gives an idea
of the smallness of the Casimir force, since

(4.176)
Fcapacitor

FCasimir
= O(107).

Part h. Given a field has a mass, the wave functions for the field obey

(4.177)
(
∂00 − ∇

2 +
m2c2

h̄2

)
φ(x, t) = 0,

which has plane wave solutions of the form

(4.178)φ(x, t) = eiωt−ik·x,

provided

(4.179)
ω2

c2 = k2 +
m2c2

h̄2 .

We may proceed as before, provided we set

(4.180)F(n) =

∫
n2+(mca/π h̄)2

dv
√

v f (
π

a
√

v).

The first derivative of this modified F is

(4.181)
dF
dn

= −2n
√

n2 + (mca/π h̄)2 f (
π

a

√
n2 + (mca/π h̄)2).

Quick and rough hand calculation of the rest of the derivatives of F as
defined above seems shows that the odd derivatives are all zero at n = 0
(they are odd functions of n, whereas the even powered derivatives are all
even functions of n). This was confirmed with Mathematica (worksheet
attached), so it seems that, regardless of the value of m with respect to 1/a
the Casimir effect is obliterated by a massive field.
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Exercise 4.5 Playing with the non-relativistic limit. (2018 Hw2.IV)

Consider a real scalar relativistic field theory of mass m with λφ4 inter-
action. Let there be N particles of momenta labeled by p1, · · · , pN , whose
energies are such that they are insufficient to create any new particles.
Nevertheless, the particles can scatter and exchange momenta. In what
follows you will study this N-particle nonrelativistic limit in some detail.

a. Write down the Hamiltonian of the field theory, including the
interaction term, restricted to the N-particle sector of Hilbert space.
(Use the creation and annihilation operator representation, i.e. write
the result as sums of products of creation and annihilation operators
of particles of various momenta.)

b. Does the resulting Hamiltonian preserve particle number? Is there
an associated symmetry? What is the operator that generates it?

c. Consider now the interaction term in your reduced (to the N-particle
sector of Hilbert space) Hamiltonian. How does a typical inter-
action term (for given configurations of momenta) act on an N-
particle state? What kinds of scattering processes does it describe?

d. What do you think is the potential, in x-space, that allows the
various particles to scatter and exchange momentum? How would
you describe the resulting nonrelativistic quantum system to friends
who never took QFT but are well-versed in quantum mechanics?
Hint: For ?? d, consider N = 2 first. Start with a two particle nonrela-
tivistic quantum mechanics with Hamiltonian:

(4.182)H =
p2

1
2m

+
p2

2
2m

+ V(x1 − x2) ,

where pi, xi are the operators of momentum and position of the i − th
particle (three vectors, arrows omitted for brevity). Use as a basis the
eigenstates of the free Hamiltonian, i.e. plane waves, |~p1, ~p2〉, symmetric
with respect to interchange of the momenta (even better, use the corre-
sponding wavefunctions ψp1,p2(x1, x2) = 〈x1, x2|p1, p2〉). Compute the
matrix elements

(4.183)〈q1, q2|H|p1, p2〉

in this basis. To compare to the nonrelativistic limit of the scalar field
theory, compute the same matrix elements of the Hamiltonian you found
in (1.) above, in the basis of states of the restricted (N = 2) Hilbert
space |p1, p2〉. Are they similar to the matrix elements you found in the
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quantum mechanics problem for some choice of V(x1 − x2)? Explain the
difference (if any). Then go on to answer (4.) for any N.

Answer for Exercise 4.5

Part a. The Lagrangian density of a massive scalar field with a λφ4

interaction has the form

(4.184)L =
1
2
∂µφ∂

µφ −
1
2

m2φ2 − λφ4.

The corresponding Hamiltonian is

(4.185)H =
1
2

∫
d3x

(
π2 +

m2

2
(∇φ)2 + m2φ2

)
+ λ

∫
d3xφ4.

In terms of creation and annihilation operators, we know the form of the
non-interaction portion of the Hamiltonian, which in normal order is

(4.186)H0 =

∫
d3 p

(2π)3ωpa†pap,
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but the interaction contribution is much messier

Hint = λ

∫
d3x

d3 pd3kd3qd3s
4(2π)12 √ωpωkωqωs

(
ape−ip·x + apeip·x

)
×(

ake−ik·x + akeik·x
) (

aqe−iq·x + aqeiq·x
) (

ase−is·x + aseis·x
)

= λ

∫
d3x

d3 pd3kd3qd3s
4(2π)12 √ωpωkωqωs

(
ape−iωpt+ip·x + apeiωpt−ip·x

)
×(

ake−iωkt+ik·x + akeiωkt−ik·x
) (

aqe−iωqt+iq·x + aqeiωqt−iq·x
)
×(

ase−iωst+is·x + aseiωst−is·x
)

= λ

∫
d3 pd3kd3qd3s

4(2π)9 √ωpωkωqωs

(
apakaqase−i(ωp+ωk+ωq+ωs)tδ(3)(p + k + q + s)

+ apakaqa†s e−i(ωp+ωk+ωq−ωs)tδ(3)(p + k + q − s) + · · ·

+ a†pa†ka†qa†s e−i(−ωp−ωk−ωq−ωs)tδ(3)(−p − k − q − s)
)

= λ

∫
d3 pd3kd3q

4(2π)9

(
apakaqa−p−k−qe−i(ωp+ωk+ωq+ω−p−k−q)t

√
ωpωkωqω−p−k−q

+

apakaqa†p+k+qe−i(ωp+ωk+ωq−ωp+k+q)t

√
ωpωkωqωp+k+q

+ · · ·+

a†pa†ka†qa†
−p−k−qe−i(−ωp−ωk−ωq−ω−p−k−q)t

√
ωpωkωqω−p−k−q

)
.

(4.187)
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Assuming we can normal order these terms as in H0, we can rewrite the
interaction as

Hint = λ

∫
d3 pd3kd3q

4(2π)9

(
(
4
0

)
apakaqa−p−k−qe−i(ωp+ωk+ωq+ω−p−k−q)t

√
ωpωkωqω−p−k−q

+

(
4
1

)a†pakaqap−k−qe−i(−ωp+ωk+ωq+ωp−k−q)t

√
ωpωkωqωp−k−q

+

(
4
2

)a†pa†kaqap+k−qe−i(−ωp−ωk+ωq+ωp+k−q)t

√
ωpωkωqωp+k−q

+

(
4
3

)a†pa†ka†qap+k+qe−i(−ωp−ωk−ωq+ωp+k+q)t√
ωpωkωqωp+kq

+

(
4
4

)a†pa†ka†qa†
−p−k−qe−i(−ωp−ωk−ωq−ω−p−k−q)t

√
ωpωkωqω−p−k−q

)

(4.188)

If we restrict the allowed momenta to the discrete set p ∈ {p1,p2, · · · pN},
the total Hamiltonian including the interaction term takes the form

: H : =

N∑
i=1

ωpia
†
piapi +

λ

4

N∑
j,m,n=1

(
(
4
0

)ap japmapna−p−k−qe−i(ωp j +ωpm +ωpn +ω−p j−pm−pn )t√
ωp jωpmωpnω−p j−pm−pn

+

(
4
1

)a†p japmapnap j−pm−pne−i(−ωp j +ωpm +ωpn +ωp j−pm−pn )t√
ωp jωpmωpnωp j−pm−pn

+

(
4
2

)a†p ja
†
pmapnap j+pm−pne−i(−ωp j−ωpm +ωpn +ωp j+pm−pn )t√

ωp jωpmωpnωp j+pm−pn

+

(
4
3

)a†p ja
†
pma†pnap j+pm+pne−i(−ωp j−ωpm−ωpn +ωp j+pm+pn )t√

ωp jωpmωpnωp j+pm−pn

+

(
4
4

)a†p ja
†
pma†pna†−p j−pm−pn

e−i(−ωp j−ωpm−ωpn−ω−p j−pm−pn )t√
ωp jωpmωpnω−p j−pm−pn

)
.

(4.189)

When we did the same sort of calculation for (∇φ)2 + m2φ2 all the time
dependent terms cancelled nicely, but that isn’t obviously the case here.
However, we haven’t used the non-relativistic (low energy) constraint. That
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constraint can be expressed as p2 � m2, in which case ωp =

√
p2 + m2 ∼

m, the mass of each of the particles. Incorporating that into our N-particle
Hamiltonian, we have

: H : =

N∑
i=1

ωpia
†
piapi +

λ

4m2

N∑
j,m,n=1

((
4
0

)
ap japmapna−p−k−qe−4imt

+

(
4
1

)
a†p japmapnap j−pm−pne−3imt +

(
4
2

)
a†p ja

†
pmapnap j+pm−pn

+

(
4
3

)
a†p ja

†
pma†pnap j+pm+pne3imt +

(
4
4

)
a†p ja

†
pma†pna†−p j−pm−pn

e4imt
)
.

(4.190)

Presuming there’s a good argument to kill off the time dependent terms,
the N-sector Hamiltonian is reduced to just

(4.191): H : =

N∑
i=1

ωpia
†
piapi +

3λ
2m2

N∑
j,m,n=1

a†p ja
†
pmapnap j+pm−pn .

The only annoying aspect to this Hamiltonian is the ap j+pm−pn operator in
the interaction term, which is not clear to me how to interpret. That seems
to imply that it is possible to create particles with linear combinations
of momentum that may not be in the original set of N particle momenta.
I think that this can be further fudged by invoking the non-relativisitic
constraint again, and decreeing that each of the uniquely indexed creation
and annihilation operators are distinguishable only by index, so we can
write the N-particle non-relativisitic sector Hamiltonian as

(4.192): H : =

N∑
i=1

ωpia
†

i ai +
3λ

2m2

N∑
r,s,t,u=1

a†r a†satau.

Part b. Yes, with the number of creation and annihilation operators
matched, this Hamiltonian preserves particle number (one particle is cre-
ated for each particle destroyed). The symmetry appears to be one associ-
ated with a permutation operation in the interaction.

Part c. Continued freehand, time allowing.

Part d. Also continued freehand, time allowing.





5
S Y M M E T R I E S .

5.1 switching gears: symmetries.

The question is how to apply the CCR results to moving frames, which is
done using Lorentz transformations. Just like we know that the exponen-
tial of the Hamiltonian (times time) represents time translations, we will
examine symmetries that relate results in different frames.

Examples. For scalar field(s) with action

(5.1)S =

∫
dd xL(φi, ∂µφ

i).

For example, we’ve been using our massive (boson) real scalar field with
Lagrangian density

(5.2)L =
1
2
∂µφ∂

µφ −
m2

2
φ2 − V(φ).

Internal symmetry example

(5.3)H = J
∑
〈n,n′〉

Sn · Sn′ ,

where the sum means the sum over neighbouring indexes n, n′ as sketched
in fig. 5.1.

Figure 5.1: Neighbouring spin cells.



98 symmetries.

Such a Hamiltonian is left invariant by the transformation Sn → −Sn

since the Hamiltonian is quadratic.
Suppose that φ → −φ is a symmetry (it leaves the Lagrangian un-

changed). Example

(5.4)φ =


φ1

φ2

...

φn


the Lagrangian

(5.5)L =
1
2
∂µφ

T∂µφ −
m2

2
φTφ − V(φTφ).

If O is any n × n orthogonal matrix, then it is symmetry since

(5.6)φTφ→ φTOTOφ
= φTφ.

O(2) model (exercise 4.3). Example for complex φ

(5.7)φ→ eiφφ,

(5.8)φ =
ψ1 + iψ2
√

2

(5.9)

ψ1

ψ2

→
 cosα sinα

− sinα cosα


ψ1

ψ2


5.2 symmetries.

Given the complexities of the non-linear systems we want to investigate,
examination of symmetries gives us simpler problems that we can solve.

• “internal” symmetries. This means that the symmetries do not act
on space time (x, t). An example is

(5.10)φi =


ψ1

ψ2
...

ψN
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If we map φi → Oi
jφ

j where OTO = 1, then we call this an in-
ternal symmetry. The corresponding Lagrangian density might be
something like

(5.11)L =
1
2
∂µφ · ∂

µφ −
m2

2
φ · φ − V(φ · φ)

• spacetime symmetries: Translations, rotations, boosts, dilatations.
We will consider continuous symmetries, which can be defined as a
succession of infinitesimal transformations. An example from O(2)
is a rotation

(5.12)

φ1

φ2

→
 cosα sinα

− sinα cosα


φ1

φ2

 ,
or if α ∼ 0

(5.13)

φ1

φ2

→
 1 α

−α 1


φ1

φ2


=

φ1

φ2

 + α

 φ2

−φ1


In index notation we write

(5.14)φi → φi + αei jφ j,

where ε12 = +1, ε21 = −1 is the completely antisymmetric tensor.
This can be written in more general form as

(5.15)φi → φi + δφi,

where δφi is considered to be an infinitesimal transformation.

Definition 5.1: Symmetry

A symmetry means that there is some transformation

φi → φi + δφi,
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where δφi is an infinitesimal transformation, and the equations of
motion are invariant under this transformation.

Theorem 5.1: Noether’s theorem (1st).

If the equations of motion re invariant under φµ → φµ + δφµ, then
there exists a conserved current jµ such that ∂µ jµ = 0.

Noether’s first theorem applies to global symmetries, where the parameters
are the same for all (x, t). Gauge symmetries are not examples of such
global symmetries.

Proof. Given a Lagrangian density L(φ(x), φ,µ(x)), where φ,µ ≡ ∂µφ. The
action is

(5.16)S =

∫
dd xL.

The equations of motion are invariant if under φ(x) → φ′(x) = φ(x) +

δεφ(x), we have

(5.17)L(φ)→ L′(φ′)
= L(φ) + ∂µJµε (φ) + O(ε2).

Then there exists a conserved current. In QFT we say that the E.O.M’s
are “on shell”. Note that eq. (5.17) is a symmetry since we have added a
total derivative to the Lagrangian which leaves the equations of motion of
unchanged.

In general, the change of action under arbitrary variation of δφ of the
fields is

(5.18)

δS =

∫
dd xδL(φ, ∂µφ)

=

∫
dd x

(
∂L

∂φ
δφ +

∂L

∂(∂µφ)
δ∂µφ

)
=

∫
dd x

(
∂µ

(
∂L

∂(∂µφ)

)
δφ +

∂L

∂(∂µφ)
∂µδφ

)
=

∫
dd x∂µ

(
δL

δ(∂µφ)
δφ

)
.
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However from eq. (5.17)

(5.19)δεL = ∂µJµε (φ, ∂µφ),

so after equating these variations we fine that

(5.20)
δS =

∫
dd xδεL

=

∫
dd x∂µJµε ,

or

(5.21)0 =

∫
dd x∂µ

(
δL

δ(∂µφ)
δφ − Jµε

)
,

or ∂µ jµ = 0 provided

jµ =
δL

δ(∂µφ)
δεφ − Jµε . (5.22)

Integrating the divergence of the current over a space time volume,
perhaps that of fig. 3.1, is also zero. That is

(5.23)

0 =

∫
d4x ∂µ jµ

=

∫
d3xdt ∂µ jµ

=

∫
d3xdt ∂t j0 −

��
��

��
∫

d3xdt∇ · j,

where the spatial divergence is zero assuming there’s no current leaving
the volume on the infinite boundary (no j at spatial infinity.)

We write

(5.24)Q =

∫
d3x j0,

and call this the on-shell charge associated with the symmetry.
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5.3 spacetime translation.

A spacetime translation has the form

xµ → x′µ = xµ + aµ, (5.25)

where the fields transform as

φ(x)→ φ′(x′) = φ(x). (5.26)

Contrast this to a Lorentz transformation that had the form xµ → x′µ =

Λµ
νxν.
If φ′(x + a) = φ(x), then

(5.27)φ′(x) + aµ∂µφ′(x) = φ′(x) + aµ∂µφ(x)
= φ(x),

so

(5.28)φ′(x) = φ(x) − aµ∂µφ′(x)
= φ(x) + δaφ(x),

or
(5.29)δaφ(x) = −aµ∂µφ(x).

Under φ→ φ − aµ∂µφ, we have

(5.30)L(φ)→ L(φ) − aµ∂µL.

Let’s calculate this with our scalar theory Lagrangian

(5.31)L =
1
2
∂µφ∂

µφ −
m2

2
φ2 − V(φ).

The Lagrangian variation1 is

δL|φ→φ+δφ,δφ=−aµ∂µφ = (∂µφ)δ(∂µφ) − m2φδφ −
∂V
∂φ

δφ

= (∂µφ)(−aν∂ν∂µφ) + m2φaν∂νφ +
∂V
∂φ

aν∂νφ

= −aν∂ν

(
1
2
∂µφ∂

µφ −
m2

2
φ2 − V(φ)

)
= −aν∂νL,

(5.32)

1 Using: ∂α((1/2)∂µφ∂µφ) = 2(1/2)∂µφ(∂α∂µφ).
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so the current is

(5.33)
jµ = (∂µφ)(−aν∂νφ) + aµL

= −aν
(
∂µφ∂νφ − δ

µ
νL

)
.

We really have a current for each ν direction and can make that explicit
writing

(5.34)
δνL = −∂νL

= −∂µ
(
δµνL

)
= ∂µ jµν

we write

(5.35)jµν =
∂φ

∂xµ

(
−
∂φ

∂xν

)
+ δµνL,

where ν are labels which coordinates are translated:

(5.36)
∂νφ = −∂νφ

∂νL = −∂νL.

We call the conserved quantities elements of the energy-momentum tensor,
and write it as

T µ
ν = −

∂φ

∂xµ

∂φ

∂xν
+ δµνL. (5.37)

Incidentally, we picked a non-standard sign convention for the tensor,
as an explicit expansion of T 00, the energy density component, shows

(5.38)
T 0

0 = −
∂φ

∂t
∂φ

∂t
+

1
2
∂φ

∂t
∂φ

∂t
−

1
2

(∇φ) · (∇φ) −
m2

2
φ2 − V(φ)

= −
1
2
∂φ

∂t
∂φ

∂t
−

1
2

(∇φ) · (∇φ) −
m2

2
φ2 − V(φ).

Had we translated by −aµ we’d have a positive definite tensor instead.
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5.4 1st noether theorem.

Recall that, given a transformation

(5.39)φ(x)→ φ(x) + δφ(x),

such that the transformation of the Lagrangian is only changed by a total
derivative

(5.40)L(φ, ∂µφ)→ L(φ, ∂µφ) + ∂µJµε ,

then there is a conserved current

(5.41)jµ =
∂L

∂(∂µφ)
δεφ − Jµε .

Here ε is an x-independent quantity (i.e. a global symmetry). This is in con-
trast to “gauge symmetries”, which can be more accurately be categorized
as a redundancy in the description.

As an example, for L = (∂µφ∂µφ −m2φ2)/2, let

(5.42)φ(x)→ φ(x) − aµ∂µφ.

The Lagrangian density transforms as

(5.43)L(φ, ∂µφ)→ L(φ, ∂µφ) − aµ∂µL
= L(φ, ∂µφ) + ∂µ

(
−δµνaνL

)
.

Here Jµε = Jµε
∣∣∣
ε=aν , and the current is

(5.44)Jµ = (∂µφ)(−aν∂νφ) + δµνaνL.

In particular, we have one such current for each ν, and we write

(5.45)T µ
ν = −(∂µφ)(∂νφ) + δµνL.

By Noether’s theorem, we must have

(5.46)∂µT µ
ν = 0, ∀ν.
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Check:

∂µT µ
ν = −(∂µ∂µφ)(∂νφ) − (∂µφ)(∂µ∂νφ) + δµν∂µ

(
1
2
∂αφ∂

αφ −
m2

2
φ2

)
= −(∂µ∂µφ)(∂νφ) − (∂µφ)(∂µ∂νφ)

+
1
2

(∂ν∂µφ)(∂µφ) +
1
2

(∂µφ)(∂ν∂µφ) − m2(∂νφ)φ

= −
(
∂µ∂

µφ + m2φ
)

(∂νφ) − (∂µφ)(∂µ∂νφ)

+
1
2

(∂ν∂µφ)(∂µφ) +
1
2

(∂µφ)(∂ν∂µφ)

= 0.
(5.47)

Example: our potential Lagrangian

(5.48)L =
1
2
∂µφ∂νφ −

m2

2
φ2 −

λ

4
φ4

Written with upper indexes

(5.49)
T µν = −(∂µφ)(∂νφ) + gµνL

= −(∂µφ)(∂νφ) + gµν
(
1
2
∂αφ∂αφ −

m2

2
φ2 −

λ

4
φ4

)
There are 4 conserved currents Jµ(ν) = T µν. Observe that this is symmet-

ric (T µν = T νµ).
We have four associated charges

(5.50)Qν =

∫
d3xT 0ν.

We call

(5.51)Q0 =

∫
d3xT 00,

the energy density, and call

(5.52)Pi =

∫
d3xT 0i,

(i = 1,2,3) the momentum density.
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writing this out explicitly the energy density is

(5.53)
T 00 = −φ̇2 +

1
2

(
φ̇2 − (∇φ)2 −

m2

2
φ2 −

λ

4
φ4

)
= −

(
1
2
φ̇2 +

1
2

(∇φ)2 +
m2

2
φ2 +

λ

4
φ4

)
,

and

(5.54)T 0i = ∂0φ∂iφ,

(5.55)Pi = −

∫
d3x∂0φ∂iφ.

Since the energy density is negative definite (due to an arbitrary choice of
translation sign), let’s redefine T µν to have a positive sign

(5.56)T 00 ≡
1
2
φ̇2 +

1
2

(∇φ)2 +
m2

2
φ2 +

λ

4
φ4,

and

(5.57)Pi =

∫
d3x∂0φ∂iφ

As an operator the charge is

(5.58)
Q̂ =

∫
d3xT̂ 00

=

∫
d3x

(
1
2
π̂2 +

1
2

(∇φ̂)2 +
m2

2
φ̂2 +

λ

4
φ̂4

)
,

and the momenta are

(5.59)P̂i =

∫
d3xπ̂∂iφ.

We showed that

(5.60)
dÔ
dt

= i
[
Ĥ, Ô

]
.

This implied that φ̂, π̂ obey the classical equations of motion

dφ̂
dt

= i
[
Ĥ, φ̂

]
=

dπ̂
dt

(5.61)
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dπ̂
dt

= i
[
Ĥ, π̂

]
= ... (5.62)

In terms of creation and annihilation operators (for the λ = 0 free field),
up to a constant

(5.63)
Ĥ =

∫
d3xT̂ 00

=

∫
d3 p

(2π)3ωpâ†pâp.

It can be shown (appendix B) that the operator form of the field momentum
is

(5.64)
P̂i =

∫
d3xπ̂∂iφ̂

=

∫
d3 p

(2π)3 piâ†pâp.

Now we see the energy and momentum as conserved quantities associated
with spacetime translation.

5.5 unitary operators.

In QM we say that P̂ “generates translations”. With P̂ ≡ −i h̄∇ that transla-
tion is

Û(a) = eia·P̂ = e−a·∇. (5.65)

In particular

(5.66)

〈x| Û(a) |ψ〉 =

∫
d3 p 〈x| Û(a) |p〉 〈p|ψ〉

=

∫
d3 p 〈x| eia·P̂ |p〉 〈p|ψ〉

=

∫
d3 peia·p̂ 〈x|p〉 ψ̃(p)

=

∫
d3 p

(2π)3 eia·p̂eix·pψ̃(p)

= ψ(x + a).
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Implicitly, this shows that the action of the translation operator on just a
bra is

(5.67)〈x| Û(a) = 〈x + a| ,

or

(5.68)Û(−a) |x〉 = Û†(a) |x〉
= |x + a〉 .

This is a different sign convention for the translation operator than is found
in some other texts2.

In one dimension, we can compute

Û(a)X̂Û†(a) = eiaP̂X̂e−iaP̂ = X̂ + a1̂, (5.69)

which is a consequence of the Baker-Campbell-Hausdorff theorem.

Theorem 5.2: Baker-Campbell-Hausdorff.

(5.70)eBAe−B =

∞∑
n=0

1
n!

[B · · ·, [B, A]] ,

where the n-th commutator is denoted above

• n = 0 : A

• n = 1 : [B, A]

• n = 2 : [B, [B, A]]

• n = 3 : [B, [B, [B, A]]]

Proof.

(5.71)
f (t) = etBAe−tB

= f (0) + t f ′(0) +
t2

2
f ′′(0) + · · ·

tn

n!
f (n)(0)

(5.72)f (0) = A

2 In particular [5] uses D(a) = e−ia·P̂/ h̄ defined by the property D(a) |x〉 = |x + a〉.
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(5.73)f ′(t) = etBBAe−tB + etBA(−B)e−tB

= etB [B, A] e−tB

(5.74)f ′′(t) = etBB [B, A] e−tB + etB [B, A] (−B)e−tB

= etB [B, [B, A]] e−tB.

From

(5.75)f (1) = f (0) + f ′(0) +
1
2

f ′′(0) + · · ·
1
n!

f (n)(0)

we have

(5.76)eBAe−B = A + [B, A] +
1
2

[B, [B, A]] + · · ·

Example (as claimed above) :

(5.77)
eiaP̂X̂e−iaP̂ = X̂ +

[
iaP̂, X̂

]
+ · · ·

= X̂ + ia(−i)1̂
= X̂ + a1̂.

Application:

(5.78)eiHermitian = unitary

(5.79)eiHermitian × e−iHermitian = 1

So

(5.80)Û(a) = eia j p̂ j

is a unitary operator representing finite translations in a Hilbert space.
In particular, we can apply the BCH theorem to a field operator

Û(a)φ̂(x)Û†(a) = eia jP̂ j
φ̂(x)e−iak P̂k

= φ̂(x) + ia j
[
P̂ j, φ̂(x)

]
+
−a j1a j2

2

[
P̂ j1 ,

[
P̂ j2 , φ̂(x)

]]
,

(5.81)
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where the first order commutator is

(5.82)

[
P̂ j, φ̂(x)

]
=

∫
d3y

[
π̂(y)∂ jφ̂(y), φ̂(x)

]
=

∫
d3y

[
π̂(y), φ̂(x)

]
∂ jφ̂(y)

=

∫
d3y(−i)δ(3)(y − x)∂ jφ̂(y)

= −i∂ jφ̂(x),

and any higher order commutator is zero[
Pk,

[
P j, φ(x)

]]
=

∫
d3y

[
π(y)∂kφ(y),−i∂ jφ(x)

]
= 0. (5.83)

This gives

(5.84)

Û(a)φ̂(x)Û†(a) = φ̂(x) + ia j(−i)∂ jφ̂(x) + · · ·

= φ̂(x) + a j∂ jφ̂(x) + · · ·

= φ̂(x) + a j ∂

∂x j
φ̂(x) + · · ·

= φ̂(x) − a j ∂

∂x j φ̂(x) + · · ·

= φ̂(x − a).

5.6 continuous symmetries.

For all infinitesimal transformations, continuous symmetries lead to con-
served charges Q. In QFT we map these charges to Hermitian operators
Q → Q̂. We say that these charges are “generators of the corresponding
symmetry” through unitary operators

(5.85)Û = eiparameterQ̂.

These represent the action of the symmetry in the Hilbert space.

Example: spatial translation

(5.86)Û(a) = eia·P̂
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Example: time translation

(5.87)Û(t) = eitĤ .

5.7 classical scalar theory.

For d > 2 let’s look at

(5.88)S =

∫
dd x

(
1
2
∂µφ∂µφ −

m2

2
φ2 − λφd−2

)
Take m2, λ→ 0, the free massless scalar field. We have a shift symmetry
in this case since φ(x)→ φ(x) + constant. The current is just

(5.89)
jµ =

∂φ

∂(∂µφ)
δφ −��Jµ

= constant × ∂µφ
= ∂µφ,

where the constant factor has been set to one. This current is clearly
conserved since ∂µJµ = ∂µ∂

µφ = 0 (the equation of motion). These are
called “Goldstone bosons”, or “Nambu-Goldstone bosons”.

With m = λ = 0, d = 4 we have NOTE: We did this in class differently
with d , 4,m, λ , 0, and then switched to m = λ = 0, d = 4, which was
confusing. I’ve reworked my notes to d = 4 like the supplemental handout
that did the same.

(5.90)S =

∫
d4x

(
1
2
∂µφ∂µφ

)
Here we have a scale or dilatation invariance

x→ x′ = eλx, (5.91)

φ(x)→ φ′(x′) = e−λφ, (5.92)

d4x→ d4x′ = e4λd4x. (5.93)
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The partials transform as

(5.94)

∂µ →
∂

∂x′µ

=
∂xµ
∂x′µ

∂

∂xµ

= e−λ
∂

∂xµ
,

so the partial of the field transforms as

∂µφ(x)→
∂φ′(x′)
∂x′µ

= e−2λ∂µφ(x), (5.95)

and finally

(5.96)(∂µφ)2 → e−4λ
(
∂µφ(x)

)2
.

With a −4λ power in the transformed quadratic term, and 4λ in the
volume element, we see that the action is invariant. To find Noether current,
we need to vary the field and it’s derivatives

(5.97)

δλφ = φ′(x) − φ(x)
= φ′(e−λx′) − φ(x)
≈ φ′(x′ − λx′) − φ(x)
≈ φ′(x′) − λx′α∂αφ′(x′) − φ(x)
≈ (1 − λ)φ(x) − λx′α∂αφ′(x′) − φ(x)
= −λ(1 + xα∂α)φ,

where the last step assumes that x′ → x, φ′ → φ, effectively weeding out
any terms that are quadratic or higher in λ.

Now we need the variation of the derivatives of φ

(5.98)δ∂µφ(x) = ∂′µφ
′(x) − ∂µφ(x),

By eq. (5.95)

(5.99)

∂′µφ
′(x′) = e−2λ∂µφ(x)

= e−2λ∂µφ(e−λx′)

≈ e−2λ∂µ
(
φ(x′) − λx′α∂αφ(x′)

)
≈ (1 − 2λ) ∂µ

(
φ(x′) − λx′α∂αφ(x′)

)
,
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so

(5.100)δ∂µφ = −λxα∂α∂µφ(x) − 2λ∂µφ(x) + O(λ2)
= −λ

(
xα∂α + 2

)
∂µφ(x).

(5.101)
δL = (∂µφ)δ(∂µφ)

= −λ
(
2∂µφ + xα∂α∂µφ

)
∂µφ,

or

(5.102)

δL

−λ
= 4L + xα

(
∂α∂µφ

)
∂µφ

= 4L + xα∂α (L)
=��4L + ∂α

(
xαL

)
−���

�L∂αxα.

The variation in the Lagrangian density is thus

δL = ∂µJµλ = ∂µ (−λxµL) , (5.103)

and the current is

Jµλ = −λxµL. (5.104)

The Noether current is

(5.105)
jµ =

∂L

∂(∂µφ)
δφ − Jµ

= −∂µφ
(
1 + xν∂ν

)
φ +

1
2

xµ∂νφ∂νφ,

or after flipping signs

(5.106)
jµdil = ∂µφ

(
1 + xν∂ν

)
φ −

1
2

xµ∂νφ∂νφ

= xν

(
∂µφ∂νφ −

1
2

gµν∂λφ∂λφ
)

+
1
2
∂µ(φ2),

(5.107)jµdil = −xνT νµ +
1
2
∂µ(φ2).

(5.108)T µν = ∂µφ∂νφ − gµνL
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The current and T µν can both be redefined jµ
′

= jµ + ∂νCνµ adding an
antisymmetric Cµν = −Cνµ

(5.109)jµdil conformal = −xνT
νµ
conformal

(5.110)∂µ jµdil conformal = −Tconformal
µ
µ

consequence: 0 = T 00 − T 11 − T 22 − T 33, which is essentially

0 = ρ − 3p = 0. (5.111)

5.8 last time.

We followed a sequence of operations

1. Noether’s theorem

2. → conserved currents

3. → charges (classical)

4. → “correspondence principle”

5. → Q̂

• Hermitian operators

• “generators of symmetry"

(5.112)Û(α) = eiαQ̂

We found

(5.113)Û(α)φ̂Û†(α) = φ̂ + iα
[
Q̂, φ̂

]
+ · · ·
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Example: internal symmetries: (non-spacetime), such as O(N) or U(1).
In QFT internal symmetries can have different “modes of realization”.

I “Wigner mode”. These are also called “unbroken symmetries”.

(5.114)Q̂ |0〉 = 0

i.e. Û(α) |0〉 = 0. Ground state invariant. Formally : Q̂ : annihilates
|0〉.

[
Q̂, Ĥ

]
= 0 implies that all eigenstates are eigenstates of Q̂ in

U(1). Example from Hw 1

(5.115)Q̂ = “charge” under U(1).

All states have definite charge, just live in QU.

II “Nambu-Goldstone mode” (Landau-Ginsburg). This is also called a
“spontaneously broken symmetry”3. H or L is invariant under symme-
try, but ground state is not.

Example:

(5.116)L = ∂µφ
∗∂µφ − V(|φ|),

where

(5.117)V(|φ|) = m2φ∗φ +
λ

4
(
φ∗φ

)2 .

When m2 > 0 we have a Wigner mode, but when m2 < 0 we have an issue:
φ = 0 is not a minimum of potential. When m2 < 0 we write

(5.118)

V(φ) = −m2φ∗φ +
λ

4
(
φ∗φ

)2

=
λ

4

((
φ∗φ

)2
−

4
λ

m2
)

=
λ

4

(
φ∗φ −

2
λ

m2
)2

−
4m4

λ2 ,

or simply

(5.119)V(φ) =
λ

4

(
φ∗φ − v2

)2
+ const.

The potential (called the Mexican hat potential) is illustrated in fig. 5.2 for
non-zero v, and in fig. 5.3 for v = 0. The following is a Mathematica code
listing that can be used to play with this shape

3 First encounter example (HwII, SU(2) × SU(2) → SU(2)). Here a U(1) spontaneous
broken symmetry.
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In[1]:= ClearAll[potential]
potential[x_, y_, v_] := (x^2 + y^2 - v^2)^2

Manipulate[
Plot3D[ potential[x, y, v], {x, -5, 5}, {y, -5,
5}, PlotRange
→→→Full],
{{v,4}, 0, 10}

]

Figure 5.2: Mexican hat potential.

Figure 5.3: Degenerate Mexican hat potential v = 0.
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We choose to expand around some point on the minimum ring (it doesn’t
matter which one). When there is no potential, we call the field massless
(i.e. if we are in the minimum ring). We expand as

(5.120)φ(x) = v
(
1 +

ρ(x)
v

)
eiα(x)/v,

so

(5.121)

λ

4

(
φ∗φ − v2

)2
=

v2
(
1 +

ρ(x)
v

)2

− v2

2

=
λ

4
v4

(1 +
ρ(x)

v

)2

− 1


=
λ

4
v4

(
2ρ
v

+
ρ2

v2

)2

,

and

(5.122)∂µφ =

(
v
(
1 +

ρ(x)
v

)
i
v
∂µα + ∂µρ

)
eiα.

The Lagrangian takes the form

(5.123)

L =
∣∣∣∂φ∗∣∣∣2 − λ

4

(∣∣∣φ∗∣∣∣2 − v2
)2

= ∂µρ∂
µρ + ∂µα∂

µα
(
1 +

ρ

v

)
−
λv4

4
4ρ2

v2 + O(ρ3)

= ∂µρ∂
µρ − λv2ρ2 + ∂µα∂

µα
(
1 +

ρ

v

)
.

We have two fields, ρ : a massive scalar field, the “Higgs”, and a massless
field α (the Goldstone boson).

U(1) symmetry acts on φ(x) → eiωφ(x) i.t.o α(x) → α(x) + vω. U(1)
global symmetry (broken) acts on the Goldstone field α(x) by a constant
shift. (U(1) is still a symmetry of the Lagrangian.)

The current of the U(1) symmetry is:

(5.124)jµ = ∂µα
(
1 + higher dimensional ρ terms

)
.

When we quantize

(5.125)α(x) =

∫
d3 p

(2π)3
√

2ωp

eiωpt−ip·xâ†p +

∫
d3 p

(2π)3
√

2ωp

e−iωpt+ip·xâp



118 symmetries.

(5.126)

jµ(x) = ∂µα(x)

=

∫
d3 p

(2π)3
√

2ωp

(iωp − ip) eiωpt−ip·xâ†p

+

∫
d3 p

(2π)3
√

2ωp

(−iωp + ip) e−iωpt+ip·xâp.

(5.127)jµ(x) |0〉 , 0,

instead it creates a single particle state.

5.9 examples of symmetries.

In particle physics, examples of Wigner vs Nambu-Goldstone, ignoring
gravity the only exact internal symmetry in the standard module is (B# −
L#), believed to be a U(1) symmetry in Wigner mode.

Here B# is the Baryon number, and L# is the Lepton number. Examples:

• B(p) = 1, proton.

• B(q) = 1/3, quark

• B(e) = 1, electron

• B(n) = 1, neutron.

• L(p) = 1, proton.

• L(q) = 0, quark.

• L(e) = 0, electron.

The major use of global internal symmetries in the standard model is
as “approximate” ones. They become symmetries when one neglects some
effect( “terms in L”). There are other approximate symmetries (use of
group theory to find the Balmer series).

Example from exercise 5.4 (Hw2): QCD in limit

mu = md = 0. (5.128)

mumd � mp (the products of the up-quark mass and the down-quark mass
are much less than a composite one (name?)). SU(2)L × SU(2)R → SU(2)V
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EWSB (Electro-Weak-Symmetry-Breaking) sector When the couplings
g2, g1 = 0. (g2 ∈ SU(2), g1 ∈ U(1)).

5.10 scale invariance.

(5.129)

x→ eλx

φ→ e−λφ

Aµ → e−λAµ

.

Any unitary theory which is scale invariant is also conformal invariant.
Conformal invariance means that angles are preserved. The point here is
that there is more than scale invariance.

We have classical internal global continuous symmetries. These can be
either

1. “unbroken” (Wigner mode)

(5.130)Q̂ |0〉 = 0.

2. “spontaneously broken”

(5.131)jµ(x) |0〉 , 0

(creates Goldstone modes).

3. “anomalous”. Classical symmetries are not a symmetry of QFT.
Examples:

• Scale symmetry (to be studied in QFT II), although this is not
truly internal.

• In QCD again when ωq = 0, a U(1 symmetry (chiral symme-
try) becomes exact, and cannot be preserved in QFT.

• In the standard model (E.W sector), the Baryon number and
Lepton numbers are not symmetries, but their difference B# −
L# is a symmetry.



120 symmetries.

5.11 lorentz invariance.

We’d like to study the action of Lorentz symmetries on quantum states.
We are going to “go by the book”, finding symmetries, currents, quantize,
find generators, and so forth.

Under a Lorentz transformation

xµ → x′µ = Λµ
νxν, (5.132)

We are going to consider infinitesimal Lorentz transformations

(5.133)Λµ
ν ≈ δ

µ
ν + ωµν,

where ωµν is small. A Lorentz transformation Λ must satisfy ΛTGΛ = G,
or

(5.134)gµν = Λα
µgαβΛβ

ν,

into which we insert the infinitesimal transformation representation

(5.135)
0 = −gµν +

(
δαµ + ωαµ

)
gαβ

(
δβν + ωβν

)
= −gµν +

(
gµβ + ωβµ

) (
δβν + ωβν

)
= −gµν + gµν + ωνµ + ωµν + ωβµω

β
ν.

The quadratic term can be ignored, leaving just

(5.136)0 = ωνµ + ωµν,

or
(5.137)ωνµ = −ωµν.

Note that ω is a completely antisymmetric tensor, and like Fµν this has
only 6 elements. This means that the infinitesimal transformation of the
coordinates is

xµ → x′µ ≈ xµ +ωµνxν, (5.138)

the field transforms as

φ(x)→ φ′(x′) = φ(x) (5.139)

or

(5.140)φ′(xµ + ωµνxν) = φ′(x) + ωµνxν∂µφ(x)
= φ(x),



5.11 lorentz invariance. 121

so

(5.141)δφ = φ′(x) − φ(x)
= −ωµνxν∂µφ.

Since L is a scalar

(5.142)
δL = −ωµνxν∂µL

= −∂µ
(
ωµνxνL

)
+ (∂µxν)ωµνL

= ∂µ
(
−ωµνxνL

)
,

since ∂νxµ = gνµ is symmetric, and ω is antisymmetric. Our current is

(5.143)Jµω = −ωµνxµL.

FIXME: index mismatch above! .
Our Noether current is

(5.144)

jνωµρ =
∂L

∂φ,ν
δφ − Jµω

= ∂νφ
(
−ωµρxρ∂µφ

)
+ ωνρxρL

= ωµρ
(
∂νφ

(
−xρ∂µφ

)
+ δνµxρL

)
= ωµρxρ

(
−∂νφ∂µφ + δνµL

)
.

We identify
(5.145)−T ν

µ = −∂νφ∂µφ + δνµL,

so the current is

jνωµρ = −ωµρxρT ν
µ = −ωµρxρT νµ. (5.146)

Define

(5.147)jνµρ =
1
2

(
xρT νµ − xµT νρ) ,

which retains the antisymmetry in µρ yet still drops the parameter ωµρ. To
check that this makes sense, we can contract jνµρ with ωρµ

(5.148)

jνµρωρµ = −
1
2

(
xρT νµ − xµT νρ)ωµρ

= −
1
2

xρT νµωµρ −
1
2

xµT νρωρµ

= −
1
2

xρT νµωµρ −
1
2

xρT νµωµρ

= −xρT νµωµρ,

which matches eq. (5.146) as desired.
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Example. Rotations µρ = i j

(5.149)J0i jεi jk =
1
2

(
xiT 0 j − x jT 0i

)
εi jk

= xiT 0 jεi jk.

Observe that this has the structure of (x × p)k, where p is the momentum
density of the field. Let

Lk ≡ Qk =

∫
d3xJ0i jεi jk. (5.150)

We can now quantize and build a generator

(5.151)
Û(α) = eiα·L̂

= exp
(
iαk

∫
d3xxiT̂ 0 jεi jk

)
From eq. (5.145) we can quantize with T 0 j = ∂0φ∂ jφ→ π̂ (∇φ̂) j, or

(5.152)
Û(α) = exp

(
iαk

∫
d3xxiπ̂(∇φ̂) jεi jk

)
= exp

(
iα ·

∫
d3xπ̂∇φ̂ × x

)
(up to a sign in the exponent which doesn’t matter)

(5.153)

φ̂(y)→ Û(α)φ̂(y)Û†(α)

≈ φ̂(y) + iα ·
[∫

d3xπ̂(x)∇φ̂(x) × x, φ̂(y)
]

= φ̂(y) + iα ·
∫

d3x(−i)δ(3)(x − y)∇φ̂(x) × x

= φ̂(y) + α ·
(
∇φ̂(y) × y

)
.

Explicitly, in coordinates, this is

(5.154)
φ̂(y)→ φ̂(y) + αi

(
∂ jφ̂(y)ykε jki

)
= φ̂(y) − εik jα

iyk∂ jφ̂

= φ̂(y j − εik jαiyk).
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This is a rotation. To illustrate, pick α = (0, 0, α), so y j → y j − εik jαykδi3 =

y j − ε3k jαyk, or

(5.155)

y1 → y1 − ε3k1αyk = y1 + αy2

y2 → y2 − ε3k2αyk = y2 − αy1

y3 → y3 − ε3k3αyk = y3,

or in matrix form

(5.156)


y1

y2

y3

→


1 α 0

−α 1 0

0 0 1



y1

y2

y3

 .

5.12 problems.

Exercise 5.1 Energy-momentum tensor for a scalar field

It is claimed in [13] (3.2.1) that the momentum components of the energy-
momentum tensor was found to be

(5.157)en

∫
d3xT 0n =

∫
d3kka†kak.

a. Calculate this.

b. Calculate the other energy-momentum tensor components for the
spacelike components.

c. Calculate the other energy-momentum tensor components for the
Hamiltonian component.

Answer for Exercise 5.1

First, from the Noether current for the scalar field Lagrangian in question,
what is the energy-momentum tensor explicitly?

(5.158)

T µν = πµ∂νφ − gµνL

= πµ∂νφ − gµν
1
2

(
∂αφ∂

αφ − µ2φ2
)

= πµπν − gµν
1
2

(
παπ

α − µ2φ2
)

= πµπν −
1
2

gµνgαβπβπα +
1
2

gµνµ2φ2.
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Consider some special cases for the indexes. For µ = ν = 0, the result is
the Hamiltonian density

(5.159)

T 00 = π0π0 −
1
2

g00παπ
α +

1
2

g00µ2φ2

= π0π0 −
1
2
παπ

α +
1
2
µ2φ2

=
1
2
π0π0 −

1
2
πnπ

n +
1
2
µ2φ2

=
1
2
π2 +

1
2

(∇φ)2 +
1
2
µ2φ2,

where π2 = (∂0φ)2 , ∂2φ. For any µ , ν the off diagonal metric elements
are zero, leaving just

(5.160)T µν = πµπν.

Finally, when n , 0, the remaining diagonal terms are

(5.161)

T nn = πnπn −
1
2

gnnπαπ
α +

1
2

gnnn2φ2

= πnπn +
1
2
παπ

α −
1
2
µ2φ2

=
1
2
π2 + πnπn −

1
2
πmπm −

1
2
µ2φ2

=
1
2
π2 +

1
2
πnπn −

1
2

∑
m,n,0

πmπm −
1
2
µ2φ2

=
1
2

∑
m=n,0

πmπm −
1
2

∑
m,n,0

πmπm −
1
2
µ2φ2.

The canonical momenta are

(5.162)πµ = ∂µ
∫

d3k

(2π)3/2
√

2ωk

(
ake−ik·x + a†keik·x

)
,

but

(5.163)∂µeik·x = ∂µ exp
(
ikαxα

)
= ikµ exp (ik · x) ,
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so

(5.164)

πµ = i
∫

d3kkµ

(2π)3/2
√

2ωk

(
−ake−ik·x + a†keik·x

)
= i

∫
d3kkµ

(2π)3/2
√

2ωk

(
−ake−iωkt+k·x + a†keiωkt−ik·x

)
= i

∫
d3kkµ

(2π)3/2
√

2ωk

(
−ake−iωkt + a†

−keiωkt
)

eik·x.

This gives∫
d3xπµπν = −

1
2

∫
d3x

d3kd3 p
(2π)3

kµpν
√
ωkωp

(
−ake−iωkt

+ a†
−keiωkt

) (
−ape−iωpt + a†−peiωpt

)
ei(p+k)·x

= −
1
2

∫
d3kd3 p

kµpν
√
ωkωp

(
−ake−iωkt + a†

−keiωkt
) (
−ape−iωpt

+ a†−peiωpt
)
δ(3)(p + k)

= −
1
2

∫
d3kd3 p

kµpν

ωk

(
aka−ke−2iωkt − aka†k − a†

−ka−k

+ a†
−ka†ke2iωkt

)
δ(3)(p + k).

(5.165)

Further reduction of the leading kµpν term has a sign that depends on
the values of the indices.

Part a. First consider the momentum case where one of µ, or ν is zero∫
d3xπµπ0 =

∫
d3xπ0πµ

= −
1
2

∫
d3kkµ

(
aka−ke−2iωkt − aka†k − a†kak + a†ka†

−ke2iωkt
)
.

(5.166)

For µ , 0 this can be written as a vector operator

(5.167)
en

∫
d3xT 0n = −

1
2

∫
d3kk

(
aka−ke−2iωkt + a†ka†

−ke2iωkt
)

+
1
2

∫
d3kk

(
aka†k + a†kak

)
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To get the desired result the time dependent terms have to be made to go
away somehow. Consider a spherical parameterization of the momentum
space

(5.168)k = k (sin θ cos φ, sin θ sin φ, cos θ) ,

Note that the volume element is

(5.169)d3k = k2 sin θdk ∧ dθ ∧ dφ,

where k ∈ [0,∞], θ ∈ [0, π], and φ ∈ [0, 2π]. If we map k → −k, the
volume element becomes

(5.170)d3k = (−k)2 sin θd(−k) ∧ dθ ∧ dφ,

over the same angular intervals, but k ∈ [−∞, 0]. Flipping the sign of the
time dependent operator products gives

(5.171)aka−ke−2iωkt + a†ka†
−ke2iωkt → a−kake−2iωkt + a†

−ka†ke2iωkt

= aka−ke−2iωkt + a†ka†
−ke2iωkt,

which shows that this is an even function in k. The even characteristics of
the volume element and time dependent terms and the odd character of
the momentum vector k can be used to show that these terms integrate out
to zero. Let’s compute the integral by averaging the momentum operator
using both parameterization sign options. First write

(5.172)f (k) = aka−ke−2iωkt + a†ka†
−ke2iωkt,

so∫
d3kk f (k) =

1
2

∫
d3kk f (k) +

1
2

∫
d3k′k′ f (k′)

=
1
2

∫ ∞

0
k2dk

∫ π

0
sin θdθ

∫ 2π

0
kk̂(θ, φ) f (k)

+
1
2

∫ 0

−∞

k2d(−k)
∫ π

0
sin θdθ

∫ 2π

0
(−k)k̂(θ, φ) f (−k)

=
1
2

∫ π

0
sin θdθ

∫ 2π

0
dφk̂

(∫ ∞

0
k3dk f (k) +

∫ 0

−∞

k3dk f (−k)
)

=
1
2

∫ π

0
sin θdθ

∫ 2π

0
dφk̂

(∫ ∞

0
k3dk f (k) −

∫ ∞

0
k3dk f (k)

)
= 0,

(5.173)
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so the momentum is reduced to

(5.174)

en

∫
d3xT 0n =

1
2

∫
d3kk

(
aka†k + a†kak

)
=

1
2

∫
d3kk

(
2a†kak +

[
ak, a

†

k

])
=

∫
d3kk

(
a†kak +

1
2
δ(3)(0)

)
.

An argument like that of [19] can be used to dismiss the unphysical
infinity associated with the ground state energy level, leaving just

en

∫
d3xT 0n =

∫
d3kka†kak. (5.175)

Part b. For µ = m , 0, and ν = n , 0, we have∫
d3xπmπn =

1
2

∫
d3k

kmkn

ωk

(
aka−ke−2iωkt−aka†k−a†

−ka−k +a†
−ka†ke2iωkt

)
.

(5.176)

Can the time dependent terms be killed in this case?

Part c. TODO: some stuff is wrong here.
For ν , 0∫
d3xπµπν = −

1
2

∫
d3k

kµkν

ωk

(
−aka−ke−2iωkt −aka†k−a†kak−a†ka†

−ke2iωkt
)

=
1
2

∫
d3k

kµkν

ωk

(
aka−ke−2iωkt + aka†k + a†kak + a†ka†

−ke2iωkt
)
.

(5.177)

Here’s a summary of these products∫
d3xπ0π0 = −

1
2

∫
d3kωk

(
aka−ke−2iωkt − aka†k − a†kak + a†ka†

−ke2iωkt
)
,

(5.178a)

∫
d3xπnπ0 =

∫
d3xπ0πn

= −
1
2

∫
d3kkn

(
aka−ke−2iωkt − aka†k − a†kak + a†ka†

−ke2iωkt
)
,

(5.178b)
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∫
d3xπmπn =

1
2

∫
d3k

kmkn

ωk

(
aka−ke−2iωkt + aka†k + a†kak + a†ka†

−ke2iωkt
)
.

(5.178c)

For the mass term it was previously found that

1
2

∫
d3xµ2φ2 =

µ2

4

∫
d3k

1
ωk

(
a−kake−2iωkt + a†

−ka†ke2iωkt + aka†k + a†kak
)
.

(5.179)

The Hamiltonian component has been previously calculated, and re-
solves to

(5.180)
∫

d3xT 00 =
1
2

∫
d3kωk

(
aka†k + a†kak

)
.

The other diagonal components, for r , s , t are∫
d3xT rr =

∫
d3x

1
2

∑
m=r,0

πmπm −
1
2

∑
m=s,t

πmπm −
1
2
µ2φ2


=

1
4

∫
d3k

(kr)2 − (ks)2 − (kt)2 − µ2

ωk

(
aka−ke−2iωkt + aka†k

+ a†kak + a†ka†
−ke2iωkt

)
−

1
4

∫
d3kωk

(
aka−ke−2iωkt − aka†k − a†kak + a†ka†

−ke2iωkt
)

=
1
4

∫
d3k

(kr)2 − (ks)2 − (kt)2 − µ2 − ω2
k

ωk

(
aka−ke−2iωkt

+ a†ka†
−ke2iωkt

)
+

1
4

∫
d3k

(kr)2 − (ks)2 − (kt)2 − µ2 + ω2
k

ωk

(
aka†k + a†kak

)
=

1
2

∫
d3k

(kr)2 − ω2
k

ωk

(
aka−ke−2iωkt + a†ka†

−ke2iωkt
)

+
1
2

∫
d3k

(kr)2

ωk

(
aka†k + a†kak

)
.

(5.181)
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This doesn’t have the nice cancellation that killed the time dependent
terms in the Hamiltonian. Such cancellation also doesn’t appear in the off

diagonal energy-momentum tensor components, which are∫
d3xT n0 =

∫
d3xT n0

= −
1
2

∫
d3kkn

(
aka−ke−2iωkt − aka†k − a†kak + a†ka†

−ke2iωkt
)
,

(5.182)

and for m , n , 0∫
d3xT mn =

1
2

∫
d3k

kmkn

ωk

(
aka−ke−2iωkt + aka†k + a†kak + a†ka†

−ke2iωkt
)
.

(5.183)

The eq. (5.182) result has time dependence that the stated result does
not (but is linear in k as desired)? Did I miss something?

Exercise 5.2 Field Lagrangian with a divergence. (2015 ps1.5)

Show that replacing the Lagrange density L = L(φa, ∂αφa) by

L′ = L + ∂µ ∧
µ (x), (5.184)

where ∧µ(x), µ = 0, · · · , 3, are arbitrary functions of the fields φa(x), does
not alter the equations of motion. Thus, when constructing the most general
Lagrange density for a field, we do not have to include terms which are
total derivatives. This will simplify life.
Answer for Exercise 5.2

Consider first just two fields, say φ and ψ, and consider

(5.185)

∂β

(
∂

∂∂βφ
∂µ∧

µ

)
= ∂β

(
∂

∂∂βφ

(
∂∧µ

∂φ

∂φ

∂xµ
+
∂∧µ

∂ψ

∂ψ

∂xµ

))
= ∂β

∂∧β

∂φ

=
∂∂β∧

β

∂φ
.

We see that the divergence ∂µ∧µ also satisfies the field Euler-Lagrange
equations for the field φ. This will clearly be the case for multiple fields.
Making that explicit, we can generalize the above slightly
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(5.186)

∂β

(
∂

∂∂βφa
∂µ∧

µ

)
= ∂β

(
∂

∂∂βφa

∂∧µ

∂φb

∂φb

∂xµ

)
= ∂β

∂∧µ

∂φb
δbaδ

β
µ

=
∂∂β∧

β

∂φa
.

Exercise 5.3 Scale invariance and conserved charge. (2018 Hw1.IV)

Consider classical electrodynamics with the Lagrangian

(5.187)S =

∫
d4x

(
−

1
4

FµνFµν

)
.

Consider the following “dilatation” (or “scale”) transformation:

(5.188)
xµ → x′µ = ed xµ

Aµ(x)→ A′µ(x′) = e−dAµ(x),

where d is a constant, called the dilatation parameter.
Dilatation invariance in QED (and QCD) is perhaps the simplest exam-

ple of a symmetry, where the classical action is invariant, but the quantum
theory is not (as you will learn later, in the spring class). Broken scale
invariance arises because one has to introduce a short-distance cutoff (a UV
“regulator”) to define the quantum theory. (We already saw an indication
of the need for a regulator when we considered the divergent zero point
energy of the free quantum scalar field.)

a. Show that the action is invariant under dilatations.

b. Find the corresponding Noether current.

c. Show that – perhaps, after a redefinition of jµ ; notice that any
conserved current jµ can be redefined by adding to it ∂νCµν, where
Cµν is antisymmetric, without spoiling its conservation (in this
case C can depend on xµ, ∂µ and Aµ, of course) the dilatation
current is simply related to the energy-momentum tensor: jcon f

µ =

xνT ν
µ

con f, where the symbol con f indicates that these are the
conformal energy-momentum tensor and dilatation current. Notice
that this problem, secretly, requires you to also derive T µν for the
electromagnetic field.
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d. Show, then, that conservation of jcon f
µ implies that the energy-

momentum tensor of classical electrodynamics is traceless (the
trace of the tensor is defined as usual to be gµνT µν).

e. Finally, open your classical electrodynamics books and recall the
interpretation of the T 00,T xx,T yy, etc., components of the energy
momentum tensor as energy density and pressure. Show that the
tracelessness of T µν is equivalent to the familiar relation

(5.189)p = ρ/3

between the energy density and pressure of isotropic radiation –
the equation of state of blackbody radiation.4

Answer for Exercise 5.3

Part a. With x′µ = ed xµ, the volume element transforms as

(5.190)d4x′ → e4dd4x.

The components of the four-gradient transform as

(5.191)

∂

∂x′µ
=
∂xµ
∂x′µ

∂

∂xµ

= e−d ∂

∂xµ
,

so

(5.192)
F′µν = ∂′µA′ν − ∂

′
νA
′
µ

= e−2dFµν.

The action is therefore invariant

(5.193)

S ′ = −
1
4

∫
d4x′F′µνF

′µν

= −
1
4

∫
e4dd4xe2dFµνe2dFµν

= −
1
4

∫
d4xFµνFµν

= S .

4 In class, I promised you some finite-temperature problem, but this homework got long.
For now, this will remain the only connection. I’ll try to keep my promise... may be in the
final?
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Part b. We need the variation of the potential

(5.194)

δAν = A′ν(x) − Aν(x)
= A′ν(e

−d x′) − Aν(x)
≈ A′ν((1 − d)x′) − Aν(x)
= e−dAν((1 − d)x′) − Aν(x)
≈ (1 − d)

(
Aν − dxα∂αAν

)
− Aν

= −dxα∂αAν − d
(
Aν − dxα∂αAν

)
≈ −d(1 + xα∂α)Aν,

and the variation of the field

(5.195)

δFµν = F′µν(x) − Fµν(x)

= F′µν(e
−d x′) − Fµν(x)

≈ F′µν((1 − d)x′) − Fµν(x)

= e−2dFµν((1 − d)x′) − Fµν(x)

≈ (1 − 2d)
(
Fµν − dxα∂αFµν

)
− Fµν

= −dxα∂αFµν − 2d
(
Fµν − dxα∂αFµν

)
≈ −d(2 + xα∂α)Fµν,

so the variation of the Lagrangian is

(5.196)

δL = −
1
2

(δFµν)Fµν

= −
1
2

(−d)Fµν(2 + xα∂α)Fµν

= (d)FµνFµν +
d
2

Fµνxα∂αFµν

= (d)FµνFµν +
d
4

xα∂α
(
FµνFµν

)
= −4(d)L − (d)xα∂αL
= −4(d)L − (d)

(
∂α(xαL) −L∂αxα

)
= −(d)∂α(xαL),

so the variational current (what is this called?) is

(5.197)Jµd = −(d)xµL.
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Finally, we need

(5.198)

∂L

∂(∂µAν)
= −

1
2

Fαβ ∂

∂(∂µAν)

(
∂αAβ − ∂βAα

)
= −

1
2

(
Fµν − Fνµ)

= −Fµν.

Combining eq. (5.198), eq. (5.197), and eq. (5.194) we can calculate the
conserved current, which is (for d = 1) is

(5.199)jµdil =
∂L

∂(∂µAν)
δAν − Jµd

= Fµν (Aν + xα∂αAν
)
+ xµL.

This can be put into a slightly nicer form

jµdil = FµνAν + FµνxαFαν + Fµνxα∂νAα + xµL

=���FµνAν+ FµνxαFαν+∂ν
(
FµνxαAα

)
−Aαxα���∂νFµν−���

���AαFµν∂νxα+ xµL
= FµνxαFαν + ∂ν

(
FµνxαAα

)
+ xµL,

(5.200)

or

jµdil = xα (FµνFαν + δµαL) + ∂ν (FµνxαAα) (5.201)

It was hinted that the complete derivative of an antisymmetric tensor may
be dropped from the current, that’s because

(5.202)∂µ
(
jµ + ∂νCµν) = ∂µ jµ + ∂µ∂νCµν

= ∂µ jµ,

since the derivative operator ∂µ∂ν is symmetric, and the sum of the contrac-
tion of symmetric and antisymmetric tensors is zero. Since the complete
derivative term FµνxαAα is antisymmetric in µν so we may drop it from
the current, leaving only dependence on the electromagnetic field F.
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Part c. Having been given the secret that we have to calculate the energy
momentum tensor, let’s start with calculation of the conserved current
associated with a spacetime translation

xµ → x′µ = xµ + aµ. (5.203a)

Aν(x)→ A′ν(x′) = Aν(x) + aα∂αAν. (5.203b)

The gradient ∂µ and volume element d4x are unchanged by a translation
transformation. The potential transforms as

(5.204)

δAν = A′ν(x) − Aν(x)
= A′ν(x′ − a) − Aν(x)
≈ Aν(x) − aα∂αAν − Aν(x)
= −aα∂αAν.

The field transforms as

(5.205)

δFµν = F′µν(x) − Fµν(x)
= F′µν(x′ − a) − Fµν(x)
≈ Fµν(x) − aα∂αFµν − Fµν(x)
= −aα∂αFµν.

Finally the Lagrangian density transforms as

(5.206)

δL = −
1
2

(δFµν)Fµν

=
1
2

aα
(
∂αFµν

)
Fµν

=
1
4

aα∂α
(
FµνFµν

)
= −∂α

(
aαL

)
.

That is

(5.207)Jµa = −aµL.

The conserved current associated with spacetime translation is

(5.208)jµa =
∂L

∂(∂µAν)
δAν − Jµa

= −Fµν(−aα∂αAν) + aµL.
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As was the case in eq. (5.201) we are able to put group all the explicit
potential dependence in a discardable package

(5.209)= aαFµνFαν + aαFµν∂νAα + aµL
= aαFµνFαν + aα∂ν

(
FµνAα

)
− aα���∂νFµνAα + aµL

or

jµa = aα (FµνFαν + δµαL) + ∂ν (FµνaαAα) (5.210)

The factor FµνaαAα is completely antisymmetric in µν so we may drop it
from the current. From eq. (5.201), eq. (5.210) we can introduce (confor-
mal) dilatation ˜jdil and translation conservation j̃a currents

(5.211)
j̃µdil = − jµdil + ∂ν (FµνxαAα)

j̃µa = − jµa + ∂ν (FµνaαAα) ,

effectively dropping the complete derivative terms (also changing signs to
match the literature [11]). That is

j̃µdil = xνΘµ
ν

j̃µa = aνΘµ
ν

Θµ
ν = FµσFσν − δ

µ
νL.

(5.212)

Here we’ve factored out the common (conformal) energy momentum
tensor Θµ

ν, which may also be written with upper indexes

(5.213)Θµν = FµσFσαgαν − gµνL,

which is symmetric with respect to index interchange

(5.214)

Θνµ = FνσFσαgαµ − gνµL
= gβνFβσFσµ − gµνL
= FµσFσβgβν − gµνL
= Θµν.

Part d. We require the divergence of a Noether current to be zero, so for
the dilatation current

(5.215)
0 = ∂µ j̃µdil

=
(
∂µxν

)
Θµ

ν + xν∂µΘµ
ν

= Θµ
µ + xν∂µΘµ

ν.
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In particular for x = 0 we must have Θµ
µ = 0. Incidentally, given Θµ

µ = 0,
then for non-zero x we must also have ∂µΘµ

ν = 0. That can be demon-
strated directly utilizing the zero divergence of the Noether current for a
spacetime translation

(5.216)0 = ∂µ j̃µa
= aν∂µΘµ

ν.

As this is zero for all a we must have ∂µΘµ
ν = 0.

Part e. The trace written out explicitly is

0 = Θµ
µ = Θ0

0 + Θ1
1 + Θ2

2 + Θ3
3 = Θ00 −Θ11 −Θ22 −Θ33, (5.217)

Since Θ00 = 1
2 (E2 + B2) = ρ, and −Θk j = T (M)

k j = EkE j + BkB j−
1
2δk j(E2 +

B2), where T (M)
k j is the electromagnetic stress tensor (borrowing notation

from [11] again), we have

(5.218)ρ = −

3∑
k=1

T (M)
kk .

In [8] T (M)
i j is described as “the force (per unit area) in the ith direction

action on an element of surface oriented in the jth direction – diagonal
elements represent pressures, and off-diagonal elements are shears”. Inte-
gration of the stress tensor over a cube, as sketched in fig. 5.4, serves to
illustrate this nicely, as only the diagonal elements contribute to such an
integral. If the total cubic face area is A = 6∆A, the total force of on the
surface is

(5.219)

F =

∫
↔

T ·a

= e1

∫
δ1k

(
T (M)

k1

∣∣∣∣
+
− T (M)

k1

∣∣∣∣
−

)
+ e2

∫
δ2k

(
T (M)

k2

∣∣∣∣
+
− T (M)

k2

∣∣∣∣
−

)
+ e3

∫
δ3k

(
T (M)

k3

∣∣∣∣
+
− T (M)

k3

∣∣∣∣
−

)
= ∆Ae1

(
T (M)

k1

∣∣∣∣
+
− T (M)

k1

∣∣∣∣
−

)
+ ∆Ae2

(
T (M)

k2

∣∣∣∣
+
− T (M)

k2

∣∣∣∣
−

)
+ ∆Ae3

(
T (M)

k3

∣∣∣∣
+
− T (M)

k3

∣∣∣∣
−

)
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Figure 5.4: Cubic surface and outwards normals.

Assuming isotropic fields, the total pressure of the fields on the surface is

(5.220)
p =

∣∣∣∣∣∣∣2∆A
∑3

k=1 T (M)
kk

6∆A

∣∣∣∣∣∣∣
=

1
3
ρ,

which recovers eq. (5.189).

Exercise 5.4 A SU(2)L × SU(2)R model. (2018 Hw2.II)

This problem introduces a model to describe the symmetry realization of
the nonabelian chiral symmetry in QCD (quantum chromodynamics). The
word “chiral” should become clear later in this class, but the “nonabelian”
part will be clear below. SU(2)L × SU(2)R is an exact symmetry of QCD
in the limit when the “current masses” of the u and d quark, mu and md,
are taken to vanish. In the real world, it is an approximate symmetry, in
the sense that mu and md are small compared to the intrinsic scale of QCD,
given, say, by the proton mass (mu,d ∼ MeV � 1 GeV). This is, thus, an
example of an “approximate symmetry”.

Closer to the theory you will study below, the scalar model with SU(2)L×

SU(2)R symmetry, is really the same as the Higgs sector in the Standard
Model, in the limit when the electromagnetic and weak interactions are
turned off. SU(2)L × SU(2)R becomes a symmetry in this limit. It is only an
approximate symmetry, as the electromagnetic and weak couplings (which
explicitly break it) are dimensionless numbers smaller then unity.

Finally, to end the preaching preamble, the notion of approximate sym-
metries is not new and you have, for sure, been exposed to its usefulness
when studying the hydrogen atom spectrum in quantum mechanics.



138 symmetries.

a. The Lagrangian you will study is that of two complex scalar fields,
assembled into a column Φ = (φ1, φ2)T (the T is here so I do not
have to go through the trouble to write a column instead of a row).
It is given by:

(5.221)L = ∂µΦ†∂µΦ − m2Φ†Φ − λ
(
Φ†Φ

)2
.

Show that eq. (5.221) is invariant under an SU(2)L global symmetry
transformation Φ → ULΦ, where U†LUL = 1 is a 2 × 2 unitary
matrix of unit determinant. In addition, the Lagrangian has a U(1)
symmetry, not part of SU(2)L, acting as Φ → eiαΦ. Find the
currents and conserved charges under these symmetries.
Hint: recall that an infinitesimal SU(2)L transformation can be
written as UL ≈ σ0 + iωa

σa

2 , where σ0 is the unit 2 × 2 matrix,
σa, a = 1, 2, 3 are the Pauli matrices, and ωa are the three parame-
ters of infinitesimal SU(2)L transformations.

b. Show that the charge operators, Q̂L
a , a = 1, 2, 3, conserved due

to SU(2)L invariance, obey the angular momentum algebra, i.e.,[
Q̂L

1 , Q̂
L
2

]
= iQ̂L

3 (plus cyclic permutations).

c. The Lagrangian eq. (5.221) has, however, a larger symmetry than
simply the above SU(2)L. To begin seeing this, instead of using Φ =

(φ1, φ2)T introduce the real and imaginary parts of φ1,2. Use φ1 =

ψ1 + iψ2, φ2 = ψ3 + iψ4, and introducing Ψ = (ψ1, ψ2, ψ3, ψ4)T,
show that eq. (5.221) can be written as:

(5.222)L = a∂µΨT∂µΨ − bm2ΨTΨ − cλ(ΨTΨ)2

on the way determining the (pure numbers) a, b, c. The Lagrangian
eq. (5.222) has, clearly, an O(4) symmetry, i.e., is invariant under
Ψ → OΨ, where O is a 4× 4 orthogonal matrix, OTO = 1. Is there
a continuous U(1) allowed in this case?
Comment: I will spare you finding the currents for SO(4) (SO(4)
matrices are the restriction of O(4) matrices to the ones with unit
determinant). What you will do next, instead, is to use the equiva-
lence of Lie algebras SO(4) ≈ SU(2)L × SU(2)R, which will come
about by another change of variables (see below). Notice also that,
as it comes, SO(4) happens to be the Euclidean version of SO(1, 3).

d. To expose the SU(2)L × SU(2)R symmetry of eq. (5.221), now
use the following change of variables. Consider, instead of Φ in



5.12 problems. 139

eq. (5.221) the 2 × 2 matrix H made up by components of Φ as
follows:

H ≡
1
√

2
(iσ2Φ∗,Φ) =

1
√

2

 φ∗2 φ1

−φ∗1 φ2

 (5.223)

Show that under SU(2) transformations,

(5.224)

H →
1
√

2
(iσ2(ULΦ)∗,ULΦ)

=
1
√

2
(ULiσ2Φ∗,ULΦ)

= ULH.

Hint: the tricky part is to show that iσ2(ULΦ)∗ = iσ2U∗LΦ∗ =

ULiσ2Φ∗. What you need to show, then, is that σ2ULσ
2 = U∗L

(this fact will be very useful in our future studies of spinors, so
make sure you understand it).

e. Using the change of variables eq. (5.223), show that

(5.225)H†H =
1
2

|φ1|
2 + |φ2|

2 0

0 |φ1|
2 + |φ2|

2

 ,
and, hence, that eq. (5.221) can be written as

(5.226)L = tr
(
∂µH†∂µH

)
− m2 tr

(
H†H

)
− λ

(
tr H†H

)2

where tr denotes the matrix trace. Show that now eq. (5.226) has
SU(2)L × SU(2)R symmetry, acting on H as

(5.227)H → ULHU†R,

where the action of U†R on the right is pure convention (we could
have taken UR instead). UL and UR are two sets of independent
SU(2) transformations. The L and R (left and right) names are
self-evident in the way eq. (5.227) is written. Show that under
SU(2)L × SU(2)R

(5.228)δH = iωL
a
σa

2
H − iωR

b H
σb

2
.

Hint: clearly, the only thing you need to show is SU(2)R invariance,
as SU(2)L was already shown.
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f. Show that the left and right SU(2) conserved currents can be written
as

(5.229)
jµ,aL =

i
2

tr
(
∂µH†σaH − H†σa∂µH

)
jµ,bR =

i
2

tr
(
∂µHσbH† − Hσb∂µH†

)
and that the corresponding generators Q̂L,R

a obey the commutation
relations of two commuting angular momentum algebras.
Hint: notice that both currents are Hermitian and that the left is
obtained from the right by interchanging H with H†.

Answer for Exercise 5.4

Part a. Let’s consider the SU(2)L case first. Noting that (σa)† = σa, the
transformed fields are

(5.230)
Φ′ = eiσ·ω/2Φ

Φ′† = Φ†e−iσ·ω/2,

so Φ′†Φ′ = Φ†Φ, and so ∂µΦ′†∂µΦ′ = ∂µΦ†∂µΦ. This shows that the
Lagrangian density is invariant under this transformation.

The variation of the field is

(5.231)

δΦ = Φ′ −Φ
≈ (1 + iσ · ω/2) Φ −Φ

=
i
2
σ · ωΦ,

so

(5.232)
δ(Φ†Φ) = (δΦ†)Φ + Φ†δΦ

=
i
2

(
−Φ†σ · ωΦ + Φ†σ · ωΦ

)
= 0,

and

(5.233)
δ(∂µΦ†∂µΦ) = ∂µ(δΦ†)∂µΦ + ∂µΦ†∂µ(δΦ)

=
i
2

(
−∂µΦ†σ · ω∂µΦ + ∂µΦ†σ · ω∂µΦ

)
= 0,
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so δL = 0. To calculate the conserved current, we have to be slightly care-
ful with the order of operations so that the matrix products are compatible

(5.234)
jµω =

∂L

∂(∂µΦ)
δΦ + δΦ†

∂L

∂(∂µΦ†)

=
i
2

(
∂µΦ†(σ · ω)Φ −Φ†(σ · ω)∂µΦ

)
,

or

(5.235)jµa =
i
2

(
∂µΦ†σaΦ −Φ†σa∂µΦ

)
,

where jµω = ωa jµa.
For the U(1) case we clearly have L′ = L. The variation is

(5.236)
δΦ = Φ′ −Φ
≈ (1 + iα)Φ −Φ
= iαΦ,

so

(5.237)
δ(Φ†Φ) = (δΦ†)Φ + Φ†(δΦ)

= iα
(
−Φ†Φ + Φ†Φ

)
= 0,

and

(5.238)
δ(∂µΦ†∂µΦ) = ∂µ(δΦ†)∂µΦ + ∂µΦ†∂µ(δΦ)

= iα
(
−∂µΦ†∂µΦ + ∂µΦ†∂µΦ

)
= 0,

so δL = 0. The conserved current, again being careful of the order, is

(5.239)
jµα =

∂L

∂(∂µΦ)
δΦ + δΦ†

∂L

∂(∂µΦ†)

= iα
(
(∂µΦ†)Φ −Φ†(∂µΦ)

)
.
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Part b. The conserved charge is

(5.240)
Qa =

i
2

∫
d3x

(
∂0Φ†σaΦ −Φ†σa∂0Φ

)
=

i
2

∫
d3x

(
Π†σaΦ −Φ†σaΠ

)
,

which can be expressed in terms of the individual fields so the commutators
can be computed more easily. Expanding out the matrices, we have

(5.241)=
i
2

∫
d3x

(
π†rσ

a
rsφs − φ

†
rσ

a
rsπs

)
.

To simplify the commutator expansion, assume that r, s indexed functions
are functions of x and m, n indexed functions are functions of y, for[
Qa,Qb

]
= −

1
4

∫
d3xd3yσa

rsσ
b
mn

[
π†rφs − φ

†
rπs, π

†
mφn − φ

†
mπn

]
=

1
4

∫
d3xd3yσa

rsσ
b
mn

([
π†rφs, φ

†
mπn

]
+

[
φ†rπs, π

†
mφn

])
=

1
4

∫
d3xd3yσa

rsσ
b
mn

(
π†rφ

†
mφsπn − φ

†
mπ
†
rπnφs + φ†rπ

†
mπsφn

− π†mφ
†
rφnπs

)
=

1
4

∫
d3xd3yσa

rsσ
b
mn

((
φ†mπ

†
r +

[
π†r , φ

†
m

])
φsπn − φ

†
mπ
†
rπnφs

+
(
π†mφ

†
r +

[
φ†r , π

†
m

])
πsφn − π

†
mφ
†
rφnπs

)
=

1
4

∫
d3xd3yσa

rsσ
b
mn

(
φ†mπ

†
r
[
φs, πn

]
+

[
π†r , φ

†
m

]
φsπn

+ π†mφ
†
r
[
πs, φn

]
+

[
φ†r , π

†
m

]
πsφn

)
.

(5.242)
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Each of these commutators has a δ(3)(x − y) term, leaving[
Qa,Qb

]
=

i
4

∫
d3xσa

rsσ
b
mn

(
φ†mπ

†
rδsn − δrmφsπn − π

†
mφ
†
rδsn + δrmπsφn

)
=

i
4

∫
d3xσa

rs

(
σb

ms

(
φ†mπ

†
r − π

†
mφ
†
r

)
+ σb

rn (πsφn − φsπn)
)

=
i
4

∫
d3x

(
(φ†mσ

b
ms)(π

†
rσ

a
rs)− (π†mσ

b
ms)(φ

†
rσ

a
rs) + (σa

rsπs)(σb
rnφn)

− (σa
rsφs)(σb

rnπn)
)

=
i
4

∫
d3x

(
Φ†σbσaΠ −Π†σbσaΦ + Π†σaσbΦ −Φ†σaσbΠ

)
=

i
4

∫
d3x

(
Π†

[
σa, σb

]
Φ −Φ†

[
σa, σb

]
Π

)
=

i
4

∫
d3x

(
Π†

[
σa, σb

]
Φ −Φ†

[
σa, σb

]
Π

)
= −

1
2

∫
d3xεabc

(
Π†σcΦ −Φ†σcΠ

)
= iεabcQc,

(5.243)

as desired.

Part c. Let’s consider the mass term first, which becomes

Φ†Φ = φ†1φ1 + φ†2φ2

= (ψ1 − iψ2)(ψ1 + iψ2) + (ψ3 − iψ4)(ψ3 + iψ4)
= (ψ1)2 + (ψ2)2 + (ψ3)2 + (ψ4)2 + i(ψ1ψ2 − ψ2ψ1) + i(ψ3ψ4 − ψ4ψ3).

(5.244)

Since Φ†Φ is a real scalar in the original representation, the imaginary
parts of this representation must also be zero (i.e. ψ1, ψ2 and ψ3, ψ4 each
respectively commute). This leaves

(5.245)Φ†Φ = ΨTΨ,
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so b, c = 1. For the derivative term, we have

∂µΦ†∂µΦ = ∂µφ
†

1∂
µφ1 + ∂µφ

†

2∂
µφ2

= ∂µ(ψ1 − iψ2)∂µ(ψ1 + iψ2) + ∂µ(ψ3 − iψ4)∂µ(ψ3 + iψ4)
= ∂µψ

1∂µψ1 + ∂µψ
2∂µψ2 + ∂µψ

3∂µψ3 + ∂µψ
4∂µψ4

+ i(∂µψ1∂µψ2 − ∂µψ
2∂µψ1) + i(∂µψ3∂µψ4 − ∂µψ

4∂µψ3).
= ∂µΨT∂µΨ + i(∂µψ1∂µψ2 − ∂µψ2∂µψ

1)
+ i(∂µψ3∂µψ4 − ∂µψ4∂µψ

3),
(5.246)

where a matched raising and lowering operation has been performed on half
the terms. Because of the ψ1,2 and ψ3,4 commutation properties observed
previously, the imaginary terms are killed, leaving

(5.247)∂µΦ†∂µΦ = ∂µΨT∂µΨ,

so a = 1.
For the question of the U(1) symmetry, suppose that Ψ → eiαΨ. We

then have

(5.248)δL = 2iαL − 2iαλ
(
ΨTΨ

)2
,

which does not have the required four-divergence form required for a
conserved current, so there is no U(1) symmetry.

Part d. We want to examine the transformation of σ2(ULΦ)∗, which, to
first order in ω is

(5.249)
σ2(ULΦ)∗ → σ2U∗LΦ∗

≈ Φ∗ −
i
2
σ2ωa(σa)∗Φ∗

Because σ1 =

0 1

1 0

 , σ3 =

1 0

0 −1

 are real, and σ2 is purely imaginary,

we have (σ1)∗ = σ1, (σ3)∗ = σ3, and

(σ2)∗ =


0 −i

i 0



∗

=

 0 i

−i 0

 = −σ2. (5.250)
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Utilizing these conjugation relations, and the commutation identities
σiσ j = −σ jσi for i , j, we have

σ2(ULΦ)∗ → Φ∗ −
i
2

(
ω1σ

2(σ1)∗ + ω2σ
2(σ2)∗ + ω3σ

2(σ3)∗
)

Φ∗

= Φ∗ −
i
2

(
ω1σ

2σ1 − ω2σ
2σ2 + ω3σ

2σ3
)

Φ∗

= Φ∗ −
i
2

(
−ω1σ

1σ2 − ω2σ
2σ2 − ω3σ

3σ2
)

Φ∗

= Φ∗ +
i
2

(
ω1σ

1 + ω2σ
2 + ω3σ

3
)
σ2Φ∗

= ULσ
2Φ∗.

(5.251)

Plugging into H = 1√
2

(iσ2Φ∗,Φ), we have

(5.252)

H →
1
√

2
(iσ2(ULΦ)∗,ULΦ)

=
1
√

2
(ULiσ2Φ∗,ULΦ)

= ULH,

proving eq. (5.224) as desired.
Incidentally, eq. (5.251) shows that

(5.253)σ2U∗L = ULσ
2,

the identity that was claimed to be important for future spinor theory work.

Part e.

(5.254)

H†H =
1
2

 φ∗2 φ1

−φ∗1 φ2


φ2 −φ1

φ∗1 φ∗2


=

φ∗2φ2 + φ1φ
∗
1 φ2φ1 − φ1φ2

φ∗1φ
∗
2 − φ

∗
2φ
∗
1 φ∗1φ1 + φ∗2φ2

 .
Assuming [φ1, φ2] = 0, we have

(5.255)H†H =
1
2

|φ1|
2 + |φ2|

2 0

0 |φ1|
2 + |φ2|

2

 ,
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and

(5.256)tr H†H =
2
2

(
|φ1|

2 + |φ2|
2
)

= Φ∗Φ.

For the derivative terms

(5.257)∂µH†∂µH =

∂µφ∗2∂µφ2 + ∂µφ1∂
µφ∗1 ∂µφ2∂

µφ1 − ∂µφ1∂
µφ2

∂µφ
∗
1∂

µφ∗2 − ∂µφ
∗
2∂

µφ∗1 ∂µφ
∗
1∂

µφ1 + ∂µφ
∗
2∂

µφ2


Applying matched raising and lowering operations on one half of each of
the cross terms kills them, leaving

(5.258)∂µH†∂µH =

∂µφ∗2∂µφ2 + ∂µφ1∂
µφ∗1 0

0 ∂µφ
∗
1∂

µφ1 + ∂µφ
∗
2∂

µφ2

 ,

so
(5.259)tr ∂µH†∂µH = ∂µΦ†∂µΦ,

proving eq. (5.226).
We can see that the transformation eq. (5.227) leaves the Lagrangian

density unchanged by direct substitution. Let’s do this term by term

(5.260)

∂µH†∂µH → ∂µ(URH†��U
†

L)∂µ(��ULHU†R)

= UR(∂µH†∂µH)U†R
= (∂µH†∂µH)URU†R
= ∂µH†∂µH,

since ∂µH†∂µH is a scalar. Similarly

(5.261)

H†H → (URH†��U
†

L)(��ULHU†R)

= UR(H†H)U†R
= (H†H)URU†R
= H†H.

Finally, the variation of H is given by

(5.262)

δH = H′ − H

≈

(
1 +

i
2
ωL

aσ
a
)

H
(
1 −

i
2
ωR

bσ
b
)
− H

=
i
2

(
ωL

aσ
aH − HωR

bσ
b
)

+ O(ω2)

=
i
2

(
ωL

aσ
aH − ωR

a Hσa
)
,
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which recovers eq. (5.228) as desired.

Part f. To proceed, we clearly want a trace based expression for the
conserved current. To determine the structure of that current, we can vary
the action using a Lagrangian density of the following form

(5.263)L = tr
(
∂µH†∂µH + V(H†H)

)
.

That is

δS = δ

∫
d4x tr

(
∂µH†∂µH + V(H†H)

)
=

∫
d4x tr

(
∂µ(δH†)∂µH + ∂µH†∂µ(δH) +

∂V
∂H†H

(
(δH†)H + H†(δH)

))
=

∫
d4x tr

(
∂µ(δH†∂µH) − δH†∂µ∂µH + ∂µ(∂µH†δH) − (∂µ∂µH†)δH

+
∂V

∂H†H

(
(δH†)H + H†(δH)

))
=

∫
d4x

(
∂µ tr

(
δH†∂µH + ∂µH†δH

)
+ tr

(
δH†

(
−∂µ∂

µH +
∂V

∂H†H
H

)
+

(
−∂µ∂µH† +

∂V
∂H†H

H†
)
δH

))
.

(5.264)

The second trace must be the equivalent of the Euler-Lagrange equations.
It’s not obvious how to pretty that up, but we can mandate that it must be
zero for all variations δH, δH†, which leaves us with

(5.265)δS =

∫
d4x∂µ tr

(
δH†∂µH + ∂µH†δH

)
.

A Noether conserved current requires δS =
∫

d4x∂µJµ, or

(5.266)∂µ tr
(
δH†∂µH + ∂µH†δH

)
= ∂µJµ,

so defining a Noether current as

(5.267)jµ = tr
(
δH†∂µH + ∂µH†δH

)
− Jµ,

we have ∂µ jµ = 0 as desired.
In case the hand waving portion of the argument above (mandating that

the second trace is zero as it must be equivalent to the Euler-Lagrange
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equations) is not convincing, then we guess that eq. (5.267) is the desired
form of the Noether current, and justify that guess for our specific case by
direct expansion using

(5.268)

H =
1
√

2

[
iσ2Φ∗ Φ

]
H† =

1
√

2

−iΦTσ2

Φ†

 ,

which gives

tr
(
δH†∂µH + ∂µH†δH

)
=

1
2

tr


−iδΦTσ2

δΦ†

 [iσ2∂µΦ∗ ∂µΦ
] −i∂µΦTσ2

∂µΦ†

 [iσ2δΦ∗ δΦ
]

=
1
2

(
δΦTΦ∗ + δΦ†∂µΦ + ∂µΦTδΦ∗ + ∂µΦ†δΦ

)
= δφ1∂

µφ∗1 + δφ∗1∂
µφ1 + δφ2∂

µφ∗2 + δφ∗2∂
µφ2.

(5.269)

This is precisely the Noether current in terms of the original fields φ1,2, φ
∗
1,2,

given that we have Jµ = 0 for our Lagrangian.
To prove eq. (5.229), we can now substitute eq. (5.228) into eq. (5.267).

Let (δH)L = iωL
a
σa

2 H, and (δH)R = −iωR
b H σb

2 , and compute the L,R
currents separately

(5.270)

jµL = tr
(
(δH†)L∂

µH + ∂µH†(δH)L
)

= tr
((
−iωL

a H†
σa

2

)
∂µH + ∂µH†

(
iωL

a
σa

2
H

))
=

iωL
a

2
tr

(
−H†σa∂µH + ∂µH†σaH

)
,

With jµL = ωa jµ,aL , we’ve proven eq. (5.229) for the left current. For the
right current

(5.271)

jµR = tr
(
(δH†)R∂

µH + ∂µH†(δH)R
)

= tr
((

iωR
b
σb

2
H†

)
∂µH + ∂µH†

(
−iωR

b H
σb

2

))
=

iωR
a

2
tr

(
σaH†∂µH − ∂µH†Hσa

)
=

iωR
a

2
tr

(
∂µHσaH† − Hσa∂µH†

)
,
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where tr (ABC) = tr (BCA) = tr (CAB) was used coerce this result into the
desired form. An assignment jµR = ωa jµ,aR completes the proof.

Charges. To help show that the charges obey the angular momentum
relations we can prepare by evaluating the trace operators. For jµ,aL this
reduction submits nicely to block matrix form using eq. (5.268).

(5.272)jµ,aL =
i
2

tr
(
∂µH†σaH − H†σa∂µH

)
=

i
4

tr


−iΦTσ2

Φ†

σa
[
iσ2∂µΦ∗ ∂µΦ

]
−

−i∂µΦTσ2

∂µΦ†

σa
[
iσ2Φ∗ Φ

]
=

i
4

tr


−iΦTσ2σaiσ2∂µΦ∗ · · ·

· · · Φ†σa∂µΦ

 −
−i∂µΦTσ2σaiσ2Φ∗ · · ·

· · · ∂µΦ†σaΦ




=
i
4

(
ΦTσ2σaσ2∂µΦ∗ + Φ†σa∂µΦ − ∂µΦTσ2σaσ2Φ∗ − ∂µΦ†σaΦ

)
=

i
4
×

 ΦTσ2∂µΦ∗ + Φ†σ2∂µΦ − ∂µΦTσ2Φ∗ − ∂µΦ†σ2Φ a = 2

−ΦTσa∂µΦ∗ + Φ†σa∂µΦ + ∂µΦTσaΦ∗ − ∂µΦ†σaΦ a , 2

=
i
4
×

 −∂µΦ†σ2Φ + Φ†σ2∂µΦ + Φ†σ2∂µΦ − ∂µΦ†σ2Φ a = 2

−∂µΦ†σaΦ + Φ†σa∂µΦ + Φ†σa∂µΦ − ∂µΦ†σaΦ a , 2

=
i
2

(
Φ†σa∂µΦ − ∂µΦ†σaΦ

)
.

The conserved charge has the structure

(5.273)Qa
L =

i
2

∫
d3x

(
Φ†σaΠ −Π†σaΦ

)
,

which differs only by a sign from the conserved charge that we found in
eq. (5.240), which we already demonstrated has the commutator properties
of angular momentum operators.

A eq. (5.272) reduction is possible for jµ,aR too, but needs to be setup
differently. Let

(5.274)Ψ =

φ2

φ∗1

 ,
which allows us to put H,H† in an appropriate block matrix form

(5.275)
H =

1
√

2

 Ψ†

ΨTiσ2


H† =

1
√

2

[
Ψ −iσ2Ψ∗

]
.
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Plugging this in for jµ,aR we find

jµ,aR

=
i
2

tr
(
∂µHσaH† − Hσa∂µH†

)
=

i
4

tr


 ∂µΨ†

∂µΨTiσ2

σa
[
Ψ −iσ2Ψ∗

]
−

 Ψ†

ΨTiσ2

σa
[
∂µΨ −iσ2∂µΨ∗

]
=

i
4

(
∂µΨ†σaΨ + ∂µΨTσ2σaσ2Ψ∗ − Ψ†σa∂µΨ − ΨTσ2σaσ2∂µΨ∗

)
=

i
4

 ∂µΨ†σ2Ψ + ∂µΨTσ2Ψ∗ − Ψ†σ2∂µΨ − ΨTσ2∂µΨ∗ a = 2

∂µΨ†σaΨ − ∂µΨTσaΨ∗ − Ψ†σa∂µΨ + ΨTσa∂µΨ∗ a , 2

=
i
4

 ∂µΨ†σ2Ψ − Ψ†σ2∂µΨ − Ψ†σ2∂µΨ + ∂µΨ†σ2Ψ a = 2

∂µΨ†σaΨ − Ψ†σa∂µΨ − Ψ†σa∂µΨ + ∂µΨ†σaΨ a , 2

=
i
2

(
∂µΨ†σaΨ − Ψ†σa∂µΨ

)
.

(5.276)

The conserved charge is therefore

(5.277)Qa
R =

i
2

∫
d3x

(
Ψ̇†σaΨ − Ψ†σaΨ̇

)
.

This clearly also satisfies the angular momentum commutation relations.

Charge commutation: partial: The charges Qa
R,Q

b
L should commute by

virtue of originating from two independent symmetries, but to show this
seems ugly.

Here is a partial attempt. In terms of the matrix elements

(5.278)
QL,a =

i
2

∫
d3x

(
Ḣ†rsσ

a
stHtr − H†rsσ

a
stḢtr

)
QR,b =

i
2

∫
d3y

(
Ḣrsσ

a
stH
†
tr − Hrsσ

b
stḢ
†
tr

),
so [

QL,a,QR,b
]

= −
1
4

∫
d3xd3y

[
Ḣ†rsHtr − H†rsḢtr, ḢmnH†om − HmnḢ†om

]
σa

stσ
b
no

= −
1
4

∫
d3xd3y

[
Ḣ∗srHtr − H∗srḢtr, ḢmnH∗mo − HmnḢ∗mo

]
σa

stσ
b
no.

(5.279)
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For this to be zero, each of these 16 × 3 × 3 commutators must be zero.
Presumably, we could plug in the φ1,2, π1,2, φ

∗
1,2, π

∗
1,2 values, and find that

this is the case (perhaps only when the σa
stσ

b
no elements are non-zero.)

On paper, I did write out Ḣ∗srHtr − H∗srḢtr in terms of (φ, π)’s, and it was
interesting that all of the operator factors in each of those sum of pairs
commuted. That expansion was fairly tedious, and probably not completely
correct, and I did not attempt to do the same for ḢmnH∗mo − HmnḢ∗mo and
show that those two sets of four operators (each with four pairs) commuted.
There has got to be an easier way! If there is not, such a proof is a job for
a computer program, and not a person.

Exercise 5.5 Wigner and Nambu-Goldstone modes. (2018 Hw2.III)

Consider now our Lagrangian eq. (5.226) and imagine that m2 < 0, for
whatever reason (nobody knows, really), while λ is still positive. This now
becomes the Higgs Lagrangian of the Standard Model. We explore the
SU(2)L × SU(2)R symmetries in this model.

a. Show that the classical potential in eq. (5.226) now becomes:

(5.280)
V = −

∣∣∣m2
∣∣∣ tr H†H + λ

(
tr H†H

)2

= λ

|φ1|
2 + |φ2|

2 −

∣∣∣m2
∣∣∣

2λ

2

+ const.

b. Clearly, there are extrema of the potential when |φ1|
2 + |φ2|

2 = 0

and when |φ1|
2 + |φ2|

2 =
|m2|
2λ The second one has, clearly, smaller

energy density. To quantize the theory, we now have to choose
which classical minimum to expand around. Show that, if we ex-
pand around |φ1|

2 + |φ2|
2 = 0 , we will find that the φ1,2 excitations

are tachyons, even classically. This signals an instability, rather
than a faster-than-light propagation and shows that we have chosen
the wrong value of Φ to build our quantum theory.

c. Thus, consider the |φ1|
2 + |φ2|

2 =
|m2|
2λ minimum of V . This is really

a set of minima. In fact the set parameterized by |φ1|
2 + |φ2|

2 =

const is also known as a three sphere (S 3, embedded in a four-
dimensional space parameterized by ψ1···4 - not the spacetime!).
To build the quantum theory, we will choose a point on this three
sphere (a.k.a. the “vacuum manifold” - the set of field values that
minimize the potential). We will now study the small fluctuations
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around the chosen point and the spectrum of the theory in this
vacuum. There is an infinite number of parameterizations that can
be used to do this, but I will suggest one that makes the symmetries
the clearest. Thus, use the H-representation and take

(5.281)H(x) =
|m|

2
√
λ

(1 + h(x))eiφa(x)σa

The logic here is as follows. When h(x) and φa(x) vanish (i.e. there
are no excitations), the parameterization eq. (5.281) is equivalent,
by eq. (5.225) , to taking a specific point on the vacuum manifold,
i.e. the one where φ1 = 0 and φ2 = |m|/

√
2λ. The fields h(x) and

φa(x) parameterize the fluctuations around this ground state (for
sure, they can be mapped - the map is nonlinear - to the fluctuations
of the fields φ1,2 around the chosen vacuum value for φ2.5 What
you will do now is take the form eq. (5.281) , plug it into the
Lagrangian eq. (5.226) with m2 = −

∣∣∣m2
∣∣∣, and expand what you find

to second order in the fields h(x) and φa(x). Show that the field h(x)
has a mass and find an expression for it. Show that the fields φa(x)
remain massless and that their Lagrangian (not just to quadratic
order) only contains derivatives.
The latter point can be seen pretty simply by noting that H(x) from
eq. (5.281) can be written as

(5.282)H(x) =
|m|

2
√
λ

Ω(x)(1 + h(x)),

with Ω†Ω = 1 and det(Ω(x)) = 1. In this parameterization Ω(x)
fluctuations correspond to going around the vacuum manifold S 3,
while the h(x) fluctuations are along the “radial” directions away
from the minimum. The latter cost energy, hence h is massive (the
Higgs field!), while the Ω(x) only cost energy if the x-dependence
is nontrivial. The φa(x) (or Ω(x)) are equivalent parameterizations

5 As in classical mechanics, which variables one uses to describe physics is a matter of
choice and convenience. The Euler-Lagrange equations have the property that they are
invariant under changes of variables, so long as no singularity occurs in the process. In
fact, one of the main motivations of using Lagrangians in classical mechanics is that the
change of variables is much easier to do. In other words, it is much easier to first transform
the Lagrangian to spherical coordinates and then find the Euler-Lagrange equations then
to transform the equations found in Cartesian coordinates to spherical coordinates (in
the latter case you need to differentiate twice...). Invariance of physics under nonsingular
changes of variables in the Lagrangian is, of course, inherited in field theory.
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of the Goldstone fields. What you found here is an example of
a general story: if a theory has a continuous symmetry, which is
not a symmetry of the ground state, there is a number of massless
Goldstone (or Nambu-Goldstone) modes. For internal symmetries
like the ones we are considering here, their number is equal to the
number of broken generators.
In the Standard Model, h(x) is indeed the Higgs field. The fields
φa(x) actually become the longitudinal components of the W and
Z-bosons (one usually says that they are “eaten”, a manifestation
of the Landau-Anderson-Higgs-Brout-Englert-Guralnik-Hagen-...
mechanism).

d. One question that was not discussed and remained a bit obscure is
that of the unbroken part of the symmetry. The original Lagrangian
has SU(2)L × SU(2)R symmetry. The value of H(x) in the vacuum,
denoted by 〈H〉, is given by eq. (5.281) with h = φa = 0 and is
〈H〉 ∼ unit matrix. Show that, while 〈H〉 is not invariant under
SU(2)L × SU(2)R for arbitrary SU(2)L and SU(2)R transformations,
it is invariant under eq. (5.227) with UL = UR. Such SU(2)L ×

SU(2)R transformations with UL = UR are called “diagonal” or
“vector” SU(2)V transformations. These remain unbroken in the
vacuum. In the electroweak theory, the third component of SU(2)V

is identified with electromagnetic U(1). Show that the current
associated with SU(2)V transformations has the form:

(5.283)jV,aµ =
i
2

tr
(
∂µH†

[
σa,H

]
+ ∂µH

[
σa,H†

])
Show also that the other “linear” combination of SU(2)L and
SU(2)R, eq. (5.227) with UR = U†L corresponds to the current
(not conserved!) usually called the “axial current”

(5.284)jA,a
µ =

i
2

tr ∂µH†
{
σa,H

}
− ∂µH

{
σa,H†

}
,

where {A, B} = AB + BA denotes the anticommutator.

e. Show that to linear order in the fields h(x), φa(x), the a-th axial
current is simply

(5.285)jA,a ∼ 〈H〉 ∂µφa,

and find the constant in front. Thus, when the quantum operator cor-
responding to eq. (5.285) acts on the vacuum, it creates a quantum
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of the Goldstone boson (times the momentum and the “Goldstone
boson decay constant” which is really equal to 〈H〉).
Show also that, to leading nontrivial order in the fields, the con-
served vector current jV,a is quadratic in the fields φa.
In QCD, the relation eq. (5.285) and the algebra of the currents
jV,A constitute the basis of an approach to soft-pion physics (soft
means low energy) known as “current algebra”.
Here, we studied the Nambu-Goldstone mode. In the Wigner mode,
when m2 > 0, there are no massless particles, as is easy to convince
yourselves.

Answer for Exercise 5.5

Part a. To expand the potential note that

(5.286)

tr
(
H†H

)
=

1
2

tr


−iΦTσ2

Φ†

 [iσ2Φ∗ Φ
]

=
1
2

(
ΦTΦ† + Φ†Φ

)
=

1
2

(
φ1φ

∗
1 + φ2φ

∗
2 + φ∗1φ1 + φ∗2φ

2
)

= |φ1|
2 + |φ2|

2,

so we have

(5.287)

V = −|m|2 tr
(
H†H

)
+ λ

(
tr

(
H†H

))2

= −|m|2
(
|φ1|

2 + |φ2|
2
)

+ λ
(
|φ1|

2 + |φ2|
2
)2

= λ

((
|φ1|

2 + |φ2|
2
)2
−
|m|2

λ

(
|φ1|

2 + |φ2|
2
))
.

Completing the square gives

(5.288)V = λ

(
|φ1|

2 + |φ2|
2 −
|m|2

2λ

)2

− λ

(
|m|2

2λ

)2

,

which proves the result and shows that the constant is − |m|
4

4λ .
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Part b. From eq. (5.287) the first order expansion, ignoring constant
terms, around |φ1|

2 + |φ2|
2 = 0 is

V = −
∣∣∣m2

∣∣∣ (|φ1|
2 + |φ2|

2
)

= −
∣∣∣m2

∣∣∣Φ†Φ. (5.289)

The Lagrangian density, to first order, may be written in the compact form

(5.290)L = ∂µΦ†∂µΦ + |m|2Φ†Φ.

The equations of motion are

(5.291)
∂µ∂

µΦ = |m|2Φ

∂µ∂
µΦ† = |m|2Φ†

,

or, ∂µ∂µψ = |m|2ψ for any ψ ∈ φ1, φ2, φ
∗
1, φ
∗
2.

Suppose that one of these wave functions has a Fourier transform repre-
sentation

(5.292)ψ(x) =

∫
d4 p

(2π)4 eip·xψ̃.

Such a solution must satisfy the equations of motion

(5.293)

0 =
(
∂tt − ∇

2 −
∣∣∣m2

∣∣∣)ψ
=

(
∂tt − ∇

2 −
∣∣∣m2

∣∣∣) ∫ d4 p
(2π)4 eiωt−ip·xψ̃.

=

∫
d4 p

(2π)4

(
(iω)2 − (−ip)2 − |m|2

)
eiωt−ip·xψ̃,

so
(5.294)0 = −ω2 + p2 − |m|2,

or

(5.295)ω =

√
p2 − |m|2.

Any ‖p‖ < |m| results in an imaginary angular frequency. For example, at
p = 0, we have

(5.296)ω = ±i|m|.

In particular

(5.297)
p0x0 = ωt

= ±i|m|t
= ±|m|(it).

We see that the angular momentum constraint on the system eq. (5.294)
results in the imaginary time that is characteristic of tachonic solutions.
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Part c. It seems reasonable that we can assume that h(x) and φa(x) in
eq. (5.281) are all real valued scalar (non-matrix) functions. That is h(x)
has the role of radial extension or compression of the field magnitude, and
the exponential is of the form eiσ·φ(x), a matrix valued rotation operator,
where φ = (φ1, φ2, φ3). Given that assumption, H†H can be computed with
relative ease, and has only radial dependence

(5.298)

tr
(
H†H

)
=
|m|2

4λ
(1 + h(x))2 tr

(
e−iσ·φeiσ·φ

)
=
|m|2

4λ
(1 + h(x))2 tr 1

=
|m|2

2λ
(1 + h)2.

For the derivative quadratic form, it is expedient to use the form eq. (5.282),
which gives

∂µH†∂µH =
|m|2

4λ

(
∂µhΩ† + (1 + h)∂µΩ†

) (
∂µhΩ + (1 + h)∂µΩ

)
=
|m|2

4λ

(
∂µhΩ†∂µhΩ + (1 + h)

(
∂µhΩ†(∂µΩ) + ∂µh(∂µΩ†)Ω

)
+ (1 + h)2∂µΩ†∂µΩ

)
(5.299)

where we have made the usual assumptions that the independent fields
(h,Ω) commute. Because Ω†Ω = 1, we have

∂µhΩ†(∂µΩ) + ∂µh(∂µΩ†)Ω = ∂µh
(
Ω†(∂µΩ) + (∂µΩ†)Ω

)
= ∂µh

(
∂µ(Ω†Ω) − (∂µΩ†)Ω + (∂µΩ†)Ω

)
= ∂µ(1)
= 0.

(5.300)

All the cross terms with both h and Ω derivatives are zero (to all orders,
not just quadratic).

Taking traces (and using cyclic permutation of the matrices in the trace
operations), the Lagrangian density is now determined to quadratic order

(5.301)
L =

|m|2

2λ
∂µh∂µh +

|m|2

4λ
tr

(
∂µΩ†∂µΩ

)
+ |m|2

|m|2

2λ
(1 + h)2 − λ

(
|m|2

2λ

)2

(1 + h)4 .
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Observe that the Lagrangian density can be split into two independent parts,
one for the radial field h, and another for the rotation field Ω. Rescaling to
drop the common constant factor |m|2/2λ, the radial Lagrangian is

(5.302)

Lh = ∂µh∂µh + |m|2 (1 + h)2 −
|m|2

2
(1 + h)4

= ∂µh∂µh −
|m|2

2

(
(1 + h)4 − 2 (1 + h)2

)
= ∂µh∂µh −

|m|2

2

(
(1 + h)2 − 1

)2
+���const.

= ∂µh∂µh −
|m|2

2

(
2h + h2

)2

= ∂µh∂µh −
|m|2

2
h2 (2 + h)2

= ∂µh∂µh − 2|m|2h2 + O(h3).

This shows that the mass of the h field is
√

2|m|.
The only remaining task is to express the Lagrangian density for φa in

terms of those field instead of Ω. To evaluate those derivatives, we can
utilize a first order Taylor expansion

(5.303)∂µΩ = ∂µ (1 + iσ · φ)
= iσ · ∂µφ,

so the rotation Lagrangian density is

(5.304)
Lφ =

1
2

tr
(
(−iσ · ∂µφ)(iσ · ∂µφ)

)
= (∂µφ) · (∂µφ)
= (∂µφa)(∂µφa),

where we use the fact that tr ((σ · x)(σ · y)) = 2x · y.
The full Lagrangian density, to quadratic order, is

L = Lh +Lφ = ∂µh∂µh − 2|m|2h2 + ∂µφ
a∂µφa. (5.305)

Part d.

Problem statement inconsistency. In the problem statement 〈H〉 is de-
fined as a 2 × 2 unit matrix scaled by |m|/2

√
λ, but later when used in the

statement of the axial current, it appears as a number (since the current
is a number, and not a matrix). In this solution I’ve used 〈H〉 as just the
numeric factor, and dropped the identity matrix factor.
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Setup. This problem is easiest if we can work directly with in matrix
notation, but first need to know how to express the current. Given matrix
elements Hab,H∗ab, that current is

(5.306)jµ =
∂L

∂(∂µHi j)
δHi j +

∂L

∂(∂µH∗i j)
δH∗i j.

The trace of a matrix product in terms of the respective matrix elements is

tr (AB) = AikBk jδi j = Ai jB ji, (5.307)

so the Kinetic portion of the Lagrangian density expands as

tr
(
∂µH†∂µH

)
= ∂µ(H†) ji∂

µHi j = ∂µH∗i j∂
µHi j. (5.308)

We can now put the current eq. (5.306) into matrix form

(5.309)

jµ = ∂µH∗i jδHi j + δH∗i j∂
µHi j

= ∂µ(H†) jiδHi j + δ(H†) ji∂
µHi j

= tr
(
∂µH†δH + δH†∂µH

)
.

Vector current. With H → ULHU†L, the H variation is

(5.310)

δH = H′ − H

≈

(
1 +

i
2
σ · ω

)
H

(
1 −

i
2
σ · ω

)
− H

=
i
2

(σ · ω)H −
i
2

H(σ · ω) + O(ω2)

=
i
2

[σ · ω,H] ,

and its conjugate is

δH† = −
i
2

[
H†,σ ·ω

]
=

i
2

[
σ ·ω,H†

]
. (5.311)

Putting the pieces together gives

(5.312)
jV,ωµ =

i
2

tr
(
∂µH† [σ · ω,H] +

[
σ · ω,H†

]
∂µH

)
=

iωa

2
tr

(
∂µH†

[
σa,H

]
+ ∂µH

[
σa,H†

])
,

so setting jV,ωµ = ωa jV,aµ to factor out the ωa’s, provides the desired result.
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Axial current. This is only cosmetically different from the Vector cur-
rent.

With H → ULHUL, the H variation is

(5.313)

δH = H′ − H

≈

(
1 +

i
2
σ · ω

)
H

(
1 +

i
2
σ · ω

)
− H

=
i
2

(σ · ω)H +
i
2

H(σ · ω) + O(ω2)

=
i
2
{σ · ω,H},

and its conjugate is

δH† = −
i
2

{
σ ·ω,H†

}
. (5.314)

Putting the pieces together gives

(5.315)
jA,ω
µ =

i
2

tr
(
∂µH†{σ · ω,H} −

{
σ · ω,H†

}
∂µH

)
=

iωa

2
tr

(
∂µH†

{
σa,H

}
− ∂µH

{
σa,H†

})
,

so setting jA,ω
µ = ωa jA,a

µ to factor out the ωa’s, provides the desired result.

Part e.

Axial current to first order. To first order the H partial is

(5.316)
∂µH = 〈H〉

(
∂µh (1 + iσ · φ) + (1 + h)iσ · ∂µφ

)
= 〈H〉

(
∂µh + iσ · ∂µφ

)
+ O(2).

Because this has no zero order terms, we need only the zeroth order parts
of the anticommutators

(5.317)

{
σa,H

}
= 〈H〉 (1 + h)

{
σa, 1 + iσ · φ

}
= 〈H〉

{
σa, 1

}
+ O(1)

= 2 〈H〉σa.

To first order

(5.318)
jA,a
µ = i 〈H〉2 tr

((
∂µh − iσ · ∂µφ

)
σa −

(
∂µh + iσ · ∂µφ

)
σa

)
= 2 〈H〉2 tr

(
σb∂µφ

bσa
)
.
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Since tr
(
σaσb

)
= 2δab, this reduces to

(5.319)jA,a
µ = 〈H〉 (4 〈H〉) ∂µφa,

so the “constant in front” is 4 〈H〉 = 2|m|/
√
λ.

Vector current to second order. To make life less messy, let’s write

(5.320)H = 〈H〉 (1 + h)Ω,

so that

[σa,H] = 〈H〉 [σa, (1 + h)Ω] = 〈H〉 h [σa,Ω] . (5.321)

We also have, also to all orders,

(5.322)∂µH = 〈H〉
(
∂µhΩ + (1 + h)∂µΩ

)
The current is

jV,aµ =
i
2

tr
(
∂µH† [σa,H] + ∂µH

[
σa,H†

])
=

i
2
〈H〉2 tr

((
∂µhΩ† + (1 + h)∂µΩ†

)
h [σa,Ω]

+ (∂µhΩ + (1 + h)∂µΩ) h
[
σa,Ω†

])
=

i
2
〈H〉2

(
(∂µh)h tr

(
Ω† [σa,Ω] + Ω

[
σa,Ω†

])
+ h(1 + h) tr

(
∂µΩ† [σa,Ω] + ∂µΩ

[
σa,Ω†

]))
=

i
2
〈H〉2 ((∂µh)hA + h(1 + h)B) ,

(5.323)

where

(5.324)
A = tr

(
Ω† [σa,Ω] + Ω

[
σa,Ω†

])
B = tr

(
∂µΩ† [σa,Ω] + ∂µΩ

[
σa,Ω†

])
.

The first trace A is easily shown to be zero

(5.325)
A = tr

(
Ω†σaΩ −Ω†Ωσa + ΩσaΩ† −ΩΩ†σa

)
= tr

((
ΩΩ† −Ω†Ω + Ω†Ω −ΩΩ†

)
σa

)
= 0,
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where cyclic permutation within the trace was used to arrange the terms
for easy cancellation 1 − 1 + 1 − 1 = 0.

Expanding commutators, and using cyclic permutation in the trace, we
have for B

B = tr
(
∂µΩ†

[
σa,Ω

]
+ ∂µΩ

[
σa,Ω†

])
= tr

(
(∂µΩ†)σaΩ − (∂µΩ†)Ωσa + (∂µΩ)σaΩ† − (∂µΩ)Ω†σa

)
= tr

((
Ω(∂µΩ†) − (∂µΩ†)Ω + Ω†(∂µΩ) − (∂µΩ)Ω†

)
σa

)
(5.326)

This can be simplified using

(5.327)
Ω(∂µΩ†) = −(∂µΩ)Ω†

Ω†(∂µΩ) = −(∂µΩ†)Ω
,

so

(5.328)B = 2 tr
((

Ω†(∂µΩ) − (∂µΩ)Ω†
)
σa

)
.

The derivative ∂µΩ has no O(0) terms, so let’s expand the rotation matrix
only to O(1), and then drop any O(2) terms from ∂µΩ. This gives

(5.329)

B = 2 tr
((

(1 − iσ · φ)(∂µΩ) − (∂µΩ)(1 − iσ · φ)
)
σa

)
+ O(3)

= −2i tr
((

(σ · φ)(∂µΩ) − (∂µΩ)(σ · φ)
)
σa

)
= −2i2 tr

((
σcφcσb∂µφ

b − σb∂µφ
bσcφc

)
σa

)
+ O(3)

= 2φc(∂µφb) tr
(
σcσbσa

)
− 2(∂µφb)φc tr

(
σbσcσa

)
= −2

(
φc(∂µφb) + (∂µφb)φc

)
tr

(
σ1σ2σ3

)
εabc

= −4i
{
φc, ∂µφ

b
}
εabc,

to quadratic order in φa. The final steps above used the fact that the
trace of three Pauli matrices is zero unless they are all different, and
tr

(
σ1σ2σ3

)
= 2i.

The current, to lowest order in φa, and all orders in h, is

(5.330)jV,aµ = 2 〈H〉2 h(1 + h)
{
φc, ∂µφ

b
}
εabc,

which is quadratic in φa as claimed.





6L O R E N T Z B O O S T S , G E N E R AT O R S , L O R E N T Z
I N VA R I A N C E , M I C RO C AU S A L I T Y.

6.1 lorentz transform symmetries.

From last time, recall that an infinitesimal Lorentz transform has the form

(6.1)xµ → xµ + ωµνxν,

where

(6.2)ωµν = −ωνµ.

We showed last time that ωi j induces a rotation, and will show today
that ω0i is a boost.

We introduced a three index current, factoring out explicit dependence
on the incremental Lorentz transform tensor ωµν as follows

(6.3)Jνµρ =
1
2

(
xρT νµ − xµT νρ) ,

and can easily show that this current has the desired zero four-divergence
property

(6.4)
∂νJνµρ =

1
2

(
(∂νxρ)T νµ + xρ���∂νT νµ − (∂νxµ)T νρ − xµ���∂νT νρ)

=
1
2

(
T ρµ + −T µρ)

= 0,

since the energy-momentum tensor is symmetric.
Defining charge in the usual fashion Q =

∫
d3x j0, so we can define a

charge for each pair of indexes µν, and in particular

(6.5)
Q0k =

∫
d3xJ00k

=
1
2

∫
d3x

(
xkT 00 − x0T 0k

)
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(6.6)
Q̇0k =

∫
d3xJ̇00k

=
1
2

∫
d3x

(
xkṪ 00 − x0Ṫ 0k

)
.

However, since 0 = ∂µT µν = Ṫ 0ν + ∂ jT jν, or Ṫ 0ν = −∂ jT jν,

(6.7)

Q̇0k =
1
2

∫
d3x

(
xk(−∂ jT j0) − T 0k − x0(−∂ jT jk)

)
=

1
2

∫
d3x

(
∂ j(−xkT j0) + (∂ jxk)T j0 − T 0k + x0∂ jT jk

)
=

1
2

∫
d3x

(
∂ j(−xkT j0) +�

�T k0 −�
�T 0k + x0∂ jT jk

)
=

1
2

∫
d3x∂ j

(
−xkT j0 + x0T jk

)
,

which leaves just surface terms, so Q̇0k = 0.

Quantizing: From our previous identification eq. (5.145), we have

(6.8)T νµ = ∂νφ∂µφ − gνµL.

In particular

(6.9)
T 00 = ∂0φ∂0φ −

1
2

(
∂0φ∂

0φ + ∂kφ∂
kφ

)
=

1
2
∂0φ∂0φ −

1
2

(∇φ)2,

and

(6.10)T 0k = ∂0φ∂kφ.

We may quantize these energy momentum tensor components as

(6.11)
T̂ 00 =

1
2
π̂2 +

1
2

(∇φ̂)2

T̂ 0k =
1
2
π̂∂kφ̂.

We can now start computing the commutators associated with the charge
operator. The first of those commutators is

(6.12)
[
T̂ 00(x), φ̂(y)

]
=

1
2

[
π̂2(x), φ̂(y)

]
,
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which can be evaluated using the field commutator analogue of [F(p), q] =

iF′ which is

(6.13)
[
F(π̂(x)), φ̂(y)

]
= −i

dF
dπ̂

δ(3)(x − y),

to give

(6.14)
[
T̂ 00(x), φ̂(y)

]
= −iδ(3)(x − y)π̂(x).

The other required commutator is

(6.15)

[
T̂ 0i(x), φ̂(y)

]
=

[
π̂(x)∂iφ̂(x), φ̂(y)

]
= ∂iφ̂(x)

[
π̂(x), φ̂(y)

]
= −iδ(3)(x − y)∂iφ̂(x).

The charge commutator with the field can now be computed

(6.16)

iε
[
Q̂0k, φ̂(y)

]
= i

ε

2

∫
d3x

(
xk

[
T̂ 00, φ̂(y)

]
− x0

[
T̂ 0k, φ̂(y)

])
=
ε

2

(
ykπ̂(y) − y0∂kφ̂(y)

)
=
ε

2

(
yk ˙̂φ(y) − y0∂kφ̂(y)

)
,

so to first order in ε

(6.17)eiεQ̂0k
φ̂(y)e−iεQ̂0k

= φ̂(y) +
ε

2
yk ˙̂φ(y) +

ε

2
y0∂kφ̂(y).

For example, with k = 1

(6.18)
eiεQ̂0k

φ̂(y)e−iεQ̂0k
= φ̂(y) +

ε

2

(
y1 ˙̂φ(y) + y0 ∂φ̂

∂y1 (y)
)

= φ̂(y0 +
ε

2
y1, y1 +

ε

2
y2, y3).

This is a boost. If we compare explicitly to an infinitesimal Lorentz
transformation of the coordinates

(6.19)
x0 → x0 + ω01x1 = x0 − ω01x1

x1 → x1 + ω10x0 = x1 − ω01x0 = x1 − ω01x0,

we can make the identification

(6.20)
ε

2
= −ω01.
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We now have the explicit form of the generator of a spacetime translation

Û(Λ) = exp
(
−iω0k

∫
d3x

(
T̂ 00xk − T̂ 0kx0

))
. (6.21)

An explicit boost along the x-axis has the form

(6.22)Û(Λ)φ̂(t, x)Û†(Λ) = φ̂

 t − vx√
1 − v2

,
x − vt√
1 − v2

, y, z

 ,
and more generally

(6.23)Û(Λ)φ̂(x)Û†(Λ) = φ̂(Λx),

where x is a four vector, (Λx)µ = Λµ
νxν, and Λµ

ν ≈ δ
µ
ν +ωµν.

6.2 transformation of momentum states.

In the momentum space representation

(6.24)

φ̂(x) =

∫
d3 p

(2π)3
√

2ωp

(
ei(ωpt−p·x)âp + e−i(ωpt−p·x)â†p

)
=

∫
d3 p

(2π)3
√

2ωp

(
eipµxµ âp + e−ipµxµ â†p

)∣∣∣∣
p0=ωp

.

Û(Λ)φ̂(x)Û†(Λ) = φ̂(Λx)

=

∫
d3 p

(2π)3
√

2ωp

(
eipµΛµ

νxν âp + e−ipµΛµ
νxν â†p

)∣∣∣∣
p0=ωp

.

(6.25)

This can be put into an explicitly Lorentz invariant form

φ̂(Λx) =

∫
dp0d3 p
(2π)3 δ(p2

0 − p2 − m2)Θ(p0)
√

2ωpeipµΛµ
νxν âp + h.c.

=

∫
dp0d3 p
(2π)3

(
δ(p0 − ωp)

2ωp
+
δ(p0 + ωp)

2ωp

)
Θ(p0)

√
2ωpâp + h.c.,

(6.26)

which recovers eq. (6.25) by making use of the delta function identity
δ( f (x)) =

∑
f (x∗)=0

δ(x−x∗)
f ′(x∗)

, since the Θ(p0) kills the second delta function.
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We now have a more explicit Lorentz invariant structure

(6.27)φ̂(Λx) =

∫
dp0d3 p
(2π)3 δ(p2

0 − p2 − m2)Θ(p0)
√

2ωpeipµΛµ
νxν âp + h.c.

Recall that a boost moves a spacetime point along a parabola, such
as that of fig. 6.1, whereas a rotation moves along a constant “circular”
trajectory of a hyper-paraboloid. In general, a Lorentz transformation may
move a spacetime point along any path on a hyper-paraboloid such as the
one depicted (in two spatial dimensions) in fig. 6.2. This paraboloid depict

the surfaces of constant energy-momentum p0 =

√
p2 + m2. Because a

Lorentz transformation only shift points along that energy-momentum
surface, but cannot change the sign of the energy coordinate p0, this means
that Θ(p0) is also a Lorentz invariant.

Figure 6.1: One dimensional spacetime surface for constant (p0)2 − p2 = m2.

Let’s change variables

(6.28)pλ = Λλ
ρp′ρ,

so that

(6.29)
pµΛµ

νxν = Λλ
ρp′ρgλνΛν

σxσ

= p′ρ
(
Λλ

ρgλνΛν
σ

)
xσ

= p′ρgρσxσ,
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Figure 6.2: Surface of constant squared four-momentum.

which gives

φ̂(Λx) =

∫
dp′0d3 p′

(2π)3 δ(p′20 − p′2 − m2)Θ(p0)
√

2ωΛp′eip′·xâΛp′ + h.c.

=

∫
dp0d3 p
(2π)3 δ(p2

0 − p2 − m2)Θ(p0)
√

2ωΛpeip·xâΛp + h.c.

(6.30)

Since

(6.31)φ̂(x) =

∫
dp0d3 p
(2π)3 δ(p2

0 − p2 − m2)Θ(p0)
√

2ωpeip·xâp + h.c.

we can now conclude that the creation and annihilation operators transform
as √

2ωΛpâΛp = Û(Λ)
√

2ωpâpÛ†(Λ). (6.32)

If the desired normalization for a momentum state is assumed to be

(6.33)
√

2ωpâ†p |0〉 = |p〉 ,

then by noting that Û(Λ) |0〉 = |0〉 (i.e. the ground state is Lorentz invari-
ant), we have

(6.34)

√
2ωΛpâ†Λp |0〉 = Û(Λ)

√
2ωpâ†pÛ†(Λ)Û(Λ) |0〉

= Û(Λ)
√

2ωpâ†p |0〉

= Û(Λ) |p〉 .
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The normalization eq. (6.33) means that the Lorentz transformation of a
momentum state, takes a particularly simple form

(6.35)Û(Λ) |p〉 = |Λp〉 .

In [19], this is argued differently. In particular, it’s argued that eq. (6.33)
must be the required normalization based on a requirement for Lorentz
invariant measure, and then demands Û(Λ) |p〉 = |Λp〉. After this eq. (6.32)
follows as a consequence (albeit, how to conclude that is not spelled out in
detail).

6.3 relativistic normalization.

We will continue looking at the generator of spacetime translation Û(Λ),
which has the property

(6.36)Û(Λ) |0〉 = |0〉 ,

That is

(6.37)Û(Λ) = 1 + operators that annihilate the vacuum state.

The action on a field was

(6.38)Û(Λ)φ̂(x)Û†(Λ) = φ̂(Λx),

and the action on the annihilation operator was

(6.39)Û(Λ)
√

2ωpâpÛ†(Λ) =

√
2ωΛpâΛp.

If |p1〉 is the one particle state with momentum p1, then that momentum
state can be generated from the ground state with the following normalized
creation operation

(6.40)|p1〉 =

√
2ωp1 â†p1 |0〉 .

We can compute the matrix element between two matrix states using
the creation operator representation

(6.41)

〈p2|p1〉 =

√
2ωp1

√
2ωp2 〈0| âp2 â†p1 |0〉

=

√
2ωp1

√
2ωp2 〈0|

(
â†p1 âp2 + i(2π)3δ(3)(p − q)

)
=

√
2ωp1

√
2ωp2(2π)3δ(3)(p1 − p2)

= 2ωp1(2π)3δ(3)(p1 − p2).
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6.4 spacelike surfaces.

If xµ, pµ are four vectors, then pµxµ = invariant = p′µx′µ. The light cone is
the surface p2

0 = p2, whereas timelike four-momentum form a paraboloid

surface p2
0 − p2 = m2 (i.e. E =

√
m2c4 + p2c2). The surface for constant

spacelike points (i.e. all related by a Lorentz transformation) is illustrated
in fig. 6.3. A boost moves a point up or down that surface along the energy
axis. It is therefore possible to use a sequence of boost and rotation to
transform a point (E,p) → (−E,p) → (−E,−p). That is, any spacelike
four-vector x may be transformed to −x using a Lorentz transformation.

Figure 6.3: Constant spacelike surface.

6.5 condition on microcausality.

We defined operators φ̂(x), which was a Hermitian operator for the real
scalar field. For the complex scalar field we used φ̂(x) = (φ̂1 + φ̂2)/

√
2,

where each of φ̂1, φ̂2 were Hermitian operators. i.e. we can think of these
operators as “observables”, that is φ̂(x) = φ̂†(x).

We now want to show that these operators commute at spacelike sepa-
rations, and see how this relates to the question of causality. In particular,
we want to see that an observation of one operator, will not effect the
measurement of the other.

The condition of microcausality is

[φ̂(x), φ̂(y)] = 0
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if x ∼ y, that is (x − y)2 < 0. That is, x, y are spacelike separated.
We wrote

φ̂(x) =

∫
d3 p

(2π)3
√

2ωp

e−ip·x
∣∣∣
p0=ωp

âp +

∫
d3 p

(2π)3
√

2ωp

eip·x
∣∣∣
p0=ωp

â†p,

(6.42)

or φ̂(x) = φ̂−(x) + φ̂+(x), where

(6.43)

φ̂−(x) =

∫
d3 p

(2π)3
√

2ωp

e−ip·x
∣∣∣
p0=ωp

âp

φ̂+(x) =

∫
d3 p

(2π)3
√

2ωp

eip·x
∣∣∣
p0=ωp

â†p.

Compute the commutator

D(x) =
[
φ̂−(x), φ̂+(0)

]
=

∫
d3 p

(2π)3
√

2ωp

e−ip·x
∣∣∣
p0=ωp

∫
d3k

(2π)3
√

2ωk
eik·0

∣∣∣
k0=ωk

[
âp, â

†

k

]
=

∫
d3 p

(2π)3
√

2ωp

e−ip·x
∣∣∣
p0=ωp

∫
d3k

(2π)3
√

2ωk
(2π)3δ(3)(p − k),

(6.44)

D(x) =

∫
d3 p

(2π)32ωp
e−ip·x

∣∣∣
p0=ωp

. (6.45)

Now about the commutator at two spacetime points

(6.46)

[
φ̂(x), φ̂(y)

]
=

[
φ̂−(x) + φ̂+(x), φ̂−(y) + φ̂+(y)

]
=

[
φ̂−(x), φ̂+(y)

]
+

[
φ̂+(x), φ̂−(y)

]
= −D(y − x) + D(x − y).

Find

(6.47)
[φ̂(x), φ̂(y)] = D(x − y) − D(y − x)

[φ̂(x), φ̂(0)] = D(x) − D(−x).

Let’s look at D(x), eq. (6.45), a bit more closely.
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Claim: D(x) is Lorentz invariant (has the same value for all xµ, x′µ

We can see this by writing this out as

(6.48)D(x) =

∫
d3 p

(2π)3 dp0δ(p2
0 − p2 − m2)Θ(p0)e−ip·x.

The exponential is Lorentz invariant, and the delta function has been
put into a Lorentz invariant form.

Claim 1: D(x) = D(x′) where x2 = x′2.

Claim 2: xµ,−xµ are related by Lorentz transformations if x2 < 0.
From the figure, we see that D(x) = D(−x) for a spacelike point, which

implies that [φ̂(x), φ̂(0)] = 0 for a spacelike point x.
We’ve shown this for free fields, but later we will see that this is the

case for interacting fields too.



7
E X T E R NA L S O U R C E S .

7.1 harmonic oscillator.

(7.1)L =
1
2

q̇2 −
ω2

t
q2 − j(t)q.

The term j(t) shifts the origin in a time dependent fashion (graphical
illustration in class wiggling a hockey stick, as a sample of a harmonic
oscillator).

(7.2)H =
p2

2
+
ω2

t
q2 + j(t)q

(7.3)
iq̇H(t) = [qH ,H] = ipH

iṗH(t) = [pH ,H] = −iω2qH − i j(t)

(7.4)q̈H(t) = −ω2qH(t) − j(t)

or

(7.5)(∂tt + ω2)qH(t) = − j(t)

(7.6)qH(t) = q0
H(t) +

∫
GR(t − t′) j(t′)dt′.

This solves the equation provided GR(t − t′) has the property that

(∂tt +ω2)GR(t − t′) = −δ(t − t′). (7.7)

That is

(7.8)(∂tt + ω2)qH(t) = (∂tt + ω2)q0
H(t) + (∂tt + ω2)

∫
GR(t − t′) j(t′)dt′.

This function GR is called the retarded Green’s function. We want to
find this function, and as usual, we do this by taking the Fourier transform
of eq. (7.7)
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(7.9)

∫
dteipt(∂tt + ω2)GR(t − t′) = −

∫ ∞

−∞

dteiptδ(t − t′)

= −eipt′ .

Let

(7.10)G(t − t′) =

∫
dp
2π

e−ip′(t−t′)G̃(p′),

so

(7.11)

−eipt′ =

∫
dteipt(∂tt + ω2)

∫
dp′

2π
e−ip′(t−t′)G̃(p′)

=

∫
dteipt

∫
dp′

2π

(
−p′2 + ω2

)
e−ip′(t−t′)G̃(p′)

=

∫
dp′

(
−p′2 + ω2

)
eip′t′δ(p − p′)G̃(p′)

=
(
−p2 + ω2

)
G̃(p)eipt′ ,

so

(7.12)G̃(p) =
1

p2 − ω2 .

Now

(7.13)G(t) =

∫
dp
2π

e−iptG̃(p).

Let’s write the momentum space Green’s function as

(7.14)G̃(p) =
1

(p − ω)(p + ω)
.

The solution contained

(7.15)
∫

G(t − t′) j(t′)dt′.

Suppose j(t) = 0 for all t < t0. We want the effect of j(t) to be felt in the
future, for example, j(t) is an impulse starting at some time. We want G(t)
to vanish at negative times.

We want the integral

(7.16)G(t) =

∫
dp
2π

e−ipt 1
(p − ω)(p + ω)

,
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to vanish when t < 0.
Start with t > 0 (that is t′ < t), so that e−ipt = e−ip|t| which means that

we have to integrate over a lower plane contour like fig. 7.1, because the
imaginary part of p is negative, but for t < 0 (that is t′ > t), we want an
upper plane contour like fig. 7.2.

Figure 7.1: Lower plane contour.

Figure 7.2: Upper plane contour.

Question: since we are integrating over the real line, how can we get
away with deforming the contour? Answer: it works. If we do this we get
a Green’s function that makes sense (better answer later?)

We add an infinite circle, so that we can integrate over a closed contour,
and pick the contour so that it is zero for t < 0 and non-zero (enclosed
poles) for t > 0.

(7.17)

GR(t > 0) =

∫
C

dp
2π

e−ipt 1
(p − ω)(p + ω)

=
1

2π
(−2πi)

(
e−iωt

2ω
−

eiωt

2ω

)
= −

sin(ωt)
ω

.

Now we write the Green’s function for all time as

GR(t) = −
sin(ωt)
ω

Θ(t). (7.18)
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The question of what contour to pick can now be justified by the result,
since this satisfies eq. (7.7). If we wanted a Green’s function that selected
just future contributions we’d have used a “bumps down” contour. There
will be circumstances where we will use some of the other contour pos-
sibilities (fig. 7.3). In particular, the bumps up and down contour will be
used to derive the “Feynman propagator” that we’ll use later.

Figure 7.3: All possible deformations around the poles.

7.2 field theory (where we are going).

We will consider a massive real scalar field theory with an external source
with action

(7.19)S =

∫
d4x

(
1
2
∂µφ∂

µφ −
m2

2
φ2 + j(x)φ(x)

)
.

We don’t have examples of currents that create scalar fields, but to study
such as system, recall that in electromagnetism we added sources to the
field by adding a term like

(7.20)
∫

d4xAµ(x) jµ(x),

to our action.
The equation of motion can be found to be

(7.21)
(
∂µ∂

µ + m2
)
φ(x) = j(x).

We want to study the Green’s function of this Klein-Gordon equation,
defined to obey

(7.22)
(
∂µ∂

µ + m2
)

x
G(x − y) = −iδ(4)(x − y),
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where the −i factor is for convenience. This is analogous to the Green’s
function that we just studied for the QM harmonic oscillator.

Exercise 7.1 Compute D(x − y) from the commutator.

Generalize the derivation eq. (6.45) by computing the commutator at
two different space time points x, y.
Answer for Exercise 7.1

Let

D(x − y)
=

[
φ̂−(x), φ̂+(y)

]
=

∫
d3 p

(2π)3
√

2ωp

e−ip·x
∣∣∣
p0=ωp

∫
d3k

(2π)3
√

2ωk
eik·y

∣∣∣
k0=ωk

[
âp, â

†

k

]
=

∫
d3 p

(2π)3
√

2ωp

e−ip·x
∣∣∣
p0=ωp

∫
d3k

(2π)3
√

2ωk
eik·y

∣∣∣
k0=ωk

(2π)3δ(3)(p − k)

=

∫
d3 p

(2π)32ωp
e−ip·(x−y)

∣∣∣
p0=ωp

.

(7.23)

Exercise 7.2 Verification of harmonic oscillator Green’s function.

Take the derivatives of a convolution of the Green’s function eq. (7.18)
to show that it satisfies eq. (7.7).
Answer for Exercise 7.2

Let

q(t) =

∫ ∞

−∞

G(t − t′) j(t′)dt′ = −
1
ω

∫ ∞

−∞

sin(ω(t − t′))Θ(t − t′) j(t′)dt′.

(7.24)

We are free to add any q0(t) that satisfies the homogeneous wave equation
q′′0 (t) + ω2q0(t) = 0 to our assumed convolution solution eq. (7.24), but
that isn’t interesting for this exercise. Since Θ(t − t′) = 0 for t − t′ < 0, or
t′ > t, the convolution can be written as

(7.25)q(t) = −
1
ω

∫ t

−∞

sin(ω(t − t′)) j(t′)dt′,
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which is now in a convenient form to take derivatives. We have contri-
butions from the boundary’s time dependence and from the integrand. In
particular

(7.26)
d
dt

∫ b(t)

a(t)
g(x, t)dx = g(b(t))b′(t) − g(a(t))a′(t) +

∫ b

a

∂

∂t
g(x, t)dx.

Assuming that j(−∞) = 0, this gives

(7.27)

dq(t)
dt

= −
1
ω

sin(ω(t − t′)) j(t′)
∣∣∣
t′=t −

∫ t

−∞

cos(ω(t − t′)) j(t′)dt′

= −

∫ t

−∞

cos(ω(t − t′)) j(t′)dt′.

For the second derivative we have

(7.28)
q′′(t) = −cos(ω(t − t′)) j(t′)

∣∣∣
t′=t + ω

∫ t

−∞

sin(ω(t − t′)) j(t′)dt′

= − j(t) − ω2
∫ t

−∞

− sin(ω(t − t′))
ω

j(t′)dt′,

or
(7.29)q′′(t) = − j(t) − ω2q(t),

which is our forced Harmonic oscillator equation.

7.3 green’s functions for the forced klein-gordon equation .

The problem were were preparing to do was to study the problem of
“particle creation by external classical source”.

We continue with a real scalar field, free, massive, but with an interaction
with a source

(7.30)S int =

∫
d4x j(x)φ(x).

Modern application: think of φ has some SM field and think of j as
due to inflaton (i.e. cosmological inflation interaction) oscillation. In the
inflationary model, the process of “reheating” creates all the matter in the
universe. We won’t be talking about inflation, but will be considering a toy
model that has some similar characteristics to the inflationary theory.

The equation of motion that we end up with is

(7.31)
(
∂µ∂

µ + m2
)
φ = j,

and we wish to solve this using Green’s function techniques.
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Definition 7.1: Klein-Gordon Green’s function.

The QFT conventions for the Klein-Gordon Green’s function is(
∂µ∂

µ + m2
)
G(x − y) = −iδ(4)(x − y).

As usual, we assume that it is possible to find a solution φ by convolution

(7.32)φ(x) = i
∫

d4yG(x − y) j(y).

Check:

(7.33)

(
∂µ∂

µ + m2
)
φ(x) = i

(
∂µ∂

µ + m2
) ∫

d4yG(x − y) j(y)

= i
∫

d4y(−i)δ(4)(x − y) j(y)

= j(x).

Also, as usual, we take out our Fourier transforms, the power tool of
physics, and determine the structure of the Green’s function by inverting
the transform equation

(7.34)G(x − y) =

∫
d4 p

(2π)4 e−ip·(x−y)G̃(p).

Operating with Klein-Gordon gives

(7.35)
(
∂µ∂

µ + m2
)
G(x) =

∫
d4 p

(2π)4

(
(−ipµ)(−ipµ) + m2

)
e−ip·(x−y)G̃(p).

This must equal

(7.36)−iδ(4)(x − y) = −i
∫

d4 p
(2π)4 e−ip·(x−y),

or

(7.37)
(
m2 − pµpµ

)
G̃(p) = −i.

The Green’s function in the momentum domain is

(7.38)G̃(p) =
i

p2 − m2 .
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The inverse transform provides the spatial domain representation of the
Green’s function

(7.39)
G(x) =

∫
d4 p

(2π)4 e−ip·x i
(p0)2 − p2 − m2

=

∫
d3 p

(2π)3 eip·x
∫

dp0

2π
e−ip0 x0 i

(p0 − ωp)(p0 + ωp)
.

In the p0 plane, we have two poles at p0 = ±ωp. There are 4 ways to go
around the poles, the retarded time deformation that we used to derive the
Green’s function for the harmonic oscillator, as sketched in fig. 7.4, the
advanced time deformation sketched in fig. 7.5, and mixed deformations.

Figure 7.4: Retarded time deformations and contours.

Figure 7.5: Advanced time deformation.

We will evaluate the integral using the “Feynman propagator” contour
sketched in fig. 7.6. Why we use the Feynman contour, and not the re-
tarded contour can be justified by how well this works for the perturbation
methods that will be developed later.

Consider each contour in turn.
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Figure 7.6: Feynman propagator deformation path.

Case I. x0 > 0 For this case, we use the lower half plane contour
sketched in fig. 7.7, which vanishes for=(p0) < 0, x0 > 0, where−i(i=(p0)x0) <
0.

Figure 7.7: Feynman propagator contour for t > 0.

Here we pick up just the pole at p0 = ωp, and take a negatively oriented
path

(7.40)

GF =

∫
d3 p

(2π)3 eip·x
∫

dp0

2π
e−ip0 x0 i

(p0 − ωp)(p0 + ωp)

=

∫
d3 p

(2π)3 eip·x(−2πi)

e−ip0 x0

2π
i

p0 + ωp


∣∣∣∣∣∣∣
p0=ωp

=

∫
d3 p

(2π)3 eip·x−2πi
2π

ie−ip0 x0

2ωp

=

∫
d3 p

(2π)3 eip·x e−iωp x0

2ωp
.
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Case II. x0 < 0 For x0 < 0 we use an upper half plane contour with the
same deformation around the poles. This time

(7.41)

GF =

∫
d3 p

(2π)3 eip·x
∫

dp0

2π
e−ip0 x0 i

(p0 − ωp)(p0 + ωp)

=

∫
d3 p

(2π)3 eip·x(+2πi)

e−ip0 x0

2π
i

p0 − ωp


∣∣∣∣∣∣∣
p0=−ωp

=

∫
d3 p

(2π)3 eip·x +2πi
2π

ie−ip0 x0

−2ωp

=

∫
d3 p

(2π)3 eip·x eiωp x0

2ωp
.

We’ve obtained a piecewise representation of the Green’s function, where
the only difference is the sign of the iωpx0 exponential.

We can combine eq. (7.40) eq. (7.41) by using Θ functions

(7.42)
∫

d3 p
(2π)32ωp

eip·x
(
e−iωp x0

Θ(x0) + eiωp x0
Θ(−x0)

)
.

The first integral (without the Θ factor) is the Wightman function

D(x) =

∫
d3 p

(2π)32ωp
e−ip·x

∣∣∣
p0=ωp

. (7.43)

For the second integral, we make a change of variables p→ −p leaving

(7.44)

∫
d3 p

(2π)32ωp
eip·x+iωp x0

→

∫
d3 p

(2π)32ωp
e−ip·x+iωp x0

=

∫
d3 p

(2π)32ωp
e−ip·x

= D(−x),

so

GF(x) = Θ(x0)D(x) + Θ(−x0)D(−x). (7.45)
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7.4 pole shifting.

Recall that the four dimensional form of the Green’s function was

(7.46)DF = i
∫

d4 p
(2π)4 e−ip·x 1

p2 − m2 .

For the Feynman case, the contour that we were taking around the poles
can also be accomplished by shifting the poles strategically, as sketched in
fig. 7.8.

Figure 7.8: Feynman deformation or equivalent shift of the poles.

This shift can be expressed explicit algebraically by introducing an
offset

DF = i
∫

d4 p
(2π)4 e−ip·x 1

p2 −m2 + iε
, (7.47)

which puts the poles at

(7.48)

p0 = ±

√
ω2

p − iε

= ±ωp

1 − iε
ω2

p

1/2

= ±ωp

1 − 1
2

iε
ω2

p


=

 +ωp −
1
2 i ε
ωp

−ωp + 1
2 i ε
ωp
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7.5 matrix element representation of the wightman function .

Recall that the Wightman function eq. (7.43) also had a matrix element
representation

(7.49)D(x) = 〈0| φ(x)φ(0) |0〉 .

This can be shown by expansion.

〈0| φ(x)φ(0) |0〉

= 〈0|
∫

d3 p
(2π)3

1√
2ωp

(
ape−ip·x + a†peip·x

)∣∣∣∣
p0=ωp

∫
d3q

(2π)3

1√
2ωq

(
a†q

+ aq
)
|0〉 .

(7.50)

Since aq |0〉 = 0 = 〈0| a†p, eq. (7.50) reduces to

〈0| φ(x)φ(0) |0〉

= 〈0|
∫

d3 p
(2π)3

d3q
(2π)3

1√
2ωp

1√
2ωq

(
apa†qe−ip·x

)∣∣∣∣
p0=ωp

|0〉

= 〈0|
∫

d3 p
(2π)3

d3q
(2π)3

1√
2ωp

1√
2ωq

((
apa†q +

[
ap, a

†
q
])

e−ip·x
)∣∣∣∣

p0=ωp
|0〉

= 〈0|
∫

d3 p
(2π)3

d3q
(2π)3

1√
2ωp

1√
2ωq

((
(2π)3δ(3)(p − q)

)
e−ip·x

)∣∣∣∣
p0=ωp

=

∫
d3 p

(2π)3

e−ip·x

2ωp

∣∣∣∣∣∣
p0=ωp

.

(7.51)

7.6 retarded green’s function.

Claim: Retarded Green’s function (bumps up contour) can be written

(7.52)DR(x) = θ(x0)(D(x) − D(−x)),
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where D(x) is given by eq. (7.43). Proof: The upper half plane contour
(x0 < 0) is zero since it encloses no poles. For the lower half plane contour
we have

(7.53)

DR(x)|x0 >0 = i
∫

d3 p
(2π)3 eip·x

∫
dp0

2π
e−ip0 x0 i

(p0 − ωp)(p0 + ωp)

= i
∫

d3 p
(2π)3 eip·x (−2πi)

2π

(
e−iωp x0 i

2ωp
+ eiωp x0 i

−2ωp

)
=

∫
d3 p

(2π)3 eip·x 1
2ωp

(
e−iωp x0

− eiωp x0)
= D(x) − D(−x).

What does the field look like in terms of the propagator? Assuming that
φ0 satisfies the homogeneous equation, we have

(7.54)
φ(x) = φ0(x) + i

∫
d4yDR(x − y) j(y)

= φ0(x) + i
∫

d3ydy0Θ(x0 − y0) (D(x − y) − D(y − x)) j(y).

Imagine that we have a windowed source function j(y0, y), as sketched
in fig. 7.9.

Figure 7.9: Finite window impulse response.

φ(x)|x0>tafter
= φ0(x)

+ i
∫

d4y
(∫ d3 p

(2π)32ωp
e−ip·(x−y) j(y) −

∫
d3 p

(2π)32ωp
eip·(x−y) j(y)

)
.

(7.55)

Define

(7.56)j̃(p) =

∫
d4yeip·y j(y),
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which gives

φ(x)|x0 >tafter
= φ0(x) + i

∫
d3 p

(2π)3

1
2ωp

(
e−ip·x j̃(p) − eip·x j̃(−p)

)∣∣∣∣
p0=ωp

.

(7.57)

We will interpret this in the next lecture, and start in on Feynman diagrams.

7.7 review: “particle creation problem”.

We imagined that we have a windowed source function j(y0, y), as sketched
in fig. 7.9, which is acting as a forcing source for the non-homogeneous
Klein-Gordon equation

(7.58)
(
∂µ∂

µ + m2
)
φ = j.

Our solution was

(7.59)φ(x) = φ(x0) + i
∫

d4yDR(x − y) j(y),

where φ(x0) obeys the homogeneous equation, and

(7.60)DR(x − y) = Θ(x0 − y0) (D(x − y) − D(y − x)) ,

and D(x) =
∫ d3 p

(2π)32ωp
e−ip·x

∣∣∣
p0=ωp

is the Wightman function.

For x0 > tafter

(7.61)

φ(x) =

∫
d3 p

(2π)3
√

2ωp

(
e−ip·xap + eip·xa†p

)∣∣∣∣
p0=ωp

+ i
∫

d3 p
(2π)32ωp

(
e−ip·x j̃(p) + eip·x j̃(p0,−p)

)∣∣∣∣
p0=ωp

where we have used j̃∗(p0,p) = j̃(p0,−p). This gives

φ(x) =

∫
d3 p

(2π)3
√

2ωp

e−ip·x

ap + i
j̃(p)√
2ωp

 + eip·x

a†p − i
j̃∗(p)√

2ωp



∣∣∣∣∣∣∣∣∣
p0=ωp

(7.62)

It was left as an exercise to show that given

(7.63)H =

∫
d3 p

(
1
2
π2 +

1
2

(∇φ)2 +
m2

2
φ2

)
,
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we obtain

(7.64)Hafter =

∫
d3 pωp

a†p − i
j̃∗(p)√

2ωp


ap + i

j̃(p)√
2ωp

 .
System in ground state

〈0| Ĥbefore |0〉 = 〈E〉before = 0. (7.65)

(7.66)

〈0| Ĥafter |0〉 = 〈E〉after

=

∫
d3 pωp

j̃∗(p) j̃(p)
2ωp

=
1
2

∫
d3 p

∣∣∣ j̃(p)
∣∣∣2.

We can identify

(7.67)N(p) =

∣∣∣ j̃(p)
∣∣∣2

2ωp
,

as the number density of particles with momentum p.

7.8 digression: coherent states.

Definition 7.2: Coherent state.

A coherent state is an eigenstate of the destruction operator

a |α〉 = α |α〉 .

For the SHO, if we solve for such a coherent state, we find

(7.68)|α〉 = constant ×
∞∑

n=0

αn

n!

(
a†

)n
|0〉 .

If we assume the existence of a coherent state

(7.69)ap

∣∣∣∣∣∣∣∣∣
j̃(p)√
2ωp

〉
=

j̃(p)√
2ωp

∣∣∣∣∣∣∣∣∣
j̃(p)√
2ωp

〉
,
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then the expectation value of the number operator with respect to this state
is the number density identified in eq. (7.67)

〈
j̃(p)√
2ωp

∣∣∣∣∣∣∣∣∣ a†pap

∣∣∣∣∣∣∣∣∣
j̃(p)√
2ωp

〉
=

∣∣∣ j̃(p)
∣∣∣2

2ωp
= N(p). (7.70)

7.9 problems.

Exercise 7.3 Green’s functions, spacelike domain. (2018 Hw2.I)

Here, you’ll study some properties of

D(x) ≡ [φ̂−(x), φ̂+(x)] =

∫
d3 p

(2π)32ωp
e−iωpt+ip·x. (7.71)

a. For m = 0 (“photon”), show that:

(7.72)D(x) = −
1

2π2P
1

t2 − r2 −
i

8π

(
δ(t − r)

r
−
δ(t + r)

r

)
,

where r = ‖x‖. Notice that D(x) is singular on the light cone t = r.
Does it vanish for spacelike separations?
Hint: Please recall that (and why!)

(7.73)
1

a ± iε
= P

1
a
∓ iπδ(a)

(here P denotes “principal value integration”, as this relation is to
be understood in terms of generalized functions, i.e. in the back
of your mind it always needs to be integrated over a with suitable
smooth and integrable “test functions”). Note also that what looks
like a “half-delta-function integral”

∫ ∞
0 dyeixy should really be

understood as limε→0
∫ ∞

0 dye−εy+ixy

b. For m2 > 0, study the behaviour of D(x) for spacelike x and
find the asymptotic behaviour for −x2 � 1/m2 (i.e., at spacelike
separations larger than the particle’s Compton wavelength).

Answer for Exercise 7.3
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Part a. Let’s evaluate the integral in spherical polar coordinates

(7.74)

p = p(sin θ cos φ, sin θ sin φ, cos θ)

x = r(0, 0, 1)

d3 p = p2dp sin θdθdφ

ωp =

√
p2 +��m

2 = ‖p‖ = p.

,

which gives

(7.75)

D(x) =
1

(2π)2

∫ ∞

p=0
dp p2

∫ π

θ=0
−d(cos θ)

1
2p

e−ipt+ipr cos θ

= −
1

8π2

∫ ∞

p=0
dp pe−ipt eipru

ipr

∣∣∣∣∣∣−1

u=cos θ=1

=
i

8π2r

∫ ∞

p=0
dp e−ipt

(
e−ipr − eipr

)
=

i
8π2r

∫ ∞

p=0
dp

(
e−ip(r+t) − eip(r−t)

)
As hinted, this half delta function should be interpreted offset slightly

(7.76)

D(x) =
i

8π2r

∫ ∞

p=0
dp

(
e−ip(r+t)+pε − eip(r−t)−pε

)
=

i
8π2r

(
e−ip(r+t)−pε

−i(r + t) − ε
−

eip(r−t)−pε

i(r − t) − ε

)∣∣∣∣∣∣∞
0

=
i

8π2r

(
1

i(r + t) + ε
+

1
i(r − t) − ε

)
=

1
8π2r

(
1

r + t − ε
+

1
r − t + ε

)
Employing the hint eq. (7.73)1, eq. (7.76) can be cast into delta function
form

(7.77)
D(x) =

1
8π2r

(
P

1
r + t

+ iπδ(r + t) + P
1

r − t
− iπδ(r − t)

)
=

1
8π2r

(
P

2r
r2 − t2 + iπ (δ(r + t) − δ(r − t))

)
,

which, after cosmetic rearrangement, is eq. (7.72).

1 A nice explanation of this second hint can be found in [22] under “Proof of the real
version”.
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Part b. Let’s evaluate D(x) function at spacelike point x = (0, rẑ), and
switch to polar momentum space coordinates

(7.78)p = p(sin θ cos φ, sin θ sin φ, cos θ).

This gives

(7.79)

D(0, rẑ) =
1

(2π)3

∫ ∞

0
dp

∫ 2π

0
dφ

∫ π

0
dθp2 sin θ

eipr cos θ

2
√

p2 + m2

=
1

2(2π)2

∫ ∞

0
dp

p2√
p2 + m2

∫ 1

−1
dueipru

=
1

2(2π)2

∫ ∞

0
dp

p2√
p2 + m2

eipr − e−ipr

ipr

=
−i

2(2π)2r

∫ ∞

0
dp

p√
p2 + m2

eipr

−
−i

2(2π)2r

∫ −∞

0
(−dp′)

(−p′)√
(−p′)2 + m2

eip′r

=
−i

2(2π)2r

∫ ∞

−∞

dp
p√

p2 + m2
eipr,

where a u = cos θ substitution was made, followed by p = −p′ in the
second integral.

This integral can be evaluated with the half dogbone contour sketched
in fig. 7.10. The exponential eipr vanishes on the infinite radial contours
D, E since the real part of ipr is negative in the upper half plane. We are
left with

(7.80)
∫

A
= −

∫
B
−

∫
C
.
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Figure 7.10: Contour for branch at p = im.

That doesn’t look like a particularly helpful transformation at first, but
because we are integrating around the branch cut running from [im, i∞],
the square root differs by an 2πi argument on each side of the cut. Along
contour B that square root is

(p2 + m2)1/2 =
(
eiπ

(
−p2 − m2

))1/2
= eiπ/2

√
−p2 − m2 = i

√
−p2 − m2

(7.81)

and along contour D

(p2 + m2)1/2 =
(
e3iπ

(
−p2 −m2

))1/2
= e3iπ/2

√
−p2 − m2 = −i

√
−p2 − m2.

(7.82)

Specifically

(7.83)

∫
A

= −

∫
B
−

∫
C

=
i

2(2π)2r

∫ im

i∞
dp

p

i
√
−p2 − m2

eipr

+
i

2(2π)2r

∫ i∞

im
dp

p

−i
√
−p2 − m2

eipr

= −
1

(2π)2r

∫ i∞

im
dp

p√
−p2 − m2

eipr.

Changing the integration variable to q ∈ [m,∞] (i.e. p = iq), we have

(7.84)

D(0, rẑ) =
1

(2π)2r

∫ ∞

m
dq

q√
q2 − m2

e−qr

=
1

(2π)2r2

∫ ∞

m
rdq

rq

r
√

q2 − m2
e−qr

=
1

(2π)2r2

∫ ∞

rm
dx

x√
x2 − (rm)2

e−x

=
1

(2π)2r
K1(rm)

∼ r−3/2e−rm.
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where the integral was evaluated with Mathematica, and the asymptotic
approximation is from [1] §9.7.2 (Kν(z) ∼

√
π/2ze−z.) For r � 1/m, this

goes to zero quickly.

Exercise 7.4 Coherent states. (2015 ps1.2)

In a theory of a single harmonic oscillator, define the coherent state |z〉
by

(7.85)|z〉 = Neza† |0〉

where z is a complex number and N is a real positive constant, chosen
such that 〈z|z〉 = 1. Coherent states of the SHO are interesting because
they smoothly interpolate between the classical and quantum worlds: for
large z they become indistinguishable from classical oscillators. (Similarly,
coherent states of photons correspond to electromagnetic waves in the
limit of large numbers of photons). They also give you good practice at
manipulating creation and annihilation operators. As usual, H = ω(p2 +

q2)/2 and the raising and lowering operators a and a†are defined as a =

(q + ip)/
√

2, a† = (q− ip)/
√

2, where the usual momentum P and position
X are P =

√
µωp, X = q/

√
µω.

a. Find N.

b. Compute 〈z′|z〉, and 〈z|H |z〉.

c. Show that |z〉 is an eigenstate of the annihilation operator a and find
its eigenvalue. (Don’t be disturbed by finding non-orthogonal eigen-
states with complex eigenvalues; a is not a Hermitian operator.)

d. The statement that |z〉 is an eigenstate of a with well-known eigen-
value is, in the q-representation, a first-order differential equation
for 〈q|z〉, the position-space wave-function of |z〉. Solve this equa-
tion and find and sketch the wave-function. (Don’t bother with
normalization factors here).

e. Consider the time evolution of the system (work in the Heisenberg
representation). Show that for real z (this just sets the initial condi-
tions) the expectation values of the position and momentum of the
coherent state satisfy

(7.86)〈z| X |z〉 =

√
2
µω

z cosωt
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(7.87)〈z| P |z〉 = −
√

2µωz sinωt

By contrast, what are the expectation values of X and P for an
oscillator in any state of definite excitation number n? Using a
sketch, describe the behavior of the wavepacket as a function of
time.

Answer for Exercise 7.4

Part a. Expanding this definition of |z〉 in power series

(7.88)|z〉 = N
∞∑

k=0

1
k!

(
za†

)k
|k〉

but

a† |0〉 =
√

1 |1〉

(a†)2 |0〉 =
√

2 × 1 |2〉

(a†)3 |0〉 =
√

3 × 2 × 1 |3〉 ,

(7.89)

or

(a†)k =
√

k! |k〉 . (7.90)

This gives

|z〉 = N2
∞∑

k=0

1
√

k!
zk |k〉 , (7.91)

from which the braket can be computed

(7.92)

1 = 〈z|z〉

= N2
∞∑

k,m=0

1
√

k!
(z∗)k 〈k|

1
√

m!
zm |m〉

= N2
∞∑

k=0

1
k!

(z∗z)k

= N2e|z|
2
.

This gives

N = e−|z|
2/2. (7.93)
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Part c.

(7.94)

a |z〉 = aN
∞∑

k=0

1
√

k!
zk |k〉

= N
∞∑

k=1

1
√

k!
zka |k〉

= N
∞∑

k=1

1
√

k!
zk
√

k |k − 1〉

= zN
∞∑

k=1

1√
(k − 1)!

zk−1 |k − 1〉

= z |z〉

Part b.

〈
z
∣∣∣z′〉 = e−|z|

2/2−|z′ |2/2
∞∑

k,m=0

1
√

k!
(z∗)k 〈k|

1
√

m!
z′m |m〉

= exp
(
−|z|2/2 −

∣∣∣z′∣∣∣2/2 + z∗z
)
.

(7.95)

We also want to put the Hamiltonian into its number operator form by
factoring it

H = ω
(
p2 + q2

)
/2

= ω

(
1
2
(q − ip) (q + ip) − i [q, p] /2

)
= ω

(
a†a +

1
2

)
.

(7.96)

Having found that a |z〉 = z |z〉, we also have

(7.97)
〈z| a† = (a |z〉)†

= (z |z〉)†

= 〈z| z∗,

so

(7.98)
〈z|H |z〉 = ω 〈z| a†a +

1
2
|z〉

= ω

(
|z|2 +

1
2

)
.
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Part d.

(7.99)
〈q| a |z〉 =

1
√

2
〈q| q + ip |z〉

=
1
√

2

(
q +

∂

∂q

)
〈q|z〉 ,

with ψ(q) = 〈q|z〉, this is

(7.100)
(
z −

q
√

2

)
ψ =

1
√

2

∂ψ

∂q
,

which separates into

(7.101)
(√

2z − q
)

dq =
dψ
ψ
.

The solution is of the form

(7.102)

ψ ∝ exp
(√

2zq − q2/2
)

= exp
(
−(q2 − 2

√
2zq)/2

)
∝ exp

(
−(q −

√
2z)2/2

)
.

SKETCH: This is a Gaussian, and when z is real is centred at
√

2z.

Part e. Noting that 2q =
√

2
(
a + a†

)
, and 2ip =

√
2
(
a − a†

)

(7.103)

〈z| X |z〉 =
1
√
µω
〈z| q |z〉

=
1√
2µω

〈z| ae−iωt + a†eiωt |z〉

=
1√
2µω

(
ze−iωt + z∗eiωt

)
=

√
2
µω

z cos(ωt).

(7.104)

〈z| P |z〉 =
√
µω 〈z| p |z〉

= i
√
µω

2
〈z| a†eiωt − ae−iωt |z〉

= i
√
µω

2
z
(
eiωt − e−iωt

)
= −

√
2µωz sin(ωt).

SKETCH: particle expectation values trace an ellipse in phase space.
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8.1 feynman’s green’s function .

(8.1)DF(x) = Θ(x0)D(x) + Θ(−x0)D(−x)
= Θ(x0) 〈0| φ(x)φ(0) |0〉 + Θ(x0) 〈0| φ(−x)φ(0) |0〉 .

Utilizing a translation operation U(a) = eiaµPµ , where U(a)φ(y)U†(a) =

φ(y + a), this second operation can be written as

〈0| φ(−x)φ(0) |0〉 = 〈0|U†(a)U(a)φ(−x)U†(a)U(a)φ(0)U†(a)U(a) |0〉
= 〈0|U(a)φ(−x)U†(a)U(a)φ(0)U†(a) |0〉
= 〈0| φ(−x + a)φ(a) |0〉 ,

(8.2)

In particular, with a = x

(8.3)〈0| φ(−x)φ(0) |0〉 = 〈0| φ(0)φ(x) |0〉 ,

so the Feynman’s Green function can be written

(8.4)DF(x) = Θ(x0) 〈0| φ(x)φ(0) |0〉 + Θ(x0) 〈0| φ(x)φ(x) |0〉
= 〈0|

(
Θ(x0)φ(x)φ(0) + Θ(−x0)φ(0)φ(x)

)
|0〉 .

We define

Definition 8.1: Time ordered product.

The time ordered product of two operators is defined as

T (φ(x)φ(y)) =

 φ(x)φ(y) x0 > y0

φ(y)φ(x) x0 < y0
,

or

T (φ(x)φ(y)) = φ(x)φ(y)Θ(x0 − y0) + φ(y)φ(x)Θ(y0 − x0).
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Using this helpful construct, the Feynman’s Green function can now be
written in a very simple fashion

DF(x) = 〈0|T (φ(x)φ(0)) |0〉 . (8.5)

8.2 interacting field theory: perturbation theory in qft.

We perturb the Hamiltonian

(8.6)H = H0 + Hint,

where H0 is the free Hamiltonian and Hint is the interaction term (the
perturbation).

Example:

H0 = S HO =
p2

2
+
ω2q2

2
Hint = λq4.

(8.7)

i.e. the anharmonic oscillator.
In QFT

(8.8)
H0 =

∫
d3x

(
1
2
π2 +

1
2
(∇φ)2

+
m2

2
φ2

)
Hint = λ

∫
d3xφ4.

We will expand the interaction in small λ. Perturbation theory is the
expansion in a small dimensionless coupling constant, such as

• λ in λφ4 theory,

• α = e2/4π ∼ 1
137 in QED, and

• αs in QCD.

8.3 interaction picture, dyson formula.

(8.9)H = H0 + Hint
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Example interaction

(8.10)Hint = λ

∫
d3xφ4.

We know all there is to know about H0 (decoupled SHOs, ...)

(8.11)H0 |0〉 = |0〉 E0
vac

where E0
vac = 0. Assume

(8.12)(H0 + Hint) |Ω〉 = |Ω〉 Evac,

where the ground state energy of the perturbed system is zero when λ = 0.
That is Evac(λ = 0) = 0.

So for

φ(x)|x0 =t0,some fixed value =

∫
d3

(2π)3
√

2ωp

(
e−ip·xap + eip·xa†p

)∣∣∣∣
p0=ωp

.

(8.13)

Let’s call φ(x, t0) the free Schrödinger operator, where φ(x, t0) is evaluated
at a fixed value of t0. At such a point, the Schrödinger and Heisenberg
pictures coincide.

(8.14)
[
φ(x, t0), π(y, t0)

]
= iδ(3)(x − y).

Normally (QM) one defines the Heisenberg operator as

(8.15)OH = eiH(t−t0)OS e−iH(t−t0),

where OH depends on time, and OS is defined at a fixed time t0, usually 0.
From eq. (8.15) we find

(8.16)
dOH

dt
= i [H,OH] .

The equivalent of eq. (8.15) in QFT is very complicated. We’d like to
develop an intermediate picture.

We will define an intermediate picture, called the “interaction represen-
tation”, which is equivalent to the Heisenberg picture with respect to H0.
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Definition 8.2: Interaction picture operator.

φI(t, x) = eiH0(t−t0)φ(t0, x)e−iH0(t−t0).

This is familiar, and is the Heisenberg picture operator that we had in
free QFT

(8.17)φI(t, x) =

∫
d3

(2π)3
√

2ωp

(
e−ip·xap + eip·xa†p

)∣∣∣∣
p0=ωp

,

where x0 = t.
The Heisenberg picture operator is

φH(t, x) = φ(t, x)
= eiH(t−t0)e−iH0(t−t0)

(
eiH0(t−t0)φS (t0, x)e−iH0(t−t0)

)
eiH0(t−t0)e−iH(t−t0)

= eiH(t−t0)e−iH0(t−t0)φI(t, x)e−iH0(t−t0)eiH(t−t0)

(8.18)

or

(8.19)φH(t, x) = U†(t, t0)φI(t0, x)U(t, t0),

where

(8.20)U(t, t0) = eiH0(t−t0)e−iH(t−t0).

We want to apply perturbation techniques to find U(t, t0) which is com-
plicated.

(8.21)
i
∂

∂t
U(t, t0) = ieiH0(t−t0)iH0e−iH(t−t0) + ieiH0(t−t0)e−iH(t−t0)(−iH)

= eiH0(t−t0) (−H0 + H) e−iH(t−t0)

= eiH0(t−t0)Hinte−iH0(t−t0)eiH0(t−t0)e−iH(t−t0),

so we have

i
∂

∂t
U(t, t0) = Hint,I(t)U(t, t0). (8.22)
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For the (Schrödinger) interaction Hint = λ
∫

d3xφ4(x, t0), what we really
mean by Hint,I(t) is

(8.23)Hint,I(t) = λ

∫
d3xφ4

I (x, t).

It will be more convenient to remove the explicit λ factor from the
interaction Hamiltonian, and write instead

(8.24)Hint,I(t) =

∫
d3xφ4

I (x, t),

so the equation to solve is

(8.25)i
∂

∂t
U(t, t0) = λHint,I(t)U(t, t0).

We assume that

(8.26)U(t, t0) = U0(t, t0) + λU1(t, t0) + λ2U2(t, t0) + · · · + λnUn(t, t0).

Plugging into eq. (8.24) we have

iλ0 ∂

∂t
U0(t, t0) + iλ1 ∂

∂t
U1(t, t0) + iλ2 ∂

∂t
U2(t, t0) + · · · + iλn ∂

∂t
Un(t, t0)

= λHint,I(t)
(
1 + λU1(t, t0) + λ2U2(t, t0) + · · · + λnUn(t, t0)

)
,

,

(8.27)

so equating equal powers of λ on each side gives a recurrence relation for
each Uk, k > 0

(8.28)
∂

∂t
Uk(t, t0) = −iHint,I(t)Uk−1(t, t0).

Let’s consider each power in turn.

O(λ0): Solving eq. (8.22) to O(λ0) gives

(8.29)i
∂

∂t
U0(t, t0) = 0,

or

(8.30)U(t, t0) = 1 + O(λ).
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O(λ1):

(8.31)
∂U1(t, t0)

∂t
= −iHint,I(t),

which has solution

(8.32)U1(t, t0) = −i
∫ t

t0
Hint,I(t′)dt′.

O(λ2):

(8.33)

∂U2(t, t0)
∂t

= −iHint,I(t)U1(t, t0)

= (−i)2Hint,I(t)
∫ t

t0
Hint,I(t′)dt′,

which has solution

(8.34)
U2(t, t0) = (−i)2

∫ t

t0
Hint,I(t′′)dt′′

∫ t′′

t0
Hint,I(t′)dt′

= (−i)2
∫ t

t0
dt′′

∫ t′′

t0
dt′Hint,I(t′′)Hint,I(t′).

O(λ3):

(8.35)
∂U3(t, t0)

∂t
= −iHint,I(t)U2(t, t0),

so

U3(t, t0) = −i
∫ t

t0
dt′′′Hint,I(t′′′)U2(t′′′, t0)

= (−i)3
∫ t

t0
dt′′′Hint,I(t′′′)

∫ t′′′

t0
dt′′

∫ t′′

t0
dt′Hint,I(t′′)Hint,I(t′)

= (−i)3
∫ t

t0
dt′′′

∫ t′′′

t0
dt′′

∫ t′′

t0
dt′Hint,I(t′′′)Hint,I(t′′)Hint,I(t′).

(8.36)

Simplifying the integration region. For the two fold integral, the integra-
tion range is the upper triangular region sketched in fig. 8.1.
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Figure 8.1: Upper triangular integration region.

Claim: We can integrate over the entire square, and divide by two,
provided we keep the time ordering

(8.37)U2(t, t0) =
(−i)2

2

∫ t

t0
dt′′

∫ t′′

t0
dt′T (Hint,I(t′′)Hint,I(t′)).

Demonstration:

(8.38)

(−i)2

2

∫ t

t0
dt′′

∫ t

t0
dt′T (HI(t′′)HI(t′))

=
(−i)2

2

∫ t

t0
dt′′

∫ t

t0
dt′Θ(t′′ − t′)HI(t′′)HI(t′)

+
(−i)2

2

∫ t

t0
dt′′

∫ t

t0
dt′Θ(t′ − t′′)HI(t′)HI(t′′),

but the Θ(t′′ − t′) function is non-zero only for t′′ − t′ > 0, or t′ < t′′, and
the Θ(t′ − t′′) function is non-zero only for t′ − t′′ > 0, or t′′ < t′, so we
can adjust the integration ranges for

(8.39)

(−i)2

2

∫ t

t0
dt′′

∫ t

t0
dt′T (HI(t′′)HI(t′))

=
(−i)2

2

∫ t

t0
dt′′

∫ t′′

t0
dt′HI(t′′)HI(t′) +

(−i)2

2

∫ t′

t0
dt′′

∫ t

t0
dt′HI(t′)HI(t′′)

=
(−i)2

2

∫ t

t0
dt′′

∫ t′′

t0
dt′HI(t′′)HI(t′) +

(−i)2

2

∫ t

t0
dt′′

∫ t′′

t0
dt′HI(t′′)HI(t′)

= U2(t, t0),

where we swapped integration variables in second integral. We can clearly
do the same thing for the higher order repeated integrals, but instead of a
1/2 = 1/2! adjustment for the number of orderings, we will require a 1/n!
adjustment for an n-fold integral.
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Summary:

U0 = 1

U1 = −i
∫ t

t0
dt1HI(t1)

U2 =
(−i)2

2

∫ t

t0
dt1

∫ t

t0
dt2T (HI(t1)HI(t2))

U3 =
(−i)3

3!

∫ t

t0
dt1

∫ t

t0
dt2

∫ t

t0
dt3T (HI(t1)HI(t2)HI(t3))

Un =
(−i)n

n!

∫ t

t0
dt1

∫ t

t0
dt2

∫ t

t0
dt3 · · ·

∫ t

t0
dtnT (HI(t1)HI(t2) · · ·HI(tn))

(8.40)

Summing we find

(8.41)
U(t, t0) = T exp

(
−i

∫ t

t0
dt1HI(t′)

)
=

∞∑
n=0

(−i)n

n!

∫ t

t0
dt1 · · · dtnT (HI(t1) · · ·HI(tn)).

This is called Dyson’s formula.

8.4 next time .

Our goal is to compute: 〈Ω|T (φ(x1) · · · φ(xn)) |Ω〉.

8.5 review.

Given a field φ(t0, x), satisfying the commutation relations

(8.42)
[
π(t0, x), φ(t0, y)

]
= −iδ(3)(x − y),

we introduced an interaction picture field given by

(8.43)φI(t, x) = eiH0(t−t0)φ(t0, x)e−iH0(t−t0),

related to the Heisenberg picture representation by

(8.44)φH(t, x) = eiH(t−t0)φ(t0, x)e−iH(t−t0)

= U†(t, t0)φI(t, x)U(t, t0),
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where U(t, t0) is the time evolution operator.

(8.45)U(t, t0) = eiH0(t−t0)e−iH(t−t0)

We argued that

(8.46)i
∂

∂t
U(t, t0) = HI,int(t)U(t, t0),

and found the “glorious expression”

U(t, t0) = T exp
(
−i

∫ t

t0
HI,int(t′)dt′

)
=

∞∑
n=0

(−i)n

n!

∫ t

t0
dt1dt2 · · · dtnT (HI,int(t1)HI,int(t2) · · ·HI,int(tn)) .

(8.47)

However, what we are really after is

(8.48)〈Ω|T (φ(x1) · · · φ(xn)) |Ω〉 .

Such a product has many labels and names, and we’ll describe it as “vac-
uum expectation values of time-ordered products of arbitrary #s of local
Heisenberg operators”.

8.6 perturbation.

Following §4.2, [19].

(8.49)
H = exact Hamiltonian = H0 + Hint

H0 = free Hamiltonian.

We know all about H0 and assume that it has a lowest (ground state) |0〉,
the “vacuum” state of H0.

H has eigenstates, in particular H is assumed to have a unique ground
state |Ω〉 satisfying

(8.50)H |Ω〉 = |Ω〉 E0,
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and has states |n〉, representing excited (non-vacuum states with energies >

E0). These states are assumed to be a complete basis

(8.51)1 = |Ω〉 〈Ω| +
∑

n

|n〉 〈n| +
∫

dn |n〉 〈n| .

The latter terms may be written with a superimposed sum-integral notation
as

(8.52)
∑

n

+

∫
dn =

∑∫
n

,

so the identity operator takes the more compact form

(8.53)1 = |Ω〉 〈Ω| +
∑∫

n

|n〉 〈n| .

For some time T we have

(8.54)e−iHT |0〉 = e−iHT

|Ω〉 〈Ω|0〉 + ∑∫
n

|n〉 〈n|0〉

 .
We now wish to argue that the

∑∫
n

term can be ignored.

Argument 1: This is something of a fast one, but one can consider a
formal transformation T → T (1 − iε), where ε → 0+, and consider very
large T . This gives

lim
T →∞,ε→0+

e−iHT (1−iε) |0〉

= lim
T→∞,ε→0+

e−iHT (1−iε)

|Ω〉 〈Ω|0〉 + ∑∫
n

|n〉 〈n|0〉


= lim

T→∞,ε→0+
e−iE0T−E0εT |Ω〉 〈Ω|0〉 +

∑∫
n

e−iEnT−εEnT |n〉 〈n|0〉

= lim
T→∞,ε→0+

e−iE0T−E0εT

|Ω〉 〈Ω|0〉+∑∫
n

e−i(En−E0)T−εT (En−E0) |n〉 〈n|0〉

 .
(8.55)

The limits are evaluated by first taking T to infinity, then only after that
take ε → 0+. Doing this, the sum is dominated by the ground state contri-
bution, since each excited state also has a e−εT (En−E0) suppression factor
(in addition to the leading suppression factor).
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Argument 2: With the hand waving required for the argument above, it’s
worth pointing other (less formal) ways to arrive at the same result. We
can write

(8.56)
∑∫
|n〉 〈n| →

∑
k

∫
d3 p

(2π)3 |p, k〉 〈p, k| ,

where k is some unknown quantity that we are summing over. If we have

(8.57)H |p, k〉 = Ep,k |p, k〉 ,

then

(8.58)e−iHT
∑∫
|n〉 〈n| =

∑
k

∫
d3 p

(2π)3 |p, k〉 e
−iEp,k 〈p, k| .

If we take matrix elements

(8.59)
〈A| e−iHT

∑∫
|n〉 〈n| |B〉 =

∑
k

∫
d3 p

(2π)3 〈A|p, k〉 e
−iEp,k 〈p, k|B〉

=
∑

k

∫
d3 p

(2π)3 e−iEp,k f (p).

If we assume that f (p) is a well behaved smooth function, we have “infinite”
frequency oscillation within the envelope provided by the amplitude of
that function, as depicted in fig. 8.2. The Riemann-Lebesgue lemma [24]
describes such integrals, the result of which is that such an integral goes
to zero. This is a different sort of hand waving argument, but either way,
we can argue that only the ground state contributes to the sum eq. (8.54)
above.

Ground state of the perturbed Hamiltonian. With the excited states
ignored, we are left with

(8.60)e−iHT |0〉 = e−iE0T |Ω〉 〈Ω|0〉 ,

in the T → ∞(1 − iε) limit. We can now write the ground state as

(8.61)
|Ω〉 =

eiE0T−iHT |0〉
〈Ω|0〉

∣∣∣∣∣∣
T→∞(1−iε)

=
e−iHT |0〉

e−iE0T 〈Ω|0〉

∣∣∣∣∣∣
T→∞(1−iε)

.
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Figure 8.2: High frequency oscillations within envelope of well behaved func-
tion.

Shifting the very large T → T + t0 shouldn’t change things, so

(8.62)|Ω〉 =
e−iH(T+t0) |0〉

e−iE0(T+t0) 〈Ω|0〉

∣∣∣∣∣∣
T→∞(1−iε)

.

A bit of manipulation shows that the operator in the numerator has the
structure of a time evolution operator.

Claim: (DIY): Equation (8.45), eq. (8.47) may be generalized to

U(t, t′) = eiH0(t−t0)e−iH(t−t′)e−iH0(t′−t0) = T exp
(
−i

∫ t

t′
HI,int(t′′)dt′′

)
.

(8.63)

Observe that we recover eq. (8.47) when t′ = t0. Using eq. (8.63) we find

(8.64)
U(t0,−T ) |0〉 = eiH0(t0−t0)e−iH(t0+T )e−iH0(−T−t0) |0〉

= e−iH(t0+T )e−iH0(−T−t0) |0〉
= e−iH(t0+T ) |0〉 ,

where we use the fact that eiH0τ |0〉 = (1 + iH0τ + · · ·) |0〉 = 1 |0〉 , since
H0 |0〉 = 0.

We are left with

|Ω〉 =
U(t0,−T ) |0〉

e−iE0(t0−(−T )) 〈Ω|0〉
. (8.65)

We are close to where we want to be. Wednesday we finish off, and then
start scattering and Feynman diagrams.
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8.7 review.

We developed the interaction picture representation, which is really the
Heisenberg picture with respect to H0.

Recall that we found

U(t, t′) = eiH0(t−t0)e−iH(t−t′)e−iH0(t′−t0), (8.66)

with solution

(8.67)U(t, t′) = T exp
(
−i

∫ t

t′
HI,int(t′′)dt′′

)
,

(8.68)

U(t, t′)† = T exp
(
i
∫ t

t′
HI,int(t′′)dt′′

)
= T exp

−i
∫ t′

t
HI,int(t′′)dt′′


= U(t′, t),

and can use this to calculate the time evolution of a field

(8.69)φ(x, t) = U†(t, t0)φI(x, t)U(t, t0)

and found the ground state ket for H was

(8.70)|Ω〉 =
U(t0,−T ) |0〉

e−iE0(T−t0) 〈Ω|0〉

∣∣∣∣∣
T→∞(1−iε)

.

Question: What’s the point of this, since it is self referential?

Answer: We will see, and also see that it goes away. Alternatively, you
can write it as

|Ω〉 〈Ω|0〉 =
U(t0,−T ) |0〉

e−iE0(T−t0)

∣∣∣∣∣
T→∞(1−iε)

.

We can also show that

(8.71)〈Ω| =
〈0|U(T, t0)

e−iE0(T−t0) 〈0|Ω〉

∣∣∣∣∣
T→∞(1−iε)

.

Our goal is still to calculate

(8.72)〈Ω|T (φ(x)φ(y)) |Ω〉 .
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Claim: the “LSZ” theorem (a neat way of writing this) relates this to S
matrix elements.

Assuming x0 > y0

(8.73)〈Ω| φ(x)φ(y) |Ω〉

=
〈0|U(T, t0)U†(x0, t0)φI(x)U(x0, t0)U†(y0, t0)φI(y)U(y0, t0)U(t0,−T ) |0〉

e−i2E0T |〈0|Ω〉|2
.

Normalize 〈Ω|Ω〉 = 1, gives

(8.74)
1 =
〈0|U(T, t0)U(t0,−T ) |0〉

e−i2E0T |〈0|Ω〉|2

=
〈0|U(T,−T ) |0〉

e−i2E0T |〈0|Ω〉|2
,

so that

(8.75)〈Ω| φ(x)φ(y) |Ω〉

=
〈0|U(T, t0)U†(x0, t0)φI(x)U(x0, t0)U†(y0, t0)φI(y)U(y0, t0)U(t0,−T ) |0〉

〈0|U(T,−T ) |0〉
.

For t1 > t2 > t3

(8.76)

U(t1, t2)U(t2, t3) = Te−i
∫ t1

t2
HI Te−i

∫ t2
t3

HI

= T
(
e−i

∫ t1
t2

HI e−i
∫ t2

t3
HI

)
= T (e−i

∫ t1
t3

HI ),

with an end result of

(8.77)U(t1, t2)U(t2, t3) = U(t1, t3).

(DIY: work through the details – this is a problem in [19])
This gives

(8.78)〈Ω| φ(x)φ(y) |Ω〉 =
〈0|U(T, x0)φI(x)U(x0, y0)φI(y)U(y0,−T ) |0〉

〈0|U(T,−T ) |0〉
.

If y0 > x0 we have the same result, but the y’s will come first.
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Claim:

(8.79)〈Ω| φ(x)φ(y) |Ω〉 =

〈0|T
(
φI(x)φI(y)e−i

∫ T
−T HI,int(t

′)dt′
)
|0〉

〈0|T (e−i
∫ T
−T HI,int(t

′)dt′) |0〉
.

More generally

〈Ω| φI(x1) · · · φI(xn) |Ω〉 =

〈0|T
(
φI(x1) · · · φI(xn)e−i

∫ T
−T HI,int(t

′)dt′
)
|0〉

〈0|T (e−i
∫ T
−T HI,int(t

′)dt′) |0〉
.

(8.80)

This is the holy grail of perturbation theory.
In QFT II you will see this written in a path integral representation

(8.81)〈Ω| φI(x1) · · · φI(xn) |Ω〉 =

∫
[Dφ]φ(x1)φ(x2) · · · φ(xn)e−iS [φ]∫

[Dφ]e−iS [φ]
.

8.8 unpacking it.

(8.82)

∫ T

−T
HI,int(t) =

∫ T

−T

∫
d3x

λ

4
(φI(x, t))4

=

∫
d4x

λ

4
(φI)4 ,

so we have

(8.83)
〈0|T

(
φI(x1) · · · φI(xn)e−i λ4

∫
d4 xφ4

I (x)
)
|0〉

〈0|Te−i λ4
∫

d4 xφ4
I (x) |0〉

.

The numerator expands as

(8.84)

〈0|T (φI(x1) · · · φI(xn)) |0〉

− i
λ

4

∫
d4x 〈0|T

(
φI(x1) · · · φI(xn)φ4

I (x)
)

+
1
2

(
−i
λ

4

)2 ∫
d4xd4y 〈0|T

(
φI(x1) · · · φI(xn)φ4

I (x)φ4
I (y)

)
|0〉+ · · ·

so we see that the problem ends up being the calculation of time ordered
products.
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8.9 calculating perturbation.

Let’s simplify notation, dropping interaction picture suffixes, writing
φ(xi) = φi.

Let’s calculate 〈0|T (φ1 · · · φn) |0〉. For n = 2 we have

(8.85)〈0|T (φ1 · · · φn) |0〉 = DF(x1 − x2)
≡ DF(1 − 2).

8.10 wick contractions.

Here’s a double dose of short hand, first an abbreviation for the Feynman
propagator

(8.86)DF(1 − 2) ≡ DF(x1, x2),

and second

(8.87)φiφ j = DF(i − j),

which is called a contraction.
Contractions allow time ordered products to be written in a compact

form

Theorem 8.1: Wick’s theorem (stub).

The rough idea (from the example below) is that the time ordering of
the fields has all the combinations of the pairwise contractions and
normal ordered fields.

See exercise 8.2 (Hw4) for full details.

Illustrating by example for the time ordering of n = 4 fields, we have

T (φ1φ2φ3φ4) = :φ1φ2φ3φ4: + φ1φ2:φ3φ4: + φ1φ3:φ2φ4:

+ φ1φ4:φ2φ3: + φ2φ3:φ1φ4: + φ2φ4:φ1φ3:

+ φ3φ4:φ1φ2: + φ1φ2φ3φ4 + φ1φ3φ2φ4 + φ1φ4φ2φ3.

(8.88)
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Theorem 8.2: Corollary: Wick’s, Vacuum expectation.

For n even

〈0|T (φ1φ2 · · · φn) |0〉 = φ1φ2φ3φ4φ5φ6 · · · φn−1φn + all other terms.

For n odd, this vanishes.

8.11 simplest feynman diagrams.

For n = 4 we have

(8.89)〈0|T (φ1φ2φ3φ4) |0〉 = φ1φ2φ3φ4 + φ1φ3φ2φ4 + φ1φ4φ2φ3,

the set of Wick contractions can be written pictorially fig. 8.3, and are
called Feynman diagrams

Figure 8.3: Simplest Feynman diagrams.

These are the very simplest Feynman diagrams.

8.12 φ4 interaction.

Introducing another shorthand, we will use an expectation like notation to
designate the matrix element for the vacuum state

(8.90)〈blah〉 = 〈0| blah |0〉 .

For the φ4 theory, this allows us to write the numerator of the perturbed
ground state interaction as

(8.91)
〈Ω| φ(x)φ(y) |Ω〉 ∼ 〈0|T

(
φI(x)φI(y)e−i

∫ T
−T HI,int(t

′)dt′
)
|0〉

=
〈
φI(x)φI(y)e−i

∫
d4zφ4(z)

〉
.



214 perturbation theory.

To first order, this is

(8.92)
〈
Tφxφy

〉
− i

λ

4

∫
d4z

〈
Tφxφyφzφzφzφz

〉
,

The first braket has the pictorial representation sketched in fig. 8.4. whereas

Figure 8.4: First integral diagram.

the second has the diagrams sketched in fig. 8.5.

(a) (b)

Figure 8.5: Second integral diagrams.

We can depict the entire second integral in diagrams as sketched in
fig. 8.6.

Figure 8.6: Integrals as diagrams.
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Solving for the perturbed ground state can now be thought of as reduced
to drawing pictures. Each line from x→ x′ represents a propagator DF(x−
x′), and each vertex −iλ

∫
d4z × symmetry coefficients.1

We may also translate back from the diagrams to an algebraic represen-
tation. For the first order φ4 interaction, that is

(8.93)
〈
Tφxφy

〉
−

iλ
4

∫
d4zDF(x − y)D2

F(z − z) + DF(x − z)DF(y − z).

Other diagrams can be similarly translated. For example fig. 8.7. repre-

Figure 8.7: Figure eight diagram.

sents

(8.94)
∫

d4zD2
F(z − z) = V3T

(∫
d4 p

(2π)4

1
p2 − m2 + iε

)2

.

Clearly, additional interpretation will be required, since this diverges.
The resolution of this unfortunately has to be deferred to QFT II, where
renormalization is covered.

8.13 tree level diagrams.

We would like to only discuss tree level diagrams, which exclude diagrams
like fig. 8.8 2.

For the braket 3

(8.95)
〈∫

d4zφ1φ2φ3φ4φzφzφzφz

〉
we draw diagrams like those of fig. 8.9, the first of which is a tree level
diagram.

1 Symmetry coefficients weren’t discussed until the next lecture. This means making combi-
natorial arguments to count the number of equivalent diagrams.

2 I think this is what is referred to as connected, amputated graphs in the next lecture. Such
diagrams are the ones of interest for scattering and decay problems.

3 I’d written:
〈∫

φ1φ2φ3φ4λ
∫

d4zφzφzφzφz
〉
. Is this two fold integral what was intended, or

my correction in eq. (8.95)?
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Figure 8.8: Not a tree level diagram.

Figure 8.9: First order interaction diagrams.

8.14 problems.

Exercise 8.1 Hamiltonian with forcing term.

Prove eq. (7.64).
Answer for Exercise 8.1

In class we derived the field for the non-homogeneous Klein-Gordon
equation

φ(x) =

∫
d3 p

(2π)3

1√
2ωp

e−ip·x

ap +
i j̃(p)√

2ωp

 + eip·x

a†p − i j̃∗(p)√
2ωp



∣∣∣∣∣∣∣∣∣
p0=ωp

=

∫
d3 p

(2π)3

1√
2ωp

e−iωpt+ip·x

ap +
i j̃(p)√

2ωp


+ eiωpt−ip·x

a†p − i j̃∗(p)√
2ωp


 .

(8.96)
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This means that we have

π = φ̇ =

∫
d3 p

(2π)3

iωp√
2ωp

−e−iωpt+ip·x

ap +
i j̃(p)√

2ωp

 + eiωpt−ip·x

a†p − i j̃∗(p)√
2ωp




(∇φ)k = =

∫
d3 p

(2π)3

ipk√
2ωp

e−iωpt+ip·x

ap +
i j̃(p)√

2ωp

 − eiωpt−ip·x

a†p − i j̃∗(p)√
2ωp


 ,

(8.97)

and could plug these into the Hamiltonian

(8.98)H =

∫
d3 p

(
1
2
π2 +

1
2

(∇φ)2 +
m2

2
φ2

)
,

to find H in terms of j̃ and a†p, ap. The result was mentioned in class, and
it was left as an exercise to verify.

There’s an easy way and a dumb way to do this exercise. I did it the
dumb way, and then after suffering through two long pages, where the
equations were so long that I had to write on the paper sideways, I realized
the way I should have done it.

The easy way is to observe that we’ve already done exactly this for the
case j̃ = 0, which had the answer

(8.99)H =
1
2

∫
d3 p

(2π)3ωp
(
a†pap + apa†p

)
.

To handle this more general case, all we have to do is apply a transforma-
tion

(8.100)ap → ap +
i j̃(p)√

2ωp

,
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to eq. (8.99), which gives

(8.101)

H =
1
2

∫
d3 p

(2π)3ωp


ap +

i j̃(p)√
2ωp


† ap +

i j̃(p)√
2ωp


+

ap +
i j̃(p)√

2ωp


ap +

i j̃(p)√
2ωp


†


=
1
2

∫
d3 p

(2π)3ωp


a†p − i j̃∗(p)√

2ωp


ap +

i j̃(p)√
2ωp


+

ap +
i j̃(p)√

2ωp


a†p − i j̃∗(p)√

2ωp


 .

Like the j̃ = 0 case, we can use normal ordering. This is easily seen by
direct expansion:a†p − i j̃∗(p)√

2ωp


ap +

i j̃(p)√
2ωp

 = a†pap −
i j̃∗(p)ap√

2ωp

+
a†pi j̃∗(p)√

2ωp

+

∣∣∣ j̃∣∣∣2
2ωpap +

i j̃(p)√
2ωp


a†p − i j̃∗(p)√

2ωp

 = a†pap +
i j̃∗(p)a†p√

2ωp

−
api j̃∗(p)√

2ωp

+

∣∣∣ j̃∣∣∣2
2ωp

.

(8.102)

Because j̃ is just a complex valued function, it commutes with ap, a
†
p, and

these are equal up to the normal ordering, allowing us to write

: H :=
∫

d3 p
(2π)3ωp

a†p − i j̃∗(p)√
2ωp


ap +

i j̃(p)√
2ωp

 , (8.103)

which is the result mentioned in class (albeit without the explicit normal
ordering syntax.)

Exercise 8.2 The Wick theorem(s). (2018 Hw4.I)

The mother of all Wick theorem(s): Let A1, A2, ... and B denote a set
of either creation or annihilation operators. In other words, Ai = aki or a†ki
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(as well as B; B is just like one of the A’s, but we’ll use the letter B to
denote an operator which is singled out, as it is needed in the proof). Next,
define a contraction AiAk as follows:

O1AiO2Ak = O1O2AiAk , (8.104)

where O1, O2 are arbitrary strings of operators. The above equation signi-
fies the fact that the “contraction" is a c-number, i.e. commutes with all
operators. It is defined as follows:

AiA j =


0, if Ai = aki , A j = ak j or Ai = a†ki

, A j = a†k j

0, if Ai = a†ki
and A j = ak j

(2π)3δ(3)(ki − k j), if Ai = aki and A j = a†k j

(8.105)

Put in words, the contraction vanishes if both A’s are creation (or both are
annihilation operators), as indicated in the first line in eq. (8.105). The
contraction is also zero if the operator to the right is an annihilation one,
as per the second line in eq. (8.105). Finally, the contraction is equal to the
commutator of aki with a†k j

in the case when the creation operator is to the
left of the annihilation operator.

Finally, we use : A . . . B : to denote the expression where all annihila-
tion operators appear to the right of all creation operators, i.e. the usual
normal ordered expression. Then, Wick’s theorem—as used in many body
physics—is formulated as follows:

(8.106)

A1 . . . An = :A1 . . . An:

+ :A1A2A3 . . . An: + . . . + :A1 . . . An−1An: + :A1 . . . An:

+ :A1A2A3A4 . . . An: + . . . .

The first line contains the normal-ordered product of all operators without
contractions, the second line—all possible terms with one contraction (not
involving only A1 of course, but all single-contraction terms, which would
be painful to indicate), the third line has all possible two-contraction terms,
etc.

Now, you will prove eq. (8.106) in steps.

a. Prove the following Lemma:

: A1A2 . . . An : B =: A1A2 . . . AnB : +
∑

1≤k≤n

: A1 . . . Ak . . . AnB :
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(8.107)

Argue that if B is an annihilation operator, the Lemma is trivial.
Thus, consider B to be a creation operator. Notice that if any of
the A1,...,n are creation operators, they can be taken to the left of
the normal products in eq. (8.107) (because all their contractions
with B are zero). Thus, if the eq. (8.107) is proven for arbitrary n
for the case when all Ai’s are annihilation operators, the general
case is obtained by multiplying on the left with the desired number
of creation operators. Thus, it suffices to prove the Lemma for the
case when all Ai’s are annihilation operators. Also notice Thus,
after proving the Lemma for n = 1, use induction to show that it
holds for any n. Assuming it holds for some number n, go to the
case n + 1 by multiplying eq. (8.107) by some annihilation operator
A0 on the left and show that the Lemma holds for n + 1 operators.
By the chain of logic described above, you have proven eq. (8.107).
Notice also that the lemma eq. (8.107) holds also if the product

: A1A2 . . . An :

is replaced by

(8.108):A1A2 . . . Ap . . . An:,

i.e. with the product of operators with an arbitrary number of
contractions (one, as written above), with a trivial modification
of the last term (since, obviously, you can not contract B with
contractions).

b. Now prove the actual Wick theorem eq. (8.106). Assuming that it
holds for n = 2. Imagine that eq. (8.106) holds for n operators and
prove that it holds for n + 1, using eq. (8.107).

c. An intermediate step: Let now Ai and B be operators expressed
as some linear combinations of creation and annihilation operators.
In particular the subscripts i may now indicate spatial dependence,
rather than momentum eigenvalues. Now, define the contraction as
follows:

AiA j = 〈0|AiA j|0〉 , (8.109)

where |0〉 is the Fock vacuum. Notice that eq. (8.109) is equivalent
to eq. (8.105) when Ai’s are either creation or annihilation operators.
Argue that eq. (8.106) holds verbatim.
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d. The time-ordered Wick theorem: Use the above Wick theorem
to prove the time-ordered version. Notice that, despite appearances,
there is not much left to do. Now, we have space-time rather than
momentum space arguments and the theorem is now formulated as
follows:

T (A1 . . . An) =: A1 . . . An :

+ : A1A2A3 . . . An : + . . .+ : A1 . . . An−1An : + : A1 . . . An :

+ : A1A2A3A4 . . . An : + . . . ,

(8.110)

with the difference that Ai are fields (we are considering real scalar
fields), 1 . . . n denote space-time points, and the contraction is now
the Feynman propagator, e.g. DF(x1 − x2), etc.
Notice that to prove (8.110) one can consider a particular time
ordering. Then the T product becomes the normal product of opera-
tors (as they are assumed ordered). The space-time dependence can
be taken out by Fourier transform which multiplies every term. Ev-
ery operator is a sum of creation and annihilation operators. Their
commutators are exactly the ones giving rise to the contraction
in eq. (8.105), on one hand, and to the function D(xi − x j) after
Fourier transform, on the other (recall that this function appears in
the Feynman propagator). Convince yourselves, using eq. (8.109),
that this proves the theorem.

e. For extra bonus, generalize all theorems above to anti commuting
fields.

Answer for Exercise 8.2

Part a. The normal ordered sequence :A1A2 . . . An:B has the form

(8.111)a†k1
. . . a†kr

akr+1 . . . akn B

so if B = akn+1 is an anhillation operator the result is already normal
ordered. Since the Wick contraction with such a B is zero for all Ai, that is

(8.112)

a†k1
. . . a†kr

akr+1 . . . aknakn+1 = 0

a†k1
a†k2

. . . a†kr
akr+1 . . . aknakn+1 = 0

...

a†k1
. . . a†kr

akr+1 . . . aknakn+1 = 0,

.
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Summarizing, we see that for anhillation operators B we have

(8.113):A1A2 . . . An:B = :A1A2 . . . AnB:,

and

(8.114)
∑

1 ≤k≤n

:A1 . . . Ak . . . AnB: = 0,

so eq. (8.107) is valid for any anhillation operator B.
For creation operators B, we can cast the commutation relations into

Wick form

(8.115)
ama†k = a†kam + (2π)3δ(3)(k − m)

= a†kam + ama†k ,

and use this iteratively to percolate B = a†n+1 through :A1A2 . . . An:. That is

:A1A2 . . . An:B = a†k1
. . . a†kr

akr+1 . . . akna†kn+1

= a†k1
. . . a†kr

akr+1 . . . akn−1

(
a†kn+1

akn + akna†kn+1

)
= a†k1

. . . a†kr
akr+1 . . . akn−1a†kn+1

akn + a†k1
. . . a†kr

akr+1akna†kn+1

= a†k1
. . . a†kr

akr+1 . . . akn−2

(
a†kn+1

akn−1 + akn−1a†kn+1

)
akn

+ a†k1
. . . a†kr

akr+1akna†kn+1

= a†k1
. . . a†kr

akr+1 . . . akn−2a†kn+1
akn−1akn

+ a†k1
. . . a†kr

akr+1 . . . akn−2akn−1a†kn+1
akn

+ a†k1
. . . a†kr

akr+1akna†kn+1
.

(8.116)

We can continue like this until a†kn+1
has percolated all the way through the

anhillation operators

(8.117)

:A1A2 . . . An:B = a†k1
. . . a†kr

akr+1a†kn+1
. . . akn−1akn + · · ·

+ a†k1
. . . a†kr

akr+1 . . . akn−2akn−1a†kn+1
akn

+ a†k1
. . . a†kr

akr+1 . . . akna†kn+1
.
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By the Wick operator definition, this may be rewritten with the a†kn+1
at the

end, that is

(8.118)

:A1A2 . . . An:B = a†k1
. . . a†kr

akr+1 . . . akn−1akna†kn+1
+ · · ·

+ a†k1
. . . a†kr

akr+1 . . . akn−2akn−1akna†kn+1

+ a†k1
. . . a†kr

akr+1 . . . akna†kn+1
.

Since a†ki
a†kn+1

= 0 we may add in contractions with all the creation opera-
tors. Doing that completes the proof of eq. (8.107).

For a contraction such as that of eq. (8.108) we need only modify the
trailing sum of contractions. That is

:A1A2 . . . Ap . . . An:B

= :A1A2 . . . Ap . . . AnB: +
∑

1≥k,k<{2,p},k≤n

: A1A2 . . . Ak . . . Ap . . . An : B.

(8.119)

This will clearly also be the case if the operator sequence :A1 . . . An: in-
cludes any number of other contractions.

Part b. Let’s start in a more pedestrian fashion than diving straight into
the induction, considering the first few values of n explicitly.

• n = 2. We’d like to expand AB, say, in terms of contractions. Because
A = :A:, that is

(8.120)AB = :A:B

= :AB: + AB,

by eq. (8.107). This proves eq. (8.106) for the n = 2 case.

• n = 3. Let’s now expand ABC

(8.121)ABC = (AB)C

=

(
:AB: + AB

)
C.
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We are now able to apply eq. (8.107) to :AB:C, to find

(8.122)
ABC =

(
:AB: + AB

)
C

= :ABC: + :ABC: + :ABC: + (AB)C

= :ABC: + :ABC: + :ABC: + :ABC:,

where we also made use of :AB:C = :ABC:. This proves eq. (8.106)
for the n = 3 case.

• n = 4. This time we have

(8.123)

ABCD = (ABC)D

=

(
:ABC: + :ABC: + :ABC: + :ABC:

)
D

= :ABCD: + :ABCD: + :ABCD: + :ABCD:

+ :ABCD: + :ABCD: + :ABCD:.

This time we have the normal ordering of all the operators, of all
the operators with one set of contractions and of all the operators
with two sets of contractions (although in that last case, the normal
ordering is redundant.)



8.14 problems. 225

• n + 1. The way to proceed is now clear, but is just hard to write.

A1 . . . AnAn+1 = (A1 . . . An)An+1

=

(
:A1 . . . An:

+ :A1A2A3 . . . An: + . . . + :A1 . . . An−1An: + :A1 . . . An:

+ :A1A2A3A4 . . . An: + . . .
)
An+1

= :A1 . . . AnAn+1: +
∑

k,n+1

:A1 . . . Ak . . . AnAn+1:

+ :A1A2A3 . . . AnAn+1: +
∑

k<{1,2,n+1}

:A1A2 . . . Ak . . . AnAn+1: + · · ·

+ :A1A2A3A4 . . . AnAn+1:

+
∑

k<{1,2,3,4,n+1}

:A1A2A3A4 . . . Ak . . . AnAn+1: + · · ·

(8.124)

Reading between the dots, we see that this is the sum of all possible
normal-ordered contractions, completing the proof of eq. (8.106)4.

Part c. Let’s first show that our new contraction definition eq. (8.109) is
equivalent to eq. (8.105) when the operators are creation and anhillation
operators. It’s easy to see that all the zero cases from eq. (8.105) are
recovered from this new definition

(8.125)

a†pa†q = 〈0| a†pa†q |0〉 = 0

a†paq = 〈0| a†paq |0〉 = 0

apaq = 〈0| apaq |0〉 = 0,

The only non-zero case is

(8.126)apa†q = 〈0| apa†q |0〉 〈0|
(
a†qap + (2π)3δ(3)(p − q)

)
|0〉

= (2π)3δ(3)(p − q),

4 While this barrage of visually discordant contractions can be thought of as a proof of
the result, I find the concrete example of the n = 4 case much more satisfying as a
“proof”, despite not being general. There the idea is clear, even without the formalism of
an inductive proof.
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which also matches eq. (8.105) as desired, showing that eq. (8.109) pro-
vides a nice compact representation of the contraction operator for any
pair of creation and anhillation operators.

Now let’s consider a pair of time dependent linear combinations of
creation and anhillation operators. Let

(8.127)

Ai =

∫
d3 p

(2π)3
√

2ωp

(
eip·xa†p + e−ip·xap

)
A j =

∫
d3q

(2π)3
√

2ωq

(
eiq·ya†q + e−iq·yaq

)
.

For such a combination let’s show that eq. (8.106) still applies.

AiA j =

∫
d3 pd3q

(2π)6
√

2ωp2ωq

(
eip·xa†p + e−ip·xap

) (
eiq·ya†q + e−iq·yaq

)
=

∫
d3 pd3q

(2π)6
√

2ωp2ωq

(
eip·xeiq·ya†pa†q + e−ip·xeiq·yapa†q

+ eip·xe−iq·ya†paq + e−ip·xe−iq·yapaq
)

=

∫
d3 pd3q

(2π)6
√

2ωp2ωq

(
eip·xeiq·ya†pa†q

+ e−ip·xeiq·y
(
a†qap + (2π)3δ(3)(p − q)

)
+ eip·xe−iq·ya†paq

+ e−ip·xe−iq·yapaq
)

= :AiA j: +

∫
d3 pd3q

(2π)6
√

2ωp2ωq

e−ip·xeiq·y(2π)3δ(3)(p − q).

(8.128)
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However,

AiA j = 〈0|
∫

d3 pd3q

(2π)6
√

2ωp2ωq

(
eip·xa†p + e−ip·xap

) (
eiq·ya†q + e−iq·yaq

)
|0〉

= 〈0|
∫

d3 pd3q

(2π)6
√

2ωp2ωq

e−ip·xeiq·yapa†q |0〉

= 〈0|
∫

d3 pd3q

(2π)6
√

2ωp2ωq

e−ip·xeiq·y
(
a†qap + (2π)3δ(3)(p − q)

)
|0〉

=

∫
d3 pd3q

(2π)6
√

2ωp2ωq

e−ip·xeiq·y(2π)3δ(3)(p − q).

(8.129)

It happens that we have a symbolic designation for this combination,

namely AiA j = D(x − y), but the take away is really just the n = 2
statement of Wick’s theorem

(8.130)AiA j = :AiA j: + AiA j,

which we see now applies to both pure creation and anhillation operators,
as well as the combinations that we use to represent fields. We could have
just as easily have used a less specific linear combination than a presumed
field – had we done so, we’d have the same result, but wouldn’t have been
able to identify the contraction as D(x − y).

As eq. (8.130) was the starting point for the inductive procedure that we
used to prove eq. (8.106), that theorem holds verbatim as desired.

Part d. We are now asked to make one final redefinition of the contrac-
tion operator

(8.131)AiA j = 〈0|T (AiA j)|0〉 ,

This is clearly still identical to either of the previous definitions when
Ai, A j are creation and anhillation operators.
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Let’s consider a couple concrete cases again, starting with n = 2 case
again, writing A = Ai = φ(x), B = A j = φ(y) defined by eq. (8.127). For
the x0 > y0 case we have
T (AB) = AB

=

∫
d3 pd3q

(2π)6
√

2ωp2ωq

(
eip·xa†p + e−ip·xap

) (
eiq·ya†q + e−iq·yaq

)
= :AB: +

∫
d3 pd3q

(2π)6
√

2ωp2ωq

eip·xape−iq·ya†q

=

∫
d3 p

(2π)32ωp
e−ip·(x−y)

= :AB: + D(x − y),
(8.132)

on the other hand, if x0 < y0, using the same procedure, we must have

(8.133)

T (AB) = BA

= :BA: +

∫
d3 pd3q

(2π)6
√

2ωp2ωq

eip·xape−iq·ya†q

= :AB: + D(y − x),

so
(8.134)T (AB) = :AB: + DF(x − y).

Since DF(x − y) = 〈0|T (φ(x)φ(y)) |0〉 = AB, we have

(8.135)T (AB) = :AB: + AB

= :AB: + :AB:,

which proves eq. (8.110) for the n = 2 case.
Now consider the n = 3 case, where A, B are defined as above, and

C = φ(z) is a third field.

I. For x0 > y0 > z0, we have

(8.136)

T (ABC) = ABC
= T (AB)C

=

(
:AB: + :AB:

)
C

= :ABC: + :ABC: + :AB:C,
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II. For y0 > x0 > z0, we have

(8.137)
T (ABC) = BAC

= T (BA)C
= T (AB)C

which equals eq. (8.136).

III. For z0 > x0 > y0, we have

(8.138)

T (ABC) = CAB
= CT (AB)

= C
(
:AB: + :AB:

)
= :CAB: + :CAB: + C:AB:,

which also equals eq. (8.136).

IV. For z0 > y0 > x0, we have

(8.139)
T (ABC) = CBA

= CT (BA)
= CT (AB),

which equals eq. (8.138).

V. For x0 > z0 > y0, we have

(8.140)

T (ABC) = ACB
= T (AC)B

=

(
:AC: + :AC:

)
B

= :ACB: + :ACB: + :AC:B,

which equals eq. (8.136).
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VI. For y0 > z0 > x0, we have

(8.141)
T (ABC) = BCA

= BT (CA)
= BT (AC),

which equals eq. (8.140).

All cases considered, we have now proven eq. (8.110) for the n = 3 case.
Regardless of the time ordering of the fields, we end up with all possible

combinations of contractions between all pairs of fields. It is clear how this
would generalize to higher numbers of fields. This demonstration leaves
me sufficiently convinced of the proof of the theorem, as desired.

Exercise 8.3 U(T, t0)U(t0,−T )

Show that

U(T, t0)U(t0,−T ) = U(T,−T ).

Answer for Exercise 8.3

We can see that from

(8.142)
U(T, t0) = eiH0(T−t0)e−iH(T−t0)

��
���e−iH0(t0−t0)

U(t0,−T ) =��
���eiH0(t0−t0)e−iH(t0−−T )e−iH0(−T−t0),

so

(8.143)U(T, t0)U(t0,−T ) = eiH0(T−t0)e−iH(T−t0)e−iH(t0+T )e−iH0(−T−t0)

= eiH0(T−t0)e−iH2T e−iH0(−T−t0),

whereas

(8.144)U(T,−T ) = eiH0(T−t0)e−iH(T−−T )e−iH0(−T−t0)

= eiH0(T−t0)e−iH2T e−iH0(−T−t0).

Exercise 8.4 Pondering the ground state bra formula.

Prove eq. (8.71). What is wrong with conjugating eq. (8.70) to find

〈Ω| =
〈0|U(−T, t0)

e+iE0(T−t0) 〈0|Ω〉

∣∣∣∣∣
T→∞(1−iε)

.
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Answer for Exercise 8.4
While there is nothing wrong with stating

(8.145)
(

U(t0,−T ) |0〉
e−iE0(T−t0) 〈Ω|0〉

)†
=
〈0|U(−T, t0)

e+iE0(T−t0) 〈0|Ω〉
,

the limit point ∞(1 − iε) also needs to be changed with this conjugation.
So eq. (8.145) is correct, but it is only part of the story, and should really
be stated as

(8.146)〈Ω| =
〈0|U(−T, t0)

e+iE0(T−t0) 〈0|Ω〉

∣∣∣∣∣
T→∞(1+iε)

.

This is awkward because now our expressions for 〈Ω| and |Ω〉 approach
T from different directions, and we want to evaluate both with a single
limiting argument.

To resolve this, we really have to start back with the identity expansion
we used in lecture 14, and write

(8.147)
〈0| e−iHT =

〈0|Ω〉 〈Ω| + ∑∫
n

〈0|n〉 〈n|

 e−iHT

= 〈0|Ω〉 〈Ω| e−iE0T +
∑∫

n

〈0|n〉 〈n| e−iEnT .

We argued (as does the text) that approaching to as T (1 − iε) kills off the
energetic states since

(8.148)〈n| e−iEnT → 〈n| e−iEnT e−EnT ε

and the exponential damping factor is smaller for each En > E0, so it can
be neglected in the large T limit, leaving

(8.149)〈0| e−iHT = lim
T→∞(1−iε)

〈0|Ω〉 〈Ω| .

As we did for |Ω〉 we can shift the large time T by a small constant (this
time −t0 instead of t0), to give

(8.150)

〈Ω| = lim
T→∞(1−iε)

〈0| e−iHT

〈0|Ω〉 e−iE0T

≈ lim
T→∞(1−iε)

〈0| e−iH(T−t0)

〈0|Ω〉 e−iE0(T−t0)

= lim
T→∞(1−iε)

〈0| eiH0(T−t0)e−iH(T−t0)

〈0|Ω〉 e−iE0(T−t0)

= lim
T→∞(1−iε)

〈0|U(T, t0)
〈0|Ω〉 e−iE0(T−t0) ,
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where the projective property 〈0| eiH0α = 〈0| has been used to insert a
no-op (i.e. 〈0|H0 = 0). This recovers the result stated in class (also: [19]
eq. (4.29).)

Exercise 8.5 Interaction energy, static external charges. (2018 Hw3.I)

a. Calculate the vacuum expectation value of the time ordered expo-
nential

〈0|Te i
∫

d4 x g j(x) φ(x)|0〉 (8.151)

for the case of a massive free real scalar field. Here, g is a coupling
constant, which we shall call the “Yukawa coupling". Show, e.g.
using Wick’s theorem, that the answer is

e −
g2
2

∫
d4 xd4y j(x)DF (x−y) j(y) , (8.152)

which is really the exponential of the second order term and DF is
the Feynman propagator.

b. Consider the case where

(8.153)j(t, x) = θ(T − t)θ(T + t)
(
δ(3)(x) − δ(3)(x − R)

)
.

This source term represents two external opposite “charges"5 a
distance R = |R| apart, created at t = −T and existing for time 2T .
Show that, in the limit T � R � 1/m, eq. (8.152) is proportional
to:

e−i2TV(R), (8.154)

where V(R) is the Yukawa potential.

Hint: Recall that lim
T→∞

T∫
−T

dxeipx = 2πδ(p) as well as the usual relation

(2πδ(p))2 = 2πδ(p)2T .

The result (8.154) means that “two static sources of scalar field a distance
R apart interact via the Yukawa potential." This is because (8.154) is
the evolution operator (it is ∼ e−iHt, for t = 2T ) of the field theory
in the presence of the static external sources (or, more appropriately,

5 In other words, classical particles linearly coupled to φ (if φ was the electrostatic potential
A0, this would really be the electromagnetic charge.) For a discussion of whether an
interaction like you will study can arise from a realistic QFT, see comment in 2. below.
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(8.154) is the contribution to the evolution operator that has to do with the
interaction between the sources induced by the field). Thus, it is natural
to call the quantity multiplying −i2T and depending on R, the interaction
potential V(R) between the sources.
Do opposite-sign “charges" attract or repel? How about same-sign?
Notice that when the “charges" are also considered as part of a QFT
and, therefore, j(x) in (8.151) is replaced by an appropriate QFT expres-
sion, one finds more interesting results. Namely, the Yukawa interaction
between two fermions is always attractive—whether it is between two
particles, two anti-particles, or between a particle and an anti-particle.
The way to establish this, as well an alternative derivation of the ex-
pression for V(R) you found in (8.154), is to start from the scattering of
(anti)fermions via scalar exchange and then take the nonrelativistic limit.
A comparison with quantum-mechanical Born scattering yields then an
expression for V(R).
This result quoted above is of great interest in nuclear physics, where
single-pion exchange operates via V(R), and turns out to be attractive
between nucleons and between nucleons and anti-nucleons.

c. What do you think is the significance of the various limits T �
R � 1/m? Also, what is the meaning of the factors you omitted
upon going from (8.152) to (8.154)?

Answer for Exercise 8.5

Part a.

〈0|Tei
∫

d4 xg j(x)φ(x) |0〉 = 〈0|T (1) |0〉 + ig 〈0|T
∫

d4x j(x)φ(x) |0〉 +

−
g2

2

∫
d4xd4y 〈0|T j(x)φ(x) j(y)φ(y) |0〉 + · · ·

(8.155)

Using Wick’s theorem, the first order term is zero (odd number of creation
and annihilation operators), so to first order, we have

(8.156)
〈0|Tei

∫
d4 xg j(x)φ(x) |0〉 = 1 −

g2

2

∫
d4xd4y j(x)DF(x − y) j(y) + · · ·

≈ exp
(
−

g2

2

∫
d4xd4y j(x)DF(x − y) j(y)

)
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Part b. We wish to evaluate the integral in the exponential argument∫
d4xd4y j(x)DF(x − y) j(y)

=

∫
dtd3xdt′d3yθ(T − t)θ(T + t)

(
δ(3)(x) − δ(3)(x − R)

)
×

DF(x − y, t − t′)θ(T − t′)θ(T + t′)
(
δ(3)(y) − δ(3)(y − R)

)
=

∫ T

−T
dt

∫ T

−T
dt′

∫
d3xd3y

(
δ(3)(x) − δ(3)(x − R)

)
DF(x − y, t − t′)×(

δ(3)(y) − δ(3)(y − R)
)

=

∫ T

−T
dt

∫ T

−T
dt′

∫
d3y (DF(−y, t − t′) − DF(R − y, t − t′)) ×(

δ(3)(y) − δ(3)(y − R)
)

=

∫ T

−T
dt

∫ T

−T
dt′

(
DF(0, t − t′) − DF(R, t − t′)

− DF(−R, t − t′) + DF(0, t − t′)
)

=

∫ T

−T
dt

∫ T

−T
dt′ (2DF(0, t − t′) − DF(R, t − t′) − DF(−R, t − t′)) .

(8.157)

The propagator, written in space and time coordinates is

(8.158)DF(x, t) = i
∫

dp0d3 p
(2π)4

e−ip0teip·x

p2
0 − p2 − m2 + iε

,

so we have

(8.159)

∫
d4xd4y j(x)DF(x − y) j(y)

= i
∫ T

−T
dt

∫ T

−T
dt′

dp0d3 p
(2π)4

e−ip0(t−t′)

p2
0 − p2 − m2 + iε

(
2 − e−ip·R − eip·R

)
The time integrals can be done first

(8.160)
∫ T

−T
dte−ip0t

∫ T

−T
dt′eip0t = (2π)2δ(−p0)δ(p0).
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Following the supplied hint we write

(8.161)

(2π)2δ(p0)δ(−p0) = (2π)2δ(p0)δ(0)

= 2πδ(p0)
∫ T

−T
dt′

= (2π)(2T )δ(p0),

which gives∫
d4xd4y j(x)DF(x − y) j(y) = 2Ti

∫
dp0d3 p
(2π)3

δ(p0)
p2

0 − p2 − m2 + iε

(
2

− e−ip·R − eip·R
)

= −2Ti
∫

d3 p
(2π)2

1
p2 + m2 − iε

(
2 − e−ip·R

− eip·R
)
.

(8.162)

We can now make the usual spherical coordinate change of variables

(8.163)

d3 p = p2dp sin θdθdφ

p = p (sin θ cos φ, sin θ sin φ, cos θ)

R = R (0, 0, 1) ,

so the integral factor of the coupling exponential eq. (8.152) is reduced to∫
d4xd4y j(x)DF(x − y) j(y)

= −2Ti
∫ ∞

0
dp

p2

(2π)2

∫ π

0
dθ sin θ

1
p2 + m2 − iε

(
2− e−ipR cos θ − eipR cos θ

)
= 2Ti

∫ ∞

0
dp

p2

(2π)2

∫ −1

1
du

1
p2 + m2 − iε

(
2 − e−ipRu − eipRu

)
= 2Ti

∫ ∞

0
dp

p2

(2π)2

1
p2 + m2 − iε

(
2(−2) −

eipR − e−ipR

−ipR
−

e−ipR − eipR

ipR

)
=

2Ti
π2

∫ ∞

0
dp

p2

p2 + m2 − iε
(
sinc(pR) − 1

)
.

(8.164)

With p0 integrated out, we don’t need the iε factor for pole avoidance, and
find (using Mathematica) that

(8.165)−

∫ ∞

0
dp

p2

p2 + m2

(
1 ∓ sinc(pR)

)
=
π

2

(
m ±

e−mR

R

)
.
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The mπ/2 term contributes only a phase adjustment, and can be ignored.
This leaves

(8.166)e −
g2
2

∫
d4 xd4y j(x)DF (x−y) j(y) = exp

(
−g2

2
2Ti
π2

1
2
π

e−mR

R

)
= exp (−2TiV(R)) ,

where

(8.167)V(R) =
g2

4π
e−mR

R
.

which is a positive (repulsive) variation of the Yukawa potential as defined
in [19] (eq. 4.127).

Like charges. For like charges the modification of eq. (8.157) is∫
d4xd4y j(x)DF(x − y) j(y)

=

∫ T

−T
dt

∫ T

−T
dt′

∫
d3xd3y

(
δ(3)(x) + δ(3)(x −R)

)
×

DF(x − y, t − t′)
(
δ(3)(y) + δ(3)(y −R)

)
=

∫ T

−T
dt

∫ T

−T
dt′

∫
d3y (DF(−y, t − t′) + DF(R − y, t − t′)) ×(

δ(3)(y) + δ(3)(y −R)
)

=

∫ T

−T
dt

∫ T

−T
dt′ (2DF(0, t − t′) + DF(R, t − t′) + DF(−R, t − t′)) .

(8.168)

Applying this sign adjustment to the calculation of eq. (8.164) we find∫
d4xd4y j(x)DF(x− y) j(y) = −

2Ti
π2

∫ ∞

0
dp

p2

p2 + m2 − iε
(
sinc(pR) + 1

)
.

(8.169)

Using eq. (8.165) again, we find for equal charges an opposite sign poten-
tial

(8.170)V(R) = −
g2

4π
e−mR

R
.

As this is a negative potential, it appears to indicate that like charges attract
in the scalar theory.
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Part c. I did not have any reason to utilize the T � R � 1/m limits in
the derivation above (unless neglecting higher powers of g relies on such a
limit implicitly). However, these limits do effect the form of the potential
and the resulting matrix element.

In the T � R limit the exponential dies off more slowly, as illustrated in
fig. 8.10. This means that the potential acts more strongly away from the
origin than for T ∼ R.

Figure 8.10: Plots of Te−mR/R.

For R � 1/m, or mR � 1 we have e−mR ∼ 0. In this limit we have no
interaction, as the potential is effectively zero for all R.

We omitted a factor of πm/2, which adds a pure phase factor

(8.171)e−2iT g2
4π

πm
2 = e−g2iTm/4.

We can use the time ordered exponential to compute the probability that
there is no scattering (as in exercise 8.6), but the amplitude squared opera-
tion required for that probability kills such a phase factor, so it does not
seem physically meaningful.

Exercise 8.6 Perturbation, and particle creation. (2018 Hw3.II)

In class, the problem of creation of particles by an external source in
quantum mechanics was discussed. Let us now study this using QFT and
Feynman diagrams. Consider a massive scalar free field interacting with a
classical source j(x) via:

H = H0 +

∫
d3x(− j(x)φ(x)) . (8.172)

The classical source j(x) is nonzero only for a finite amount of time, i.e.
it is turned on and off, is assumed localized in space, and thus has a well-
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defined four-dimensional Fourier transform (thus the source is not itself a
generalized function).

a. Argue—e.g. using our expressions for overlap of |0〉 and |Ω〉 from
class, as well as their meaning—that the probability that the source
j(x) creates no particles is

P(0) =
∣∣∣∣〈0|T {

ei
∫

d4 x j(x)φI (x)
}
|0〉

∣∣∣∣2 . (8.173)

b. Find the order- j2 term in P(0) and show that P(0) = 1 − λ + O( j4),
where

λ =

∫
d3 p

(2π)3

1
2ωp
| j̃(p)|2 , where j̃(p) ≡

∫
d4yeip·y j(y) .

(8.174)

c. Represent the term computed above as a Feynman diagram. Now
represent the entire series for P(0) in terms of Feynman diagrams.
Show that the series exponentiates and, therefore, P(0) = e−λ.

d. Find the probability that the source creates one particle of momen-
tum k. First, compute this to order j and then to all orders, using
the trick above to sum the series.

e. Show that the probability of producing n particles is P(n) = 1
n!λ

ne−λ,
the Poisson distribution.

f. Show that
∞∑

n=0
P(n) = 1 and that 〈N〉 =

∞∑
n=0

nP(n) = λ, where λ is

given in (8.174). Notice that the expression for the mean particle
number 〈N〉 created exactly reproduces (when dimensionally re-
duced to d = 1) the one from quantum mechanics given in class.
Finally, compute the mean square fluctuation 〈(N − 〈N〉)2〉.

Answer for Exercise 8.6

Part a. The amplitude for a transition for the evolution of an initial state
|i〉 to a final state | f 〉 is

(8.175)〈 f |U |i〉 = 〈 f |Te−i
∫

dtHI (t) |i〉
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Given the ground state |0〉 for the system before the interaction takes effect,
the amplitude for production of particles with momenta k1, · · · kn is

〈k, · · · kn|Te−i
∫

dt
∫

d3 x(− j(x)φ(x) |0〉 = 〈k, · · · kn|Tei
∫

d4 x j(x)φ(x) |0〉 .
(8.176)

Similarly, the amplitude for a final state that contains no particles is just

(8.177)〈0|Tei
∫

d4 x j(x)φ(x) |0〉 .

The absolute square of this amplitude is eq. (8.173), the probability that
no particles are created.

Part b. Expanding matrix element in powers of j we have

〈0|T
(
exp

(
i
∫

d4x j(x)φI(x)
))
|0〉

= 〈0| 1 |0〉 + i 〈0|T
(∫

d4a j(a)φI(a)
)
|0〉

+
i2

2!
〈0|T

(∫
d4ad4b j(a)φI(a) j(b)φI(b)

)
|0〉

+
i3

3!
〈0|T

(∫
d4ad4bd4c j(a)φI(a) j(b)φI(b) j(c)φI(c)

)
|0〉 + · · ·

(8.178)

Using Wick’s theorem to evaluate the integrals, all the odd powers of j are
zero. We may evaluate the first non-zero integral by contracting the two
fields

(8.179)

〈0|T
(∫

d4ad4b j(a)φI(a) j(b)φI(b)
)
|0〉

=

∫
d4ad4b j(a)φI(a) j(b)φI(b)

=

∫
d4ad4b j(a)DF(a − b) j(b)

= i
∫

d4ad4b
d4 p

(2π)4 j(a) j(b)
e−ip·(a−b)

p2 − m2 + iε

= i
∫

d4 p
(2π)4

1
p2 − m2 + iε

∫
d4a j(a)e−ip·a

∫
d4b j(b)eip·b

= i
∫

d4 p
(2π)4

1
p2 − m2 + iε

j̃(p) j̃(−p).
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Assuming that j(x) is real, this is

(8.180)

〈0|T
(∫

d4ad4b j(a)φI(a) j(b)φI(b)
)
|0〉

= i
∫

d4 p
(2π)4

∣∣∣ j̃(p)
∣∣∣2

p2 − m2 + iε

=
i

2π

∫
dp0

∫
d3 p

(2π)3

∣∣∣ j̃(p)
∣∣∣2

p2
0 − p2 − m2 + iε

=
i

2π

∫
dp0

∫
d3 p

(2π)3

∣∣∣ j̃(p)
∣∣∣2

p2
0 − ω

2
p + iε

.

Integrating p0 over the lower half plane contour of fig. 8.11, which encloses
the pole at p0 ≈ ωp − iε we have

Figure 8.11: Feynman propagator contour in lower half plane.

(8.181)

〈0|T
(∫

d4ad4b j(a)φI(a) j(b)φI(b)
)
|0〉

=
−2πi2

2π

∫
d3 p

(2π)3

∣∣∣ j̃(p)
∣∣∣2

2ωp

∣∣∣∣∣∣∣∣
p0=ωp

= λ,

where it has been assumed that j̃(p0,p)→ 0 along the infinite circular arc
of the integration contour. To second order in j our matrix element is

(8.182)〈0|T
(
exp

(
i
∫

d4x j(x)φI(x)
))
|0〉 = 1 −

λ

2
.

We can now use this as an initial approximation for the probability

(8.183)P(0) =

(
1 −

λ

2
+ O(λ2)

)2

= 1 − λ + O(λ2),
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as desired.

Part c. The diagram for the integral just computed is a single line seg-
ment as sketched in fig. 8.12. The diagram for the j4 integrals are sketched

Figure 8.12: j2 diagram.

in fig. 8.13. After that the diagrams get messier to enumerate. We can

Figure 8.13: j4 diagrams.

see the pattern by considering a non-trivial example such as the j6 inte-
gral. For that each diagram has three edges, where all possible combi-
nations ab, ac, ad, ae, a f , bc, bd, be, b f , cd, ce, c f , de, d f , e f are found for
the “first” edge in each diagram. This is a total of (6

2) = 15 edges. For
each such diagram, there are (4

2) choices for the next edge in the diagram
(example: ab, cd, e f would be one diagram). The coefficient of this integral
is therefore

(8.184)

i6

3!
1
6!

(
6
2

)(
4
2

)
=

(−1)3

3!
1

��6!
��6!

��4!2!
��4!

2! 2!

=
(−1)3

3! 23 .

Here the 3! downstairs is to compensate for the fact that there are 3 × 2
possible orderings of each distinct pair of endpoints. Example:

{ab, cd, e f } , {ab, e f , cd} , {cd, ab, e f } ,

{cd, e f , ab} , {e f , ab, cd} , {e f , cd, ab} .
(8.185)
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The pattern of perfect cancellation is clear. The j2n order integral is

(8.186)
(−1)n

n!
1

(2n)!
(2n)!

(2n − 2)! 2!
· · ·

4!
2! 2!

λn =
(−λ/2)n

n!
,

so we find that

(8.187)
P(0) =

 ∞∑
n=0

(−λ/2)n

n!

2

=
(
e−λ/2

)2

= e−λ,

as desired.

Part d. The probability for a single particle of momentum k is

Pk =
∣∣∣∣〈0|Takei

∫
d4 x j(x)φ(x) |0〉

∣∣∣∣2
=

∞∑
n,m=1

in(−i)m

n! m!
×

〈0|Tak

(∫
d4x j(x)φ(x)

)n

|0〉
(
〈0|Tak

(∫
d4x j(x)φ(x)

)m

|0〉
)†

=

∞∑
r,s=1

i2r+1(−i)2s+1

(2r + 1)! (2s + 1)!
×

〈0|Tak

(∫
d4x j(x)φ(x)

)2r+1

|0〉

〈0|Tak

(∫
d4x j(x)φ(x)

)2s+1

|0〉

† ,
(8.188)

where we’ve accounted for the fact that these matrix elements are zero for
any even powers m, n.

For n = 1 we want to evaluate

(8.189)〈0|Tak

∫
d4x j(x)φ(x) |0〉 ,

which has the diagram fig. 8.14, which is

(8.190)

〈0|Tak

∫
d4x j(x)φ(x) |0〉 =

∫
d4x j(x)akφ(x)

=

∫
d4x j(x)eik·x

= j∗(k).
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Figure 8.14: n = 1 diagram.

The next diagram is sketched in fig. 8.15, which, temporarily ignoring
symmetry factors, gives

(8.191)

〈0|Tak

∫
d4ad4bd4c j(a)φ(a) j(b)φ(b) j(c)φ(c) |0〉

=

∫
d4ad4bd4c j(a)eik·aDF(b − c) j(b) j(c)

= j∗(k)λ

Figure 8.15: n = 3 diagrams.

To compute the symmetry factors consider the n = 5 diagram sketched in
fig. 8.16, which is instructive. We have 5 ways to contract with the first
φ, and (4

2) diagrams for each such selection, which has a 2! redundancy
factor since each pair of nodes (say bc, de) can be ordered in either order.
The symmetry factor for n = 5 = 2(2) + 1 is therefore

(8.192)
1
3!

5 ×
(
4
2

)
=

1
3!

5 ×
4!
22

For n = 7 that factor is

(8.193)
1
3!

7 ×
(
6
2

)(
4
2

)
=

1
3!

7 ×
6!
23 ,

and in general for n = 2r + 1

(8.194)
1
r!

(2r + 1) ×
(2r)!

2r .
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Figure 8.16: n = 5 diagrams.

This gives

(8.195)

1
(2r + 1)!

〈0|Tak

(∫
d4s j(x)φ(x)

)2r+1

|0〉

=
1
r!

2r + 1
(2r + 1)!

×
(2r)!

2r j∗(k)λr

=
1
r!

j∗(k)
(
λ

2

)r
.

Plugging this into eq. (8.188) we find

(8.196)

Pk = | j(k)|2
∞∑

r,s=1

i2r+1(−i)2s+1

r! s!

(
λ

2

)r+s

= | j(k)|2
∞∑

r,s=1

i2(r+s+1)(−1)2s+1

r! s!

(
λ

2

)r+s

= | j(k)|2
∞∑

r,s=1

(−1)r+s

r! s!

(
λ

2

)r+s

= | j(k)|2
(
e−λ/2

)2

= | j(k)|2e−λ.
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Part e. Summing eq. (8.196) over all momentum states, we find the
probability to create one particle is

(8.197)P(1) =

∫
d3k

(2π)3

1
2ωk
| j(k)|2e−λ

= λe−λ.

For P(2) we want

(8.198)P(2) =
1
2!

∫
d3kd3 p

(2π)62ωk2ωp

∣∣∣∣〈0| akapTei
∫

d4 x j(x)φ(x) |0〉
∣∣∣∣2,

where an inverse 2! factor has been added for all the possible orderings
of the annihilation operators. The zero and first order terms in the matrix
element 〈0| akapTei

∫
d4 x j(x)φ(x) |0〉 are zero. After this we want to compute

all the contractions of

(8.199)
i2

2!
akap

∫
d4xd4y jxφx jyφy,

which have diagrams sketched in fig. 8.17. The symmetry factor (times the

Figure 8.17: n = 2 diagrams.

leading inverse factorial) is 2!, so the leading term is

(8.200)2!×
i2

2!

∫
d4xd4yeik·x+ip·y j(x) j(y) = − j∗(k) j∗(p).

For n = 4 the diagrams are sketched in fig. 8.18. The coefficient symmetry
factor is 2 × (4

2), so the next order term in the matrix element is(
4
2

)
× (2! )×

i4

4!

∫
d4ad4bd4cd4deik·a+ip·b j(a) j(b)DF(c−d) = j∗(k) j∗(p)

λ

2
.

(8.201)
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Figure 8.18: n = 4 diagrams.

For n = 2r we have

(8.202)(−1)r2
1

(2r)!

(
2r
2

)
· · ·

(
4
2

)
j∗(k) j∗(p)λr =

1
(r − 1)!

(
−λ

2

)r
j∗(k) j∗(p)

so

(8.203)〈0| akapTei
∫

d4 x j(x)φ(x) |0〉 = − j∗(k) j∗(p)e−λ/2.

Plugging back into eq. (8.198) we have

(8.204)
P(2) =

1
2!

∫
d3kd3 p

(2π)62ωk2ωp

(
− j∗(k) j∗(p)e−λ/2

) (
j(k) j(p)e−λ/2

)
=

1
2!
λ2e−λ.

We are left to generalize this to n > 2. Considering the first couple diagrams
for n = 3 as sketched in fig. 8.19, exposes the pattern, namely

(8.205)

〈0| akapaqTei
∫

d4 x j(x)φ(x) |0〉 = 3!
i3

3!
j∗(k) j∗(p) j∗(q)

+ 3!
(
5
3

)
i5

5!
j∗(k) j∗(p) j∗(q)λ + · · ·

= i3 j∗(k) j∗(p) j∗(q)e−λ/2.
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Figure 8.19: n = 3, 5 diagrams for three particle creation.

The total probability is therefore

(8.206)
P(3) =

1
3!

∫
d3kd3 pd3q

(2π)9

1
8ωkωpωq

∣∣∣i3 j∗(k) j∗(p) j∗(q)e−λ/2
∣∣∣2

=
1
3!
λ3e−λ.

For m particles the matrix element expands as

〈0| ak1 · · · akmTei
∫

d4 x j(x)φ(x) |0〉

= m!×
im

m!
j∗(k1) · · · j∗(km) + m!×

im+2

(m + 2)!

(
m + 2

m

)
j∗(k1) · · · j∗(km)λ

+ m!×
im+4

(m + 4)!

(
m + 4

m

)(
m + 2

m

)
j∗(k1) · · · j∗(km)λ2 + · · ·

= im j∗(k1) · · · j∗(km)e−λ/2,
(8.207)

so

P(m) =
1

m!

∫
d3k1

(2π)32ωk1

· · ·
d3km

(2π)32ωkm

∣∣∣im j∗(k1) · · · j∗(km)e−λ/2
∣∣∣2

=
1

m!
λme−λ.

(8.208)

Part f. The sum of the probabilities is easy to compute

∞∑
n=0

P(n) = e−λ
∞∑

n=0

1
n!
λn

= e−λeλ

= 1.

(8.209)
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The mean is

〈N〉 =

∞∑
n=0

nP(n)

= e−λ
∞∑

n=1

n
n!
λn

= e−λλ
∞∑

n=1

1
(n − 1)!

λn−1

= e−λλeλ

= λ.

(8.210)

For the mean square we first compute

〈
N2

〉 ∞∑
n=0

n2P(n) = e−λ
∞∑

n=1

n2

n!
λn

= e−λλ
∞∑

n=1

n
(n − 1)!

λn−1

= e−λλ
∞∑

n=0

n + 1
n!

λn

= e−λλ

eλ +

∞∑
n=0

n
n!
λn


= λ + e−λλ2eλ

= λ + λ2,

(8.211)

so

(8.212)

〈
(N − 〈N〉)2

〉
=

〈
N2 − 2N 〈N〉 + 〈N〉2

〉
=

〈
N2

〉
− 2 〈N〉2 + 〈N〉2

=
〈
N2

〉
− 〈N〉2

= λ + λ2 − λ2

= λ.

Exercise 8.7 Where is the particle? (2018 Hw3.IV)
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In class, we did mention that, by analogy with non relativistic quantum
mechanics, the state φ̂(x, t = 0)|0〉 allows us to say something along the
lines that “the operator φ̂(x)+ creates a particle at x". These words are
based on noticing that in QM, we have

|x〉 ∼
∑

p
eip·x|p〉,

where |x〉 is an eigenstate of the position operator with eigenvalue x and
p is, likewise, an eigenstate of momentum. On the other hand, in free
massive scalar theory, the state φ̂(x, t = 0)|0〉 can be similarly expressed as

φ̂(x, t = 0)|0〉 =

∫
d3 p

(2π)3
√

2ωp

e−ip·xâ†p|0〉 =

∫
d3 p

(2π)32ωp
e−ip·x|p〉,

where |p〉 is the relativistically normalized momentum eigenstate. Compar-
ing the above two equations, reading from left to right, we are compelled
to utter the words quoted in the beginning.

Accepting this interpretation literally, we are next faced with explaining
the following. Consider the state |0, 0〉 = φ̂(0, t = 0)|0〉, interpreted (as per
the above discussion) as a particle created at x = 0 at t = 0. Similarly, the
state

|y, t〉 = φ̂(y, t)|0〉

is that of a particle at y at t. Notice that these are free fields so their time
evolution is trivial. Then, by the usual Born rule of quantum mechanics
(which we accept in QFT), the inner product

〈y, t|0, 0〉

would be “the amplitude that the particle created at 0 at t = 0 is found
at y at t". Notice that this is exactly the kind of answer that the quantum-
mechanical propagator, often denoted precisely by 〈y, t|0, 0〉, gives. A
problem with this arises when one realizes that

〈y, t|0, 0〉 = 〈0|φ̂(y, t)φ̂(0, 0)|0〉 = D(y, t) , 0 for (y, t) ∼ (0, 0) .

In other words, this amplitude is nonzero for spacelike separations (as
you explicitly showed in Homework 2, Problem 1, Part 2). The point of
the simple exercise below is to argue that the above interpretation of this
amplitude should be taken with a grain of salt, i.e. not too literally, as far
as relativity is concerned, of course.
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The question we will ask is: to what extent is this particle at x = 0
localized? In quantum mechanics, we answer this question by pointing out
that for an eigenstate of x̂, whose wave function is δ(x− x′), the probability
to find the particle anywhere but at x = x′ is zero. Trying to pursue this
in QFT, a conundrum that arises is that we do not have wave functions
for particles. Recall that we have wave functionals, which determine the
probability that the field has this or that value. The coordinate, on the
other hand, is an argument, not an operator (hence “observable") in the
theory—just like time in QM, which is also not an operator; after all
we said “QM=QFT in d = 1". The best we can do is to consider the
state |y, 0〉 and ask where its properties identifiable in QFT—energy or
momentum—are localized.

Thus, consider the expectation value of T̂00(x, t) (assumed normal-
ordered) in this state:

ρ(y, x, t) ≡ 〈y, 0|T00(x, t)|y, 0〉 .

From the Born rule, the natural interpretation of the above quantity is the
value of the energy density of the state |y, 0〉 observed at (x, t)—spacelike
or not w.r.t. (y, 0).

a. Show, using the translation operator, that ρ(y, x, t) = ρ(0, x− y, t) ≡
ρ̃(x − y, t), where the last equality defines the new energy density
ρ̃(x, t).

b. Using Wick’s theorem—really, a baby-version thereof—express
ρ̃(x, t) in terms of D(x, t) and its derivatives.

c. Using the knowledge acquired from Homework 2, study how well
is the particle’s energy localized, already at t = 0.
Are you surprised by the result? Are you comforted?

We didn’t have time, apart from Problem 4 of Homework 2, to dwell
much on the nonrelativisic limit. This limit can be achieved by forgetting
the antiparticles and then defining non-relativistic fields. This is very well
described in either Tong’s or Luke’s notes. For those of you studying cold
atoms, it is definitely a must-read!

My final comment is that the most concise formulation of causality
that goes beyond simply stating that the commutators vanish for
spacelike separations is the one first due to Stueckelberg (1940’s)
and then finessed by Bogoljubov (1950’s).



8.14 problems. 251

They consider the expectation value of an operator Ô(x) in a state
prepared by the action of an operator U[g]|0〉. U[g] is an evolution
operator (see below) which is a functional of some classical fields
g(y) used to prepare the state of the field (e.g. external e.m. fields
using to focus, accelerate, etc., the particles; g(y) could also be used
to turn on and off the interactions in different space time regions).
Thus the object of study is:

〈Ô(x)〉 = 〈0|U†[g]Ô(x)U[g]|0〉 .

The causality condition, then, is that

δ〈Ô(x)〉
δg[y]

= 0 for x ∼ y .

Now, recalling the form of the evolution operator,

(8.213)U[g] = Tei
∫

dtd3 xLI (t,x,g(x,t)),

and the Baker-Campbell-Hausdorf formula, it should be clear how
the vanishing of the commutators outside the light cone becomes
relevant for the above condition to hold. For Bogoljubov, the van-
ishing commutators are a consequence of the causality condition
given in terms of variational derivatives, as expressed above; he
derives the S -matrix expansion from that requirement along with a
few others (locality and Lorentz invariance, basically).

The reason to include this comment was to close the loop on
something that I mentioned in class, now that we’ve seen what
U[g] may look like.

Answer for Exercise 8.7

Part a. In class we defined the time translation operator as U(a) = eia·P̂,
which satisfies the relations6

(8.214)
U(a)φ(x)U†(a) = φ(x − a)

U†(a) |x〉 = |x + a〉 .

In particular 〈0|U(y) = 〈y| and U†(y) |0〉 = |y〉. As T 00 is composed
entirely of products of φ(x) or its derivatives, clearly

(8.215)U(y)T 00(x, t)U†(y) = T 00(x − y, t),

6 There is some variation in at least some of the literature. In particular [5] defines the
translation operator as D(a) = e−ia·P̂/ h̄ defined by the property D(a) |x〉 = |x + a〉.
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so

(8.216)

ρ(0, x − y, t) = 〈0, 0|T 00(x − y, t) |0, 0〉
= 〈0, 0|U(y)T 00(x, t)U†(y) |0, 0〉
= 〈y, 0|T 00(x, t) |y, 0〉
= ρ(y, x, t).

Part b. Let’s start by computing the energy-momentum tensor

T 00 = ∂0φ∂0φ − g00L

= ∂0φ∂0φ −
1
2

(
∂0φ∂

0φ − (∇φ)2 − m2φ2
)

=
1
2

(
∂0φ∂0φ + (∇φ)2 + m2φ2

)
=

1
2

∫
d3 p d3q

(2π)62
√
ωpωq

(
∂0

(
ape−ip·x + a†peip·x

)
∂0

(
aqe−iq·x + a†qeiq·x

)
+ ∂k

(
ape−ip·x + a†peip·x

)
∂k

(
aqe−iq·x + a†qeiq·x

)
+ m2

(
ape−ip·x + a†peip·x

) (
aqe−iq·x + a†qeiq·x

))
.

(8.217)

For the derivatives, we have

(8.218)∂νe±ip·x = ∂νe±ipµxµ

= ±ipνe±ip·x,

so

T 00 =
1
4

∫
d3 p d3q

(2π)6 √ωpωq

(
−

(
ωpωq +p ·q

) (
−ape−ip·x +a†peip·x

) (
−aqe−iq·x

+ a†qeiq·x
)

+ m2
(
ape−ip·x + a†peip·x

) (
aqe−iq·x + a†qeiq·x

))
=

1
4

∫
d3 p d3q

(2π)6 √ωpωq

((
−ωpωq − p · q + m2

) (
apaqe−i(p+q)·x

+a†pa†qei(p+q)·x
)
+
(
ωpωq +p ·q+m2

) (
apa†qei(q−p)·x +a†paqei(p−q)·x

))
(8.219)

We can justify dropping the apaq and a†pa†q terms in this integral since we
are computing ρ̃(x, t) = 〈0, 0|T 00(x, t) |0, 0〉, where

(8.220)

〈0, 0| = 〈0|
∫

d3r

(2π)3
√

2ωr
ar

|0, 0〉 =

∫
d3s

(2π)3
√

2ωs
a†s |0〉 ,
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so those terms only contribute zeros

(8.221)
0 = 〈0| arapaqa†s |0〉

0 = 〈0| ara†pa†qa†s |0〉 .

These zeros are easily computed by commutation, but also by the Wick’s
corollary mentioned in class (expectations of odd numbers of creation or
annihilation operators are zero). With those same sign (p, q) exponential
terms eliminated and a p, q swap in the apa†q term, we are left with

T 00 =
1
4

∫
d3 p d3q

(2π)6 √ωpωq

(
ωpωq + p · q + m2

) (
aqa†p + a†paq

)
ei(p−q)·x.

(8.222)

Normal ordered, we have

(8.223):T 00: =
1
2

∫
d3 p d3q

(2π)6 √ωpωq

(
ωpωq + p · q + m2

)
a†paqei(p−q)·x.

We expect this to equal the Hamiltonian density, and can check that as a
quick sanity check∫

d3x:T 00:

=
1
2

∫
d3x d3 p d3q

(2π)6 √ωpωq

(
ωpωq + p · q + m2

)
a†paqei(ωp−ωq)te−i(p−q)·x

=
1
2

∫
d3 p d3q

(2π)3 √ωpωq

(
ωpωq + p · q + m2

)
a†paqei(ωp−ωq)tδ(q − p)

=
1
2

∫
d3 p

(2π)3ωp

(
ω2

p + p2 + m2
)

a†pap

=
1
2

∫
d3 p

(2π)3ωp
2ω2

pa†pap

= H.
(8.224)

We are now ready to complete the computation of ρ̃(x), which is

ρ̃(x)

=
1
4

∫
d3r d3 p d3q d3s

(2π)12 √ωrωpωqωs

(
ωpωq + p ·q + m2

)
〈0| ara†paqa†s |0〉 e

i(p−q)·x.

(8.225)
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Evaluating this matrix element with Wick’s theorem, we have

(8.226)〈0| ara†paqa†s |0〉 = ara†paqa†s
= (2π)6δ(r − p)δ(q − s),

so

ρ̃(x) =
1
4

∫
d3 p d3q

(2π)6ωpωq

(
ωpωq + p · q + m2

)
ei(p−q)·x

=

∫
d3 p

(2π)32ωp
ωpeip·x

∫
d3q

(2π)32ωq
ωqeiq·(−x) +

∫
d3 p

(2π)32ωp
peip·x

·

∫
d3q

(2π)32ωq
qeiq·(−x) + m2

∫
d3 p

(2π)32ωp
eip·x

∫
d3q

(2π)32ωq
eiq·(−x),

(8.227)

which is just

ρ̃(x) = ∂tD(x)∂tD(−x) + (∇D(x)) · (∇D(−x)) + m2D(x)D(−x).

(8.228)

Part c. In homework 2 we found that at a spacelike distance x = (0, rr̂)
the Wightman function had the form

(8.229)D(r, 0) ∼ e−mr,

where r̂ is the unit vector directed along the line from the origin to x. We
wish to evaluate the gradients of D(x, 0) and D(−x, 0), and may do so by
evaluating each with respect to oppositely oriented coordinate systems.

(8.230)∇D(x, 0) = r̂
∂

∂r
e−mr

= −mr̂e−mr,

and

(8.231)∇D(−x, 0) = (−r̂)
∂

∂r
e−mr

= mr̂e−mr,
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so

(8.232)ρ̃(x, 0) =
(
−mr̂e−mr) · (mr̂e−mr) + m2e−2mr

= 0.

We have perfect cancellation at spacelike separations.
I am comforted and not surprised that we don’t find observable effects

at spacelike separations where we don’t expect to find them.





9
S C AT T E R I N G A N D D E C AY.

9.1 additional resources.

The video [15] does an excellent job explaining these concepts, covering
the same material, but doing so in a very structured fashion. He also nicely
highlights which parts we are basically taking on faith in order to gain
some calculation experience.

9.2 definitions and motivation.

In QM we did lots of scattering problems as sketched in fig. 9.1, and were
able to compute the reflected and transmitted wave functions and quantities
such as the reflection and transmission coefficients

Figure 9.1: Reflection and transmission of wave packets.

(9.1)
R =
|Ψref|

2

|Ψin|
2

T =
|Ψtrans|

2

|Ψin|
2 .

We’d like to consider scattering in some region of space with a non-zero
potential, such as the scattering of a plane wave with known electron flux
rate as sketched in fig. 9.2. We can imagine that we have a detector capable
of measuring the number of electrons with momentum pout per unit time.



258 scattering and decay.

Figure 9.2: Plane wave scattering off a potential.

Definition 9.1: Total cross section (X-section).

σtotal =
number of scattering events with pout , kin per unit time

Flux of incoming particles
,

where the flux is the number of particles crossing a unit area in unit
time.

Units of the x-section are (with h̄ = c = 1)

[σ] = area =
1

M2 . (9.2)

The concept of scattering cross section may not be new, as it can even
be encountered in classical mechanics. One such scenario is sketched in
fig. 9.3 where the cross section is just the area

(9.3)σ = πR2.

Other classical fields where cross section is encountered includes antenna
theory (radar scattering profiles, ...).

Definition 9.2: Differential cross section.
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Figure 9.3: Classical scattering.

d3σ

dpxdpydpz
=

number of scattering events with pout between (p,p + ∆p)
flux

.

In QFT we typically study 2→ n inelastic scattering. Most commonly
the nature of the final state particles are different from the nature of the
incoming state.

For example, we can collide an electron and anti-electron, and can get
muon and anti-muon particles as sketched in fig. 9.4, or pions as sketched
in fig. 9.5, or even both as sketched in fig. 9.6.

Figure 9.4: Muon pair production.

Figure 9.5: Pion pair production.
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Figure 9.6: Muon and pion pair production.

In the λφ4 theory we can have scattering events such as 2 → 2 and
2→ 2n production as sketched in fig. 9.7.

(a) (b)

Figure 9.7: lambda fourth scattering events.

How to calculate in QFT. Initial state of 2 particles A, B with initial state

(9.4)|kA,kB〉in,T→−∞

and final n-particle state

(9.5)|p1,p2, · · · ,pn〉out,T→+∞

The QM transition amplitude from the initial to the final state is

(9.6)out〈p1,p2, · · · ,pn| |kA,kB〉in = 〈p1,p2, · · · ,pn| e−2iHT |kA,kB〉 .

This is the amplitude for AB→ 1 · · · n. Ultimately, we want the scattering
x-section.

We will also be interested in decay rates, as there are unstable particles
in QFT that can decay. This doesn’t happen in λφ4 theory. In a theory
with 2 scalar fields Φ, ϕ with mΦ > 2mϕ. A possible interaction for such a
theory is

(9.7)Hint = µΦϕ2,

which would permit Φ → ϕϕ decays. Hw4 has a coupling like (h/V)∂µφa∂µφa

for which a h→ φaφa decay is possible.
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Definition 9.3: Decay rate.

The decay rate is defined as

Γ =
Number of decays Φ → ϕϕ in unit time

Number of Φ particles present

What is the amplitude for such a decay transition?

(9.8)
〈
kφ

∣∣∣
in,T→−∞

→ 〈k1,k2|out,T→+∞ .

The amplitude for kφ → k1,k2.

(9.9)〈k1,k2| e−i2HT
∣∣∣kφ〉 =

out

〈
k1,k2

∣∣∣kφ〉
mysterious seeming statement something like : “The decays are essen-
tially due to interactions with vacuum fluctuations.”

9.3 calculating interactions.

We write

(9.10)

out〈p1, · · · pn|kA,kB〉in = lim
T→∞

〈p1, · · · pn| e−i2HT |kA,kB〉

= 〈p1, · · · pn| Ŝ |kA,kB〉

= 〈p1, · · · pn| 1 + iT̂ |kA,kB〉 ,

where Ŝ is called the S-matrix or scattering matrix, which is decomposed
into a unit portion 1 which is a convenient way to exclude events with no
scattering. 1 contributes for n = 2 only, but is an n scattering amplitude.
We are really interested in the iT̂ portion of this amplitude

〈p1, · · · pn| iT̂ |kA,kB〉

= (2π)4δ(4)(kA + kB −

n∑
i=1

pi) × iM(kA + kB → p1 · · · pn).
(9.11)

This amounts to a definition of M. Recall that we found

(9.12)U(T,−T ) = T
(
e−i

∫ T
−T HI (t′)dt′

)
= eiH0(T−t0)e−i2HT e−iH0(−T−t0).
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We want to replace the e−i2HT in the matrix element above with U.
In perturbation theory, we assume (conjecture) that

(9.13)
|kA,kB〉 ∼ |kA,kB〉o

∼ const a†kA
a†kB
|0〉

Because we’ll be squaring the amplitudes, we can assume that the
eiH0(T−t0) will result in just phase factors that won’t survive, so in eq. (9.10)
we can insert U

(9.14)out〈p1, · · · pn|kA,kB〉in = lim
T→∞

〈p1, · · · pn|U(T,−T ) |kA,kB〉

〈p1, · · · pn| iT̂ |kA,kB〉 = lim
T→∞(1−iε) 0〈p1, · · · pn|T (e−i

∫ T
−T Hi(t′)dt′) |kA,kB〉0

(9.15)

We will see that evaluating this beastie amounts to summing all the
connected and amputated diagrams, a subset of all the possible graphs.
Why this is true is not covered in this course (i.e. see QFT II and/or §7.2
[19]). Using the φ4th theory, [14] provides a very nice example that shows
how the first order disconnected diagrams happen to cancel out perfectly
(even though they both represent infinities!).

What is “connected and amputated”? Explaining by example. n =

2, λφ4/4!.

(9.16)
〈0| ap1ap2

(
�1 −

iλ
4!

∫
d4xφ4

I (x)

+
1
2

( iλ
4!

)2 ∫
d4xd4yφ4

I (x)φ4
I (y) + · · ·

)
a†kA

a†kB
|0〉

Here time ordering operations are implied, but not written explicitly. Also,
the “amputated” indicates that we are going to be dropping the 1 portion
of the exponential expansion (as we’ve also dropped that in eq. (9.15)).
We will also be using a relativistic normalization so that the a†kA

a†kB
terms

include
√

2ωkA2ωkB contributions and the ap1ap2 include
√

2ωp12ωp2

contributions.

(9.17)TφI(x1)φI(x2) = DF(x1 − x2)
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When we look at

(9.18)

φI(x1)a†k
√

2ωk =

∫
d3 p

(2π)3

e−ip·x√
2ωp

apa†k
√

2ωk

=

∫
d3 p

(2π)3

e−ip·x√
2ωp

δ(3)(p − k)
√

2ωk

= e−ik·x.

Similarly

(9.19)

apφI(x1)
√

2ωp =

∫
d3k

(2π)3

eik·x√
2ωk

apa†k
√

2ωk

=

∫
d3k

(2π)3

eik·x√
2ωk

δ(3)(p − k)
√

2ωk

= e+ip·x.

Summarizing

φI(x)a†p = e−ip·x

apφI(x) = eip·x.
(9.20)

9.4 example diagrams.

We want to examine the relevant diagrams corresponding to a transition
amplitudes for the φ4 theory. Contractions such as

(9.21)〈ap1ap2 |a
†

kA
a†kB
〉
0
.

result in diagrams that are not connected as sketched in fig. 9.8.
There are no other possibilities for the first order (and these ones are not

interesting). For the second order transition amplitudes we want to sum of
all the contractions for the expectation

(9.22)
〈
ap1ap2φ

4
I (x)a†kA

a†kB

〉
= −i

λ

4!

∑
all contractions.

Our diagrams include fig. 9.9, which are not connected. The figure eight is
a vacuum fluctuation that represents virtual processes. Another diagram is
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Figure 9.8: Not connected diagrams.

Figure 9.9: Not connected second order interactions, including vacuum fluctua-
tions.

Figure 9.10: Another second order diagram.
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fig. 9.10, also not connected.
We want diagrams that we will describe as “connected and amputated”.

We are clearly discarding non-connected diagrams like those above, but
will need to demonstrate what is meant by amputated, and will continue to
consider examples to make that clear.

Here’s another diagram fig. 9.11 that is also not connected. From the

Figure 9.11: Another not-connected diagram.

diagrams we can construct the functionals that they represent. The single
line in this one is a δ(3)(p1 − kA) whereas the balloon with two strings is

(9.23)
∫

d4xe−ikB·xDF(x − x)eip2·x.

There are similar not-connected variations of the possible diagrams that
we will also discard. The connected diagrams all come from contractions
such as

(9.24)〈0| ap1ap2φ
4
I (x)a†kA

a†kB
|0〉

The diagram for this interaction now has a vertex representing the contrac-
tions with φ4

I (x) with four edges from that vertex as sketched in fig. 9.12.
The algebraic expression for this diagram is

4!
(
−iλ
4!

) ∫
d4xe−i(kA+kB)·xei(p1+p2)·x = −iλ(2π)4δ(4)(p1 + p2 − kA − kB).

(9.25)

Such a diagram has the general form

(2π)4δ(4)
(∑

in −
∑

final
)
× iM(A, B→ 1, 2), (9.26)

so

M(A, B→ 1, 2) = −λ. (9.27)
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Figure 9.12: Not non-connected diagram.

Here the “symmetry factor” 4! was added in to count all possible ways of
constructing such a diagram.

Next order How about an amplitude like

(9.28)〈0| ap1ap2

1
2

(
−iλ
4!

)2 ∫
d4x

∫
d4yφ4

I (x)φ4
I (y)a†kA

a†kB
|0〉

Disconnected diagrams include fig. 9.13. However, we have connected

Figure 9.13: Disconnected third order interaction.

diagrams like fig. 9.14. The loop in this diagram represents an interaction
with “vacuum fluctuation”. Such an interaction is not relevant to scatter-
ing, and we may consider just the portion of the diagram that leaves off

this vacuum fluctuation. This is what is meant by amputated. Amputated
diagrams do not include such factors. Other example interactions that may
also be amputated include fig. 9.15.

At the next order we can have fun interactions like that of fig. 9.16,
which is not amputatable (it connects branches), and must be considered.

At the λ2 order, the relevant diagrams are sketched in fig. 9.17 At this
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Figure 9.14: Connected diagram.

Figure 9.15: Other amputatable diagrams.

Figure 9.16: Fun interaction.

(a) (b) (c)

Figure 9.17: Second order connected amputated diagrams.
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order φ4(x), φ4(y) each contribute a vertex with 4 edges.

Definition 9.4: Amputated

Omit anything that only effects input or output lines.

9.5 the recipe.

The general transition amplitude for a 2→ n event has the form

〈p1 · · · pn|kAkB〉 = (2π)4δ(4)
(∑

kin −
∑

pout
)

iM(A, B→ 1, · · · n).

(9.29)

Our recipe is

1. iM =
∑

of all connected amputated diagrams, lines and vertices.

2. to every internal line (not connected to input or final particle)

3. associate a propagator

(9.30)
i

p2 − m2 − iε
,

where p is the 4-momentum of the line. External lines are ≡ 1.

4. Impose non-conservation with every vertex.

5. integrate
∫

d4 p/(2π)4 over all momenta not fixed.

6. symmetry factors

7. vertex: (−iλ).

9.6 back to our scalar theory.

Applying these rules to the diagram fig. 9.18, we get

(9.31)−iλ = iM,

or

(9.32)M = −λ.
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Figure 9.18: First order interaction.

(a) (b) (c)

Figure 9.19: Second order diagrams.

For the second order diagrams The first diagram gives

(9.33)(−iλ)2 i
q2

1 − m2 − iε
i

q2
2 − m2 − iε

,

where q1 + q2 = kA + kB, so we can let q2 = kA + kB − q1, which gives

(9.34)
∫

d4q1

(2π)4 (−iλ)2 i
q2

1 − m2 − iε
i

(kA + kB − q1)2 − m2 − iε

Calculating the symmetry coefficients is a counting game, illustrated
roughly in fig. 9.20, where the 1/2 factor was eliminated by the two
choices, and the rest by factorial counting (4 ways to pick first, leaving 3
ways for the next choice, two for the next, until the last.) In the end we
have a symmetry factor of (4 × 3) × 2 × (4 × 3).

9.7 review: s-matrix.

We defined an S−matrix

〈 f | S |i〉 = S f i = (2π)4
δ(4)

∑
pi −

∑
p f


 iM f i, (9.35)
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Figure 9.20: Symmetry coefficient counting.

where

iM f i =
∑

all connected amputated Feynman diagrams . (9.36)

The matrix element 〈 f | S |i〉 is the amplitude of the transition from the
initial to the final state. In general this can get very complicated, as the
number of terms grows factorially with the order.

We also talked about decays.

9.8 scattering in a scalar theory.

Suppose that we have a scalar theory with a light field Φ,M and a heavy
field ϕ,m, where m > 2M. Perhaps we have an interaction with a z2

symmetry so that the interaction potential is quadratic in Φ

(9.37)Vint = µϕΦΦ.

We may have ΦΦ → ΦΦ scattering.
We will denote diagrams using a double line for φ and a single line for

Φ, as sketched in fig. 9.21.
There are three possible diagrams:
The first we will call the s-channel, which has amplitude

(9.38)
A(s-channel) ∼

i
p2 − m2 + iε

=
i

s − m2 + iε
,

where we designate the total squared four-momentum as

(9.39)(p1 + p2)2 = s.
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Figure 9.21: Particle line convention.

(a) (b)

(c)

Figure 9.22: Possible diagrams.
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In the centre of mass frame

(9.40)p1 = −p2,

so

s =
(
p0

1 + p0
2

)2
= E2

cm. (9.41)

To the next order we have a diagram like fig. 9.23. and can have addi-

Figure 9.23: Higher order.

tional virtual particles created, with diagrams like fig. 9.24.

Figure 9.24: More virtual particles.

We will see (QFT II) that this leads to an addition imaginary iΓ term in
the propagator

(9.42)
i

s − m2 + iε
→

i
s − m2 − imΓ + iε

.

If we choose to zoom into the such a figure, as sketched in fig. 9.25, we
find that it contains the interaction of interest for our diagram, so we can
(looking forward to currently unknown material) know that our diagram
also has such an imaginary iΓ term in its propagator.

Assuming such a term, the squared amplitude becomes

(9.43)
σ|s near m2 ∼ |As|

2

∼
1

(s − m2)2 + m2Γ2
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Figure 9.25: Zooming into the diagram for a higher order virtual particle creation
event.

Figure 9.26: Resonance.
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This is called a resonance, and is sketched in fig. 9.26.
Where are the poles of the modified propagator?

(9.44)
i

s − m2 − imΓ + iε
=

i
p2

0 − p2 − m2 − imΓ + iε

The pole is found, neglecting iε, is found at

(9.45)

p0 =

√
ω2

p + imΓ

= ωp

√
1 +

imΓ
ω2

p

≈ ωp +
imΓ
2ωp

9.9 decay rates .

We have an initial state
(9.46)|i〉 = |k〉 ,

and final state

(9.47)| f 〉 =
∣∣∣∣p f

1 , p f
2 · · · p

f
n

〉
.

We defined decay rate as the ratio of the number of initial particles to the
number of final particles.

The probability is proportional to

(9.48)
ρ ∼ |〈 f | S |i〉|2

= (2π)4δ(4)(pin −
∑

p f )(2π)4δ(4)(pin −
∑

p f ) ×
∣∣∣M f i

∣∣∣2,
where the proportionality is because we will have to divide by all the norms
of the final states1.

Saying that δ(x) f (x) = δ(x) f (0) we can set the argument of one of the
delta functions to zero, which gives us a vacuum volume element factor

(2π)4δ(4)(pin −
∑

p f ) = (2π)4δ(4)(0) = V3T, (9.49)

so

(9.50)
probability for i→ f

unit time
∼ (2π)4δ(4)(pin −

∑
p f )V3 ×

∣∣∣M f i
∣∣∣2,

1 Required for the probabillity to be no greater than one.
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For the norms, we use the relativistic normalization

(9.51)〈k|p〉 = (2π)32ωpδ
(3)(p − k)

and our volume element interpretation of δ(3)(0)2, which is

(9.52)〈p|p〉 = 2ωp

∫
d3xeip·x

∣∣∣x=0 = 2ωpV3.

We now have the full expression for the probability per unit time

(9.53)
probability for i→ f

unit time
=

(2π)4δ(4)(pin −
∑

p f )
∣∣∣M f i

∣∣∣2V3

2ωkV32ωp1 · · · 2ωpnVn
3

In terms of number of states in a small momentum space volume. If we
multiply the number of final states with p f

i ∈ (p f
i , p f

i + dp f
i ) for a particle

in a box

(9.54)px =
2πnx

L

(9.55)∆px =
2π
L

∆nx

(9.56)∆nx =
L
2π

∆px

and

(9.57)∆nx∆ny∆nz =
V3

(2π)3 ∆px∆py∆pz

(9.58)

Γ =
number of events i→ f

unit time

=
∏

f

d3 p
(2π)32ωp f

(2π)4δ(4)(k −
∑

f p f )
∣∣∣M f i

∣∣∣2
2ωk

Note that everything here is Lorentz invariant except for the denominator
of the second term ( 2ωk). This is a well known result (the decay rate
changes in different frames).

2 Originally seen in eq. (4.76).
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9.10 cross section.

For 2→ many transitions

probability i→ f
unit time

×
(

number of final states with p f ∈ (p f , p f + dp f )
)

=
(2π)4δ(4)(

∑
pi −

∑
f p f )

∣∣∣M f i
∣∣∣2��V3

2ωk1V32ωk2��V3

∏
f

d3 p
(2π)32ωp f

(9.59)

We need to divide by the flux to obtain the cross section.
In the CM frame, as sketched in fig. 9.27, the current is

(9.60)j = nv1 − nv2,

so if the density is

(9.61)n =
1

V3
,

(one particle in V3), then

(9.62)j =
v1 − v2

V3
.

Figure 9.27: Centre of mass frame.

(9.63)σ =
(2π)4δ(4)(

∑
pi −

∑
f p f )

∣∣∣M f i
∣∣∣2

2ωk12ωk2 ‖v1 − v2‖

∏
f

d3 p
(2π)32ωp f

This is where [19] stops.
There is, however, a nice Lorentz invariant generalization

(9.64)j =
1

V3ωkAωkB

√
(kAkB)2 − m2

Am2
B
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(Claim: DIY)

(9.65)

j|CM =
1

V3

(
‖kA‖

ωkA

+
‖kB‖

ωkB

)
=

1
V3

(‖vA‖ + ‖vB‖)

=
1

V3
‖v1 − v2‖

(9.66)σ =
(2π)4δ(4)(

∑
pi −

∑
f p f )

∣∣∣M f i
∣∣∣2

4
√

(kAkB)2 − m2
Am2

B

∏
f

d3 p
(2π)32ωp f

.

9.11 more on cross section.

dσ(AB→ 1 · · · n)

=
1

4
√

(kAkB)2 −m2
Am2

B

∣∣∣M f i
∣∣∣2 × (2π)4δ(4)(

∑
pi −

∑
f

p f )
∏

f

d3 p
(2π)32ωp f

.

(9.67)

For two particles, the particle data book this factor has the identification

(9.68)d(LIPS )2 = (2π)4δ(4)(
∑

pi −
∑

f

p f )
∏

f

d3 p
(2π)32ωp f

,

(9.69)σ =
d(LIPS )2

∣∣∣M f i
∣∣∣2

4
√

(kAkB)2 − m2
Am2

B

.

Example: φφ → φφ: Let’s calculate the flux factor for the 2 → 2
scattering sketched in fig. 9.28 from the CM frame. Our four-momenta are

(9.70)
kA =

( √
s

2
,−k

)
kB =

( √
s

2
,+k

)
,
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Figure 9.28: Two to two scattering in CM frame.

where

(9.71)
√

s = EA + EB,

and s is known as a Mandelstam variable (see for example: [23]. The
particles are each on shell, so

(9.72)
k2

A =
s
4
− k2 = m2

k2
B =

s
4
− k2 = m2.

The flux factor is

(9.73)
4
√

(kAkB)2 − m2
Am2

B = 4

√( s
4

+ k2
)2
− (m2)2

= 4

√( s
4

+ k2 − m2
) ( s

4
+ k2 + m2

)
.

Using eq. (9.72), gives

4
√

(kAkB)2 −m2
Am2

B = 4
√

(2k2)
s
2

= 4 ‖k‖
√

s. (9.74)

9.12 d(lips)2 .

In the CM frame the delta function simplifies and we have
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d(LIPS )2 =
d3 p1

(2π)3

d3 p2

(2π)3

1
2ω12ω2

2π(2π)3δ(3)(p1 + p2)δ(2ω1 −
√

s)

=
d3 p1

(2π)3

1
4ω2

1

2πδ(2ω1 −
√

s)

=
d3 p1

(2π)3

1
4ω2

1

2πδ(2
√

p2
1 + m2 −

√
s)

(9.75)

(9.76)p1 =

( √
s

2
,p1

)
The square of this four-momentum is

p2
1 = m2 =

s
4
− p2

1, (9.77)

so

(9.78)p2
1 =

s
4
− m2

Using the delta function identity

(9.79)δ( f (x)) =
δ(x∗)
f ′(x∗)

∣∣∣∣∣
f (x∗)=0

,

and letting d3 p1 = dΩp2dp, p = ‖p1‖, and f (p) = 2
√
p2 + m2 =

√
s we

have a zero at

(9.80)x∗ = p −
√

s/4 − m2,

(9.81)p2 =
s
4
− m2.

(9.82)

f ′(x∗) =
d

dp
2
√
p2 + m2

= 2
1
2

2
p

ω1

=
2p
ω1
.
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(9.83)

d(LIPS )2 =
d3 p1

(2π)3

1
4ω2

1

2πδ(p −
√

s/4 − m2)

=
d2Ωp2dp
(2π)24ω2

1

δ(p −
√

s/4 − m2)
2p/ω1

=
d2Ωpdp
(2π)28ω1

δ(p −
√

s/4 − m2),

but
∫

dxxδ(x − x∗) = x∗, so

(9.84)
d(LIPS )2 =

d2Ωp

(2π)28ω1

=
d2Ωp

16π2
√

s
,

since ω1 =
√

s/2.
Plugging eq. (9.74) and eq. (9.84) into eq. (9.69) we have

(9.85)

dσ
d2Ω

=
d(LIPS )2

d2Ω

∣∣∣M f i
∣∣∣2 1

4
√

(kAkB)2 − m2
Am2

B

=
p

16π2
√

s
|−iλ|2

1
4 ‖k‖

√
s

=
λ2

64π2s
.

Since

(9.86)
∫

d2Ω = 4π,

the total cross section is

(9.87)
σtotal =

λ2

sπ2

4π
264/16

=
λ2

32s
.

There was a counting adjustment made here that I didn’t catch.
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9.13 problems.

Exercise 9.1 The “h→ WW,ZZ" Higgs-decay width. (2018 Hw4.II)

From the SU(2)L × SU(2)R model of Homework 2—really, the Higgs
Lagrangian of the Standard Model, find the coupling of the h-particle (the
Higgs boson) to the φa particles (these are now Goldstone bosons, in the
electroweak theory, they become the longitudinal components of the W
and Z particles). Canonically normalizing h and φa, this coupling has the
form

Lint = const. h ∂µφa∂µφa . (9.88)

a. Determine the value of const. for canonically normalized h and φa.

b. Use this coupling to compute the width Γ(h→ φ3φ3) of the Higgs
particle to decay to two longitudinal (say) Z-bosons (hence the
index 3).

c. Plug in some numbers. Use the fact that the vacuum expectation
value |m|/

√
λ = 246 GeV and the fact that mh = 125GeV to get a

number for the lifetime. Compare to the total width of the Higgs
from [2], see figure 5 there, as well to the partial width to WW
given in Figure 4 there.

d. At the same time, determine the values of |m| and λ separately. Is
λ � 1 (i.e. perturbative)?

Notice that this calculation would have been physically relevant had the
Higgs been heavy, mh � mW ∼ 100 GeV. This is because the h→ WW
decay then is dominated (in this limit) by the decay into the longitudinal
component, which is really the Goldstone boson field φa (in this limit, the
result is independent of the gauge couplings g1,2 of the Standard Model).
Nonetheless, having some real numbers in this class is good.

Answer for Exercise 9.1

Part a. Here’s a reminder and summary of the Higgs Lagrangian we
will be working with in this problem

(9.89)L = tr
(
∂µH†∂µH

)
− V,
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where

(9.90)V = −|m|2 tr
(
H†H

)
+ λ

(
tr H†H

)2
.

It was postulated that the field had a radial component h, the Higgs field,
and an rotational component Ω, where the total field was given by

(9.91)H(x) =
|m|

2
√
λ

Ω(x)(1 + h(x)),

where

Ω = eiσ·φ = eiφa(x)σa
. (9.92)

Assuming that h(x) and φa(x) commute, H†H can be computed with
relative ease, and has only radial dependence

(9.93)

tr
(
H†H

)
=
|m|2

4λ
(1 + h(x))2 tr

(
e−iσ·φeiσ·φ

)
=
|m|2

4λ
(1 + h(x))2 tr 1

=
|m|2

2λ
(1 + h)2.

For the derivative quadratic form, we find

∂µH†∂µH =
|m|2

4λ

(
∂µhΩ† + (1 + h)∂µΩ†

) (
∂µhΩ + (1 + h)∂µΩ

)
=
|m|2

4λ

(
∂µhΩ†∂µhΩ + (1 + h)

(
∂µhΩ†(∂µΩ) + ∂µh(∂µΩ†)Ω

)
+ (1 + h)2∂µΩ†∂µΩ

)
.

(9.94)

Because Ω†Ω = 1, we have

∂µhΩ†(∂µΩ) + ∂µh(∂µΩ†)Ω = ∂µh
(
Ω†(∂µΩ) + (∂µΩ†)Ω

)
= ∂µh

(
∂µ(Ω†Ω) − (∂µΩ†)Ω + (∂µΩ†)Ω

)
= ∂µ(1)
= 0.

(9.95)

All the cross terms with both h and Ω derivatives are zero (to all orders,
not just quadratic).
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Taking traces (and using cyclic permutation of the matrices in the trace
operations), the Lagrangian density is now determined

(9.96)
L =

|m|2

2λ
∂µh∂µh +

|m|2

4λ
(1 + h)2 tr

(
∂µΩ†∂µΩ

)
+ |m|2

|m|2

2λ
(1 + h)2 − λ

(
|m|2

2λ

)2

(1 + h)4 .

Now let’s expand the Ω derivatives. To first order, we have

(9.97)∂µΩ = ∂µ (1 + iσ · φ)
= iσ · ∂µφ,

so

(9.98)
tr

(
∂µΩ†∂µΩ

)
= tr

(
(−iσ · ∂µφ†)(iσ · ∂µφ)

)
= tr

(
(σ · ∂µφ)(σ · ∂µφ)

)
,

where the real nature of each of the φa’s has been used to eliminate the †’s.
The structure of this trace is that of

(9.99)

tr ((σ · x)(σ · y)) = xayb tr
(
σaσb

)
= xayb

 2 a = b

0 a , b
= 2x · y,

The Lagrangian density, including just the kinetic term, and the first order
h interaction is

(9.100)
L =

|m|2

2λ
∂µh∂µh +

|m|2

4λ
(2h)2∂µφa∂µφa + · · ·

=
|m|2

2λ
∂µh∂µh +

|m|2

λ
h∂µφa∂µφa.

Imposing a transformation of the fields

(9.101)
h→

√
λ

|m|
h

φa →

√
λ

|m|
φa,
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we find that the portion of the Lagrangian including just the kinetic and
interaction terms is transformed to

(9.102)L →
1
2
∂µh∂µh +

√
λ

|m|
h∂µφa∂µφa.

This is now “canonically normalized” 3. The coupling to first order in h is

(9.103)Lint =

√
λ

|m|
h∂µφa∂µφa.

The constant in question (called 1/v in problem 3) has been found to be

1
v

=

√
λ

|m|
. (9.104)

Part b. The scattering calculation machine that was presented in class,
assumes that the final states scattering process can be related to a scattering
matrix with the following structure

out〈p1,p2|k〉in = 〈p1,p2| Ŝ |k〉 = 〈p1,p2|T
(
e−i

∫
dtHint(t)

)
|k〉 (9.105)

where k is the momentum of the initial Higgs particle, pi are the momenta
of the Z-boson disintegration products, and we evaluate the amplitude by
summing “connected amputated diagrams”.

With the plus-minus decomposition of the field h(z) = h+(z) + h−(z),
contracting the field with the initial momentum state gives

(9.106)

h(z) |k〉 = h+(z) |k〉

=

∫
d3q

(2π)3
√

2ωq

e−iq·zaq |k〉

=

∫
d3q

(2π)3
√

2ωq

e−iq·zaq
√

2ωka†k |0〉

=

∫
d3qe−iq·zδ(3)(q − k) |0〉

= e−ik·z.

3 Canonically normalized is assumed to mean that there’s a one-half factor on the kinetic
terms
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Similarly,

(9.107)〈p| φ3(z) = eip·z.

Apparently4, the interaction Hamiltonian density that we want to use
for this problem is Hint = −Lint. Given that, the exponential argument
expands to

(9.108)
−i

∫
dtHint(t) = i

1
v

∫
dt

∫
d3xh(x)∂µφa(x)∂µφa(x).

= i
1
v

∫
d4xh(x)∂µφa(x)∂µφa(x).

so the first order expansion of the scattering amplitude is

(9.109)i
1
v

∫
d4x 〈p1,p2|T

(
h(x)∂µφa(x)∂µφa(x)

)
|k〉 .

There are two possible diagrams associated with this amplitude, sketched
in fig. 9.29, but only the first qualifies as “connected amputated”.

(a) (b)

Figure 9.29: Possible figures

Algebraically, in terms of contractions the first diagram is

(9.110)i
1
v

∫
d4x〈p1,p2|h(x)∂µφa(x)∂µφa(x)|k〉,

4 According to a “trust-me, it’s a long story” kind of statement related to a classmate from
Professor Poppitz.
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however, since pi are the momenta for φ3 particles, only the a = 3 terms
above contribute, leaving

(9.111)

i
1
v

∫
d4x〈p1,p2|h(x)∂µφ3(x)∂µφ3(x)|k〉

= i
1
v

∫
d4x 〈0| ∂µeip1·x∂µeip2·xe−ik·x |0〉

= i
1
v

∫
d4x 〈0| (i(p1)µ)(i(p2)µ)ei(p1+p2−k)·x |0〉

= −i
1
v

∫
d4x 〈0| p1 · p2ei(p1+p2−k)·x |0〉

= −i
1
v

(p1 · p2)(2π)4δ(4)(p1 + p2 − k).

This equals iM f i(2π)4δ(4)(p1 + p2 − k), so

(9.112)M f i = −
1
v

(p1 · p2).

We can now start plugging this into our decay rate formula

(9.113)Γ =
1

2ωk

∫
d(LIPS )2

∣∣∣M f i
∣∣∣2,

where5

d(LIPS )2 = (2π)4δ(4)(p1 + p2 − k)
d3 p1

(2π)32ωp1

d3 p2

(2π)32ωp2

= (2π)4δ(3)(p1 + p2 − k)δ(ω1 + ω2 − ωk)
d3 p1

(2π)32ωp1

d3 p2

(2π)32ωp2

(9.114)

(9.115)Γ =
1
v2

∫
d3 p1

(2π)32ωp1

d3 p2

(2π)32ωp2

1
2ωk

(2π)4δ(3)(p1 + p2 − k)δ(ωp1

+ ωp2 − ωk)(−p1 · p2)2.

This is simplest to evaluate in the center of mass frame, as sketched in
fig. 9.30, where k = 0, and ωk = mh, the Higgs mass. This leaves

(9.116)Γ =
1
v2

∫
d3 p1

(2π)24ω2
p1

δ(2ωp1 − ωI) (p1 · p2)2
∣∣∣p2=−p1

.

5 [13] uses D for the d(LIPS )2 symbol we used in class.
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Figure 9.30: Center of mass frame.

If

(9.117)
p1 = (ωp1 ,p1)

p2 = (ωp2 ,p2),

then

(9.118)p1 · p2 = ωp1ωp2 − p1 · p2,

and

p1 · p2|p2=−p1
= ωp1ωp1 + p2

1 = m2
1 + 2p2

1, (9.119)

however, the φ3 particles are bosons (no mass!), so this is just

(9.120)p1 · p2|p2 =−p1
= 2p2

1.

so eq. (9.115) becomes

Γ =
1
v2

∫
d3 p1

(2π)32ωp1

d3 p2

(2π)32ωp2

1
2mh

(2π)4δ(3)(p1 + p2 − k)δ(ωp1 + ωp2

− mh)4 ‖p1‖
4

=
1
v2

∫
d3 p1

(2π)3ω2
p1

1
2mh

(2π)δ(2ωp1 − mh) ‖p1‖
4

=
1
v2

∫
d3 p1

(2π)2

1
2mh

δ(2ωp1 − mh) ‖p1‖
2 .

(9.121)
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Evaluating in spherical coordinates with ‖p1‖ = p, we are left with

(9.122)

Γ =
1
v2

4π
8mhπ2

∫ ∞

0
dpp4δ(2p − mh)

=
1
v2

1
2mhπ

∫ ∞

0
dpp4 δ(p − mh/2)

2

=
1
v2

m3
h

64π
,

where no adjustment of the integration range
∫ ∞

0 p4 → 1
2

∫ ∞
−∞

p4 trans-
formation was made before evaluating the delta function. That was done
on purpose since the zero of our delta function sits at mh/2 > 0, a point
already in the [0,∞] range of the delta function integral above. The final
result, putting in our constant factor χ from eq. (9.104) is

Γ(h→ φ3φ3) =
λ

|m|2
m3

h

64π
. (9.123)

Commentary on possible errors. I’m not entirely convinced that this
answer is not off by some 2n factor, even assuming no plain old algebraic
errors. The easiest place I can imagine messing this up, is by double count-
ing our indistinguishable bosons. I think that I’ve implicitly accounted for
that indistinguishably by by not separately labelling φ3

A, φ
3
B end points in

the first diagram of fig. 9.29, therefore counting that diagram only once.

Part c. The results of plugging the numbers can be found in fig. 9.31. ,
we have

I was initially unsure how to compare this meaningfully to figure 5 of
the referenced document, since the rest mass of the Higgs is 125GeV, yet
Γ was plotted at a range of GeV values. However, this document appears
to roughly coincide with the date of the Higgs discovery. We see in the
figures that the decay rate (on a logarithmic scale!) is much smaller for
values of the Higgs mass roughly below the threshold mass at which the
Higgs was discovered. In a sense, they allow for a determination of the
mass, by looking at the energy ranges for which there are scattering events
of the desired types.

Part d. From fig. 9.31, we see that λ = 127 GeV, which isn’t small by
any typical measure!
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Figure 9.31: Plugging in the numbers.
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Exercise 9.2 Goldstone boson X-section, and Higgs. (2018 Hw4.III)

This problem has:

• A great historical significance, for giving an argument in favor of the
existence of a Higgs particle. The strongest argument for the Higgs
particle’s existence was that it was required—within the weakly
coupled scenario of electroweak symmetry breaking—to tame the
growth of the WW scattering amplitude and restore unitarity of the
electroweak theory. Unitarity is a sacred thing and we don’t want to
easily give it up.

• A great future significance: measurements of WW scattering at the
LHC (and future colliders) will test the Higgs model precisely, in
particular the hypothesis that the Higgs particle that was found last
year completely restores unitarity and there is no other state required.
Current measurements of WW scattering at the LHC are not just
not complete, they are nonexistent (and are very difficult, I am told),
hence the question of whether “the Higgs is the Higgs" is still open.

Now, to the concrete stuff:

a. You will calculate the scattering amplitude of Goldstone boson
quanta via Higgs exchange, due to the coupling you found in eq. (1)
of Problem 2. To be definite, study the amplitude M(φ1φ1 → φ3φ3)
(I am being very nice here, as I let you only look at the s-channel
process!).
For energies of the φa quanta greater than the mass of the W
and Z bosons (roughly 100 GeV), this scattering amplitude via
h-exchange can be shown [you got to believe me here] to be the
same as the scattering of longitudinal W,Z-bosons.
Show that

M(φ1φ1 → φ3φ3)|h−exchange = const.
s2

v2(s −m2
h)
, (9.124)

where s is the appropriate Mandelstam variable (the square of
the c.m. energy), mh is the mass of h, v = |m|/

√
λ, and you will

determine the constant. What you found is that the scattering ampli-
tude (9.124) grows with the c.m. energy, without bound. It should
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intuitively clear that this may violate unitarity by leading to proba-
bilities greater then unity at sufficiently high energies.6

b. Now, the interesting thing about the Higgs model is that the growth
of (9.124) with center of mass energy is actually cancelled by the
same amplitude, but now due to the direct coupling between φa

quanta. To find these interactions, go to eq. (9) of Hw 2 and study
the coupling of φa: substitute H(x) of eq. (9) into eq. (5) and find the
coupling between four φ-quanta that gives the leading contribution
to the M(φ1φ1 → φ3φ3)|local φ−interaction scattering amplitude. Show
that it has the form:

const φcφd∂µφ
a∂µφb Tr

(
σcσdσaσb

)
, (9.125)

and determine the constant.

c. Finally, use (9.125) to calculate M(φ1φ1 → φ3φ3)|local φ−interaction

and show that, when added to M(φ1φ1 → φ3φ3)|h−exchange, the
various constants combine such that the amplitude M(φ1φ1 →

φ3φ3)|h−exchange+local φ−interaction does not grow with the center of
mass energy. Hence, in the Higgs model of Homework 2 unitary
(as expected) rules.

The discovery of the Higgs, which is expected from such theoretical
arguments, is a strong evidence in favor of the recent statement:

"Quantum field theory is how the world works." -Ed

Witten (NYT, August 12 2013)

Answer for Exercise 9.2

Part a. TODO.

Part b. TODO.

Part c. TODO.

Exercise 9.3 Radiation and the IR catastrophe. (2018 Hw3.III)

6 Showing this more precisely—and putting bounds on the mass on the Higgs from unitarity—
requires study of partial wave decomposition (which is also widely used in quantum
mechanics; while the idea is the same, it gets technically a bit more messy in QFT), which
is left for future studies.
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This is a baby problem having to do with radiation of scalar particles. (As
we will not have too much time to study the radiation of electromagnetic
fields this term, it is a good opportunity.) Consider the coupling of a
classical particle to a scalar field (remember Hw 1, Problem 1, where a
similar coupling to the electromagnetic field was considered):

S int = e
∫

worldline

dsφ(x(s)) , (9.126)

where x(s) is the worldline of the particle and e is its scalar charge (what
is its dimension?). The coupling (9.126) corresponds to a “current" j(x)
coupling to φ as in Problem II. above:

S int = e
∫

worldline

dsφ(x(s) =

∫
d4x j(x)φ(x) , (9.127)

where

j(x) = e
∫

worldline

dsδ(4)(x − x(s)) , (9.128)

is the current.

a. Consider a particle of mass M, whose worldline is given by:

xµ(s) =
pµi
M

s, for s < 0 and xµ(s) =
pµf
M

s, for s > 0 ,

(9.129)

where pµi and pµf are the initial and final four-momenta of the
particle (both obeying pµpµ = M2, with p0 > 0, of course). The
physical meaning of this trajectory is that the particle undergoes
acceleration at x0 = 0, suddenly changing its four-momentum from
pi to p f . Show that the Fourier transform of the current, as defined
in (8.174) above, is given by:

j̃(p) =
ieM
p · p f

−
ieM
p · pi

(9.130)

To make the TA’s life (and yours) easier, in getting (9.130), consider
without loss of generality, trajectories with pi = (M, 0, 0, 0) and

p f = (
√

M2 + q2, q, 0, 0). 7

7 Recall the “half-delta function" integrals from Homework 2, Problem 1 and ignore the
iε factors which should be present in the denominators in (9.130) as they will not be
important for what follows.
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b. Now study the expression for the average number of particles
produced, λ, or 〈N〉, of eq. (8.174), as well as the average energy
〈E〉, which you can easily come up with, from (8.174). From now
on, consider the case where the mass of the produced particles
(φ-quanta) is zero. This has two advantages: simplifications in
the various formulae as well as giving us the feeling that we are
actually looking at something close to radiation of photons.
Show that the integrals over the momenta of the emitted “photons"
in 〈N〉 and 〈E〉 diverge at large p.

This is because our trajectory has a sudden change of momentum at
s = 0. We expect that the formulae for the radiated “photons" is still
valid for sufficiently small momenta where the nature of the kink is
not relevant (presumably for momenta less than the inverse time during
which a smooth change of momenta occurs, i.e. momenta smaller than
the reciprocal of the scattering time). Thus, we now suppose there is a
high-momentum cutoff.
Let us then study the convergence of the small-p integrals over the
momenta of the emitted particles in 〈N〉 and 〈E〉. This counts the
number or energy of “soft" photons emitted. Show what while 〈E〉
is finite, the expression for 〈N〉 diverges for small p.

This divergence in the number of soft photons radiated by a classical
source is called the “infrared catastrophe", in the case of QED. A similar
answer is obtained using a tree-level QFT calculation of the radiation
of soft photons. Note one interesting fact: the divergence of the integral
determining 〈N〉 is logarithmic: 〈N〉 ∼ e2 log kmax

kmin
, where the IR cutoff

kmin is introduced to make the integral finite. You see now that e2 (really,
the fine structure constant α ∼ 1/137, in QED) is multiplied by a large log,
which can be bigger than 137. This is a first indication that perturbation
theory breaks down and some resummation of diagrams may be needed.
Indeed, in QED, the infrared divergence is cancelled after adding “loop"
effects, see Section 6.5 of Peskin and Schroeder.

The point of this problem was to illustrate two things. First, it shows
(within this classical calculation of the overlap between free and interact-
ing vacua) how the two vacua can be orthogonal (in the case of massless
φ, due to infrared (small momenta) problems). Second, it points toward
something—the infrared divergences in QED, and the resulting “Sudakov
double logs"—that you will study later, either in QFT2 or by yourselves.

Answer for Exercise 9.3
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Part a. Our Fourier transform is

(9.131)

j̃(p) =

∫
d4yeip·y j(y)

= e
∫

d4yeip·y
∫

dsδ(4)(y − y(x))

= e
∫ ∞

0
ds

∫
d4yeip·yδ(4)(y − pfs/M)

+ e
∫ 0

−∞

ds
∫

d4yeip·yδ(4)(y − pis/M).

Writing p · p f = pµpµf and p · pi = pµpµi , and using the half delta function
representation from Hw2, this reduces to

(9.132)

j̃(p) = e
∫ ∞

0
dseip·p f s/M−εs + e

∫ 0

−∞

dseip·pi s/M+εs

= e
eip·p f s/M−εs

ip · p f /M − ε

∣∣∣∣∣∣∞
0

+ e
eip·pi s/M+εs

ip · pi/M + ε

∣∣∣∣∣∣0
−∞

→ ieM
(

1
p · p f

−
1

p · pi

)
,

as desired. While it was suggested that we use specific values of pi, p f to
make life easier, it isn’t clear how that would have helped.

Part b. Observing that
∣∣∣ j̃(p)

∣∣∣2/(2ωp) is the number density, our energy
is given by

(9.133)〈E〉 =
1
2

∫
d3 p

(2π)3

∣∣∣ j̃(p)
∣∣∣2.

Utilizing the “make the TA’s life easier” representation of p f , pi, the
absolute squared momentum space current is

(9.134)
∣∣∣ j̃(p)

∣∣∣2 = e2M2

 1

p0

√
M2 + q2 − p1q

−
1

p0M


2

.
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This gives

〈N〉 =
e2M2

2(2π)3

∫
dp2dp3

∫
dp1

ωp

 1

ωp

√
M2 + q2 − p1q

−
1

ωpM


2

〈E〉 =
e2M2

2(2π)3

∫
dp2dp3

∫
dp1

 1

ωp

√
M2 + q2 − p1q

−
1

ωpM


2

,

(9.135)

where ωp =

√
p2 + M2. The p1 integrals can both be evaluated (using

Mathematica), and we find

〈N〉 =
e2

4π3q

q − M tanh−1

 q√
M2 + q2



∫

dp2dp3
1

p2
2 + p2

3 + M2

〈E〉 =

e2
(√

M2 + q2 − M
)

16π2M

∫
dp2dp3

1√
p2

2 + p2
3 + M2

(9.136)

Neither of the dp2dp3 integrals converge for p2, p3 ∈ [−∞,∞], so both
the average number of particles and energy diverge in the large p limit.

We can evaluate these in the small p limit by imposing a limit on the
range of the dp2dp3 integrands, and find

(9.137)
" ε

−ε
dp2dp3

1√
p2

2 + p2
3 + M2

= 8ε sinh−1(1),

so the average energy in the small p limit is

(9.138)〈E〉 =

e2
(√

M2 + q2 − M
)
ε sinh−1(1)

8π2M
.

However, for the average number of particles in the small p limit, the
integral

(9.139)
" ε

−ε
dp2dp3

1
p2

2 + p2
3 + M2

,

does not converge, so we find that the average number of particles associ-
ated with this current diverges in both the small and large p limit.
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F E R M I O N S , A N D S P I N O R S .

10.1 fermions: 3 rotations .

Given a real vector x and the Pauli matrices

σ1 =

0 1

1 0

 , σ2 =

0 −i

i 0

 , σ3 =

1 0

0 −1

 . (10.1)

We may form a Pauli matrix representation of a vector

(10.2)σ · x =

 x3 x1 − ix2

x1 + ix2 −x3

 ,
where σ =

(
σ1, σ2, σ3

)
. This matrix, like the Pauli matrices, is a 2 × 2

Hermitian traceless matrix. We find that the determinant is

(10.3)det(σ · x) = −(x3)2 − (x1)2 − (x2)2

= −x2.

We may form

(10.4)U(σ · x)U†,

where U is a unitary 2 × 2 unit determinant matrix, satisfying

(10.5)
U†U = 1

det U = 1.

Further

(10.6)det(Uσ · x)U† = det U det(σ · x) det U†

= det(σ · x).

Moral: U(σ · x)U† = σ · x′, where x′ has the same length of x.
We may use this to represent an arbitrary rotation

(10.7)U(σ · x)U† = Ri
jx jσi
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We say that U ∈ SU(2) and R ∈ SU(3), and SU(2) is called the “univer-
sal cover of SO(3)”.

Pauli figured out that, in non-relativistic QM, that this type of transfor-
mation also applies to (spin) wave functions (spinors)

Ψ(x)→ Ψ′(x′) = UΨ(x) (10.8)

where

x→ x′ = Rx, (10.9)

and RTR = 1. Here Ψ is a two element vector

(10.10)Ψ(x) =

Ψ↑(x)

Ψ↓(x)

 ,
so the transformation should be thought of as a matrix operationΨ↑(x)

Ψ↓(x)

→
Ψ′↑(x′)Ψ′
↓
(x′)

 = U

Ψ↑(x)

Ψ↓(x)

 . (10.11)

Having seen such representations and their SU(2) transformations in
NRQM, we want to know what the relativistic generalization is.

10.2 lorentz group.

Let

(10.12)
(x0, x) = x0σ0 − σ · x

=

 x0 − x3 −x1 + ix2

−x1 − ix2 x0 + x3

 .
This has determinant

(10.13)det(x0, x) = (x0)2 − (x1)2 − (x2)2 − (x3)2

= xµxµ.

We therefore identify (x0, x) as a four vector

(10.14)(x0, x) = xµσµ

= xµσνgµν.
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Figure 10.1: Euler angle rotations.

We say that SL(2,C) is a double cover of SO(1, 3).
Note that the matrix U can be built explicitly. For example, it may be

built up using Euler angles as sketched in fig. 10.1. or algebraically

(10.15)U = eiψσ3/2eiθσ1/2eiφσ3/2.

10.3 weyl spinors.

We will see that there is generalization of Pauli spinors, called Weyl spinors,
but we will have to introduce 4 component objects.

We’d like to argue that there is a correspondence (also 2→ 1) between
SL(2,C)→ SO(1, 3). Here:

• S : special

• L : linear

• 2 : 2 × 2

• C : complex.

and we say that M ∈ SL(2,C) if det M = 1, where M is a complex 2 × 2,
but not necessarily unitary. The SU(2) group is a subset of SL(2,C). In this
representation SU(2) matrices are SL(2,C) matrices, but not necessarily
the opposite.

We introduce a special notation for the identity matrix

(10.16)σ0 ≡

1 0

0 1
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and can now form four vectors in a matrix representation

(10.17)

x · σ ≡ xµσµ
= x0σ0 − σ · x

=

 x0 − x3 −x1 + ix2

−x1 − ix2 x0 + x3

 .
Such 2× 2 matrices are Hermitian. Notice that the space of 2× 2 Hermitian
matrices is 4 dimensional.

We found that

(10.18)det(xµσµ) = (x0)2 − x2.

The transformation

(10.19)xµσµ → M
(
xµσµ

)
M†,

maps 2 × 2 Hermitian matrices to 2 × 2 Hermitian matrices using a unit
determinant transformation M. Note that M is not unitary, as it is an
arbitrary (Hermitian) matrix. In particular MM† , 1! Also note that the
determinant of the transformed object is

(10.20)det
(
M

(
xµσµ

)
M†

)
= 1 × det

(
xµσµ

)
× 1,

since det M = 1, so that we see that the Lorentz invariant length is pre-
served by such a transformation. This can be expressed as

x ·σ→ Mx ·σM† = x′ ·σ, (10.21)

where (x′)2 = x2.
Motivated by this SL(2,C)→ SO(1, 3) correspondence, postulate that

we study two component objects

(10.22)U(x) =

U1(x)

U2(x)

 ,
where x = (x0, x1, x2, x3) is a four-vector, and assume that such objects
transform as follows in SO(1, 3)

(10.23)
U(x)→ U′(x′) = M†U(x)

xµ → x′µ = Λµ
νxν,
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where M† is the one giving rise to Λ. To understand what is meant by
“giving rise to”, consider

(10.24)MxµσµM† = x′νσν
= σνΛν

µxµ,

and this holds for all xµ, we must have

MσµM† = σνΛν
µ. (10.25)

Theorem 10.1: Transformation of U†(x)σµU(x).

U†(x)σµU(x) transforms as a four vector.

Proof.

(10.26)

U†(x)σµU(x)→ U′†(x′)σµU′(x′)
= (M†U(x))†σµM†U(x)

= U†(x)
(
MσµM†

)
U(x)

= U†(x)σνU(x)Λν
µ

so we find that U†(x)σµU(x) transforms as a four vector as claimed.

Theorem 10.2: Transformation of partials.

The four-gradient coordinates transform as a four vector

(∂µ)′ = (Λ−1)
σ
µ∂σ.

Proof. Inverting the transformation relation

(10.27)x′µ = Λµ
νxν,

gives

xσ = (Λ−1)
σ
µΛµ

νxν = (Λ−1)
σ
µx′µ, (10.28)
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so

(10.29)

∂µ → (∂µ)′

=
∂

∂x′µ

=
∂xσ

∂x′µ
∂

∂xσ

= (Λ−1)
σ
µ
∂

∂xσ

= (Λ−1)
σ
µ∂σ.

Theorem 10.3: Transformation of U†σµ∂µU.

U†σµ∂µU transforms as a four vector.

Proof.

(10.30)

U†(x)σµ
∂

∂xµ
U(x)→ U′†(x′)σµ

∂

∂x′µ
U′(x′)

= Λµ
νU†(x)σν

∂

∂x′µ
(Λ−1)

µ′

µU(x)

= U†(x)σν
∂

∂x′µ
δµ
′

νU(x)

= U†(x)σν
∂

∂xν
U(x).

We can now define

Definition 10.1: Weyl action (name?)

We may construct the following Lorentz invariant action

S Weyl =

∫
d4xiU†(x)σµ∂µU(x),

where U(x) is a Weyl spinor.
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The i factor here is so that the action is real. This can be seen by noting
that (iσµ)† = −iσµ and integrating the Hermitian conjugate by parts

(
iσ0

)†
=

0 i

i 0


†

= −iσ0 (10.31a)

(
iσ1

)†
=

0 i

i 0


†

= −iσ1 (10.31b)

(
iσ2

)†
=

 0 1

−1 0


†

= −iσ2 (10.31c)

(
iσ3

)†
=

 i 0

0 −i


†

= −iσ3 (10.31d)

(10.32)

S †Weyl =

∫
d4x∂µU†(x)(iσµ)†U(x)

= −

∫
d4x∂µU†(x)iσµU(x)

= −

∫
d4x∂µ

(
U†(x)iσµU(x)

)
+

∫
d4xU†(x)iσµ∂µU(x)

=

∫
d4xU†(x)iσµ∂µU(x)

= S Weyl,

where it was assumed that any boundary terms vanish.

Theorem 10.4: Weyl equation.

Variation of the action definition 10.1 gives rise to the equations of
motion

σµ
∂

∂xµ
U = 0

which is called the Weyl equation.
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Proof.

(10.33)

δS = i
∫

d4x
(
δU†σµ∂µU + U†σµ∂µδU

)
= i

∫
d4x

(
δU†σµ∂µU + ∂µ

(
U†σµδU

)
− (∂µU†)σµδU

)
= i

∫
d4x

(
δU†

(
σµ∂µU

)
−

(
(∂µU†)σµ

)
δU

)
=

∫
d4x

(
δU†

(
iσµ∂µU

)
+

(
δU†

(
iσµ∂µU

))†)
.

Requiring this to vanish for all variations δU† proves the result.

Written out explicitly in matrix form, the Weyl equation is

(10.34)

∂0 + ∂3 ∂1 − i∂2

∂1 + i∂2 ∂0 − ∂3


U1

U2

 = 0,

or
(10.35a)(∂0 + ∂3)U1 + (∂1 − i∂2)U2 = 0

(10.35b)(∂1 + i∂2)U1 + (∂0 − ∂3)U2 = 0.

Theorem 10.5: Weyl equation, massless Klein-Gordon equation.

The Weyl equation is equivalent to a set of massless Klein-Gordon
equations.

∂µ∂
µUk = 0,

for k = 1, 2.

Proof. Multiplying eq. (10.35a) by ∂1 + i∂2 gives

(10.36)

(∂1 + i∂2)
(
(∂0 + ∂3)U1 + (∂1 − i∂2)U2

)
= (∂0 + ∂3) (∂1 + i∂2) U1 + (∂1 + i∂2) (∂1 − i∂2)U2

= −(∂0 + ∂3)(∂0 − ∂3)U2 + (∂1 + i∂2) (∂1 − i∂2)U2

= (−∂00 + ∂33 + ∂11 + ∂22) U2

=
(
−∂0∂

0 − ∂3∂
3 − ∂1∂

1 − ∂2∂
2
)

U2

= −∂µ∂
µU2.
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Similarly, multiplying eq. (10.35b) by ∂1 − i∂2 we find

(10.37)

0 = (∂1 − i∂2)
(
(∂1 + i∂2)U1 + (∂0 − ∂3)U2

)
= (∂11 + ∂22) U1 + (∂0 − ∂3) (∂1 − i∂2)U2

−(∂0 + ∂3)U1

= (∂11 + ∂22 − ∂00 + ∂33) U1

= −∂µ∂
µU1.

Because S Weyl results in a massless Klein-Gordon equation, this is no
good for electrons. We must look for a different action.

Claim: UTσ2U is the only bilinear Lorentz invariant that we can add to
the action.

An action like:

(10.38)Lmass =
1
2

mUTσ2U +
1
2

m∗U†σ2(U†)T,

may exist in nature (we don’t know), and are called Majorana neutrino
masses. The problem with such a Lagrangian density is that it breaks
U(1) symmetry. In particular U → eiαU symmetry of the kinetic term.
This means that the particle associated with such a Lagrangian cannot be
charged.

Recall that we introduced electromagnetic potentials into NRQM with

(10.39)i h̄
∂

∂t
Ψ =

1
2m

(∇ − eA)2 Ψ

which is a gauge transformation. We’d like to have this capability.
What we can do instead and maintain U(1) symmetries, is to introduce

two U’s, like

(10.40)Lmass =
1
2

mUT
1σ2U2 +

1
2

m∗U†2σ2(U†1)T

What we are really doing is assembling a four component spinor out of the
two U’s.
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10.4 lorentz symmetry.

We want to examine the Lorentz invariance of UTσ2U, but need an inter-
mediate result first.

Lemma 10.1: Transpose of Pauli vector representation.

For any x ∈ R3

(σ · x)T = −σ2(σ · x)σ2,

or more compactly

σT = −σ2σσ2.

Geometrically, this transposition operation reflects x about the y-axis.

Proof. Proving lemma 10.1 is well suited to software diracWeylMatrixRep-
resentationAndIdentities.nb, but can also be done algebraically with ease.
First note that

(10.41)

σT
1 = σ1

σT
2 = −σ2

σT
3 = σ3

which means that

(10.42)

(σ · x)T = σ1x1 − σ2x2 + σ3x3

= σ2σ2
(
σ1x1 − σ2x2 + σ3x3

)
= σ2

(
−σ1x1 − σ2x2 − σ3x3

)
σ2

= −σ2(σ · x)Tσ2.

Now we are ready to proceed.

Theorem 10.6: UTσ2U invariance.

UTσ2U is Lorentz invariant.
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Proof.

(10.43)UTσ2U → U′Tσ2U′

= UTM†
T
σ2M†U,

where U′ = M†U and U′T = UTM†T .
Note that if we can show that M†T

σ2M† = σ2, then we are done.
It is simple to show that any

(10.44)U = eiσ·a,

for a ∈ R3, has eigenvalues ±i ‖a‖. The determinant of such a matrix is

det U =

∣∣∣∣∣∣∣ei‖a‖ 0

0 e−i‖a‖

∣∣∣∣∣∣∣ = 1, (10.45)

so we see that such a matrix has the U†U = 1 and det U = 1 properties
that we desire for elements of SU(2)1. We haven’t shown that all matrices
U ∈ SU(2) can be written in this form, but let’s assume that’s the case.

Claim: Generalizing from the exponential form of SU(2) elements seen
above, we assume that any SL(2,C) matrix M can be written as

(10.46)M† = eiσ·(a+ib),

for a,b ∈ R3.
The transpose of an exponential of a sigma matrix goes like

(10.47)

(eσ·u)T =

∞∑
k=0

1
k!

(
(σ · u)k

)T

=

∞∑
k=0

1
k!

(−σ2(σ · u)σ2)k

= σ2

 ∞∑
k=0

1
k!

(−σ · u)k

σ2

= σ2e−σ·uσ2,

1 In class the suitability of eiσ·a as an element of SU(2) was demonstrated with an argument
that diagonalizable matrices satisfy det eA = etr A



308 fermions , and spinors.

so

(10.48)
M†

T
σ2M† =

(
eiσ·(a+ib)

)T
σ2eiσ·(a+ib)

=
(
σ2e−iσ·(a+ib)σ2

)
σ2eiσ·(a+ib)

= σ2,

which is the result required to finish the proof of theorem 10.62.

10.5 dirac matrices.

Definition 10.2: Dirac matrices.

The Dirac matrices γµ, µ ∈ {0, 1, 2, 3} are matrices that satisfy{
γµ, γν

}
= 2gµν,

that is

γµγν + γνγµ = 2gµν,

We will use the following explicit 4 × 4 matrix representationa

γ0 =

0 1

1 0

 ,
and

γi =

 0 σi

−σi 0

 .
a Other representations are possible, for example [10] uses a diagonal representation

γ0 =

1 0

0 −1

 for the timelike matrix, but ours for the spacelike ones.

The metric relations can also be written explicitly in the handy form

(10.49)

(
γ0

)2
= 1(

γi
)2

= −1.

2 A slightly different derivation was done in class, but this one makes more sense to me.
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Written out explicitly, these matrices are

(10.50)

γ0 =


0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0


, γ1 =


0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0


,

γ2 =


0 0 0 −i

0 0 i 0

0 i 0 0

−i 0 0 0


, γ3 =


0 0 1 0

0 0 0 −1

−1 0 0 0

0 1 0 0


.

We will see in exercise 10.1 (Hw4) that Lorentz transformations take
the form

(10.51)x′ · γ = Λ−1
1/2 (x · γ) Λ1/2,

where

(10.52)Λ1/2 = e−
i
2ωµνS

µν

,

where

(10.53)S µν =
i
4

[
γµ, γν

]
.

In particular

(10.54)

S 0k =
i
4

[
γ0, γk

]
=

i
2
γ0γk

=
i
2

0 1

1 0


 0 σk

−σk 0


=

i
2

−σk 0

0 σk
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will generate boosts, whereas (for j , k)

(10.55)

S jk =
i
4

[
γ j, γk

]
=

i
2
γ jγk

=
i
2

 0 σ j

−σ j 0


 0 σk

−σk 0


= −

i
2

σkσ j 0

0 σkσ j


=

1
2
ε jkl

σl 0

0 σl

 ,
are rotations (and in this case, are Hermitian).

The explicit expansion of the half Lorentz transformation operator is

Λ1/2 = e−
i
2ωµνS

µν

= e−iω0kS 0k− i
2ω jkS jk

= exp

−1
2

ω0kσ
k 0

0 −ω0kσ
k

 − i
4

ω jkε
jklσl 0

0 ω jkε
jklσl




=

e−( 1
2ω0kσ

k+ i
4ω jke jklσl) 0

0 e−(−
1
2ω0kσ

k+ i
4ω jke jklσl)


(10.56)

where the 1/2 factor of ω0i vanished because we had a sum over 0i and i0
which have been grouped.

Lemma 10.2: Some Dirac matrix identities.

(γ0)† = γ0

(γk)† = −γk

γ0(γµ)†γ0 = γµ.
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Proof. The first two are clear from inspection of eq. (10.50). For the last,
for µ = 0

(10.57)γ0(γ0)†γ0 = γ0γ0γ0

= γ0,

and for µ = k , 0

(10.58)

γ0(γk)†γ0 = γ0(−γk)γ0

= −γ0γkγ0

= +γ0γ0γk

= γk.

10.6 dirac lagrangian.

We postulate that there is a four-component object

Ψ =


ψ1

ψ2

ψ3

ψ4


Ψ† = (ψ∗1, ψ

∗
2, ψ

∗
3, ψ

∗
4) , (10.59)

where ψµ’s are all complex fields, and assume that the fields transform as

Ψ(x)→ Ψ′(x′) = Λ1/2Ψ(x), (10.60)

where our vectors transform in the usual x→ x′ = Λx fashion, where the
incremental form of the Lorentz transformation is the usual

(10.61)Λµ
ν = δµν + ωµν + O(ω2).

Definition 10.3: Overbar operator (name?).

Ψ = Ψ†γ0.
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Definition 10.4: Dirac Lagrangian.

LDirac = Ψ(x) (iγµ∂µ −m)Ψ(x).

Armed with lemma 10.2 we can now show the following.

Theorem 10.7: The Dirac action is a real Lorentz scalar.

The action

S =

∫
d4xΨ (iγµ∂µ −m)Ψ,

is a real scalar and is Lorentz invariant.

Proof. To show that the action is real, we compute it’s Hermitian conjugate,
apply lemma 10.2 and integrate by parts

(10.62)

S † =

∫
d4xΨ†

(
−i(γµ)†

←

∂µ −m
)

(γ0)†Ψ

=

∫
d4xΨ†

(
(iγµ)†

←

∂µ −m
)
γ0Ψ

=

∫
d4xΨ†

(
−γ0(iγµ)γ0 ←

∂µ −m
)
γ0Ψ

=

∫
d4xΨ

(
−iγµ

←

∂µ −m
)

Ψ

= −

∫
d4x∂µ

(
ΨiγµΨ

)
+

∫
d4xΨiγµ∂µΨ −

∫
d4xΨmΨ

=

∫
d4xΨ

(
iγµ∂µ − m

)
Ψ

= S ,

where ∂µ without an overarrow means the traditional right acting operator,
and assuming that the boundary terms vanish.

To show the Lorentz invariance, we will consider just the transformation
of the Dirac Lagrangian density. We need a couple additional pieces of
information to do so, the first of which is the transformation property3

(10.63)Ψ → ΨΛ−1
1/2,

3 Not proven here, but there’s an argument for that in [19] (eq. 3.33).
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and (from exercise 10.1 (Hw4))

(10.64)Λ−1
1/2γ

µΛ1/2 = Λµ
αγ

α.

The Lagrangian transforms as

Ψ(x)
(
iγµ∂µ − m

)
Ψ(x)→ Ψ′(x′)γ0

(
iγµ

∂

∂x′µ
− m

)
Ψ′(x′)

= Ψ(x)Λ−1
1/2

(
iγµ(Λ−1)

α
µ∂α − m

)
Λ1/2Ψ(x)

= Ψ(x)
(
iΛ−1

1/2γ
µΛ1/2(Λ−1)

α
µ∂α − m

)
Ψ(x)

= Ψ
(
iγµ∂µ − m

)
Ψ

(10.65)

We find that ΨΨ = Ψ†γ0Ψ is a Lorentz scalar, whereas ΨγµΨ is a 4
vector.

10.7 review.

Last time we

• introduced the Clifford algebra Dirac matrix (gamma matrices) ele-
ments satisfying

(10.66)
{
γµ, γν

}
= 2gµν,

where we use the Weyl representation

(10.67)

γ0 =

0 1

1 0


γk =

 0 σk

−σk 0

 .
In particular (γ0)2 = 1, (γ0)† = γ0.

• and left off after showing that the Dirac Lagrangian

(10.68)L = Ψ
(
iγµ∂µ − m

)
Ψ,

where Ψ = Ψ†γ0, is Lorentz invariant. We argued that a single spinor
can only describe a massless field, and that a two spinor construction
can be used for a massive field. We skipped from there to the Dirac
Lagrangian above.
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10.8 dirac equation.

Varying the Dirac action (exercise 10.4), we find the Dirac equation

(iγµ∂µ −m)Ψ = 0. (10.69)

Theorem 10.8: Dirac equations as Klein-Gordon solutions.

If Ψ obeys eq. (10.69), the Dirac equation, then Ψ is a solution to the
Klein-Gordon equation.

Proof. Theorem 10.8 follows by pre-multiplying by a sort of “conjugate”
operator4 iγµ + m to find

(10.70)

0 =
(
iγµ∂µ + m

) (
iγµ∂µ − m

)
Ψ

=
(
−γµγν∂µ∂ν − m2

)
Ψ

=

(
−

1
2

(
γµγν + γνγµ

)
∂µ∂ν − m2

)
Ψ

=
(
−gµν∂µ∂ν − m2

)
Ψ

= −
(
∂µ∂

µ + m2
)

Ψ

= −
(
∂00 − ∇

2 + m2
)

Ψ,

which is a Klein-Gordon equation for Ψ.

Goal: Expand Ψ(x, t) in a basis of solutions of the Dirac equation. Call
the coefficients a, b, · · ·. This will be like

(10.71)φ ∼

∫
d3 p

(2π)32ωp

(
eip·xa†p + e−ip·xap

)
As with the scalar field, let’s look for plane wave solutions. We’ll first

look for solutions of the form

(10.72)Ψ(x) = u(p)e−ip·x,

where p2 = m2, p0 > 0∀p. Plugging into eq. (10.69) we find

(10.73)
(
γµpµ − m

)
u(p) = 0.

4 Q: Is there a name for such a conjugation operation?
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Let’s write this out explicitly for exposition, first noting that

(10.74)

γµpµ = γ0 p0 + γk pk

= p0

 0 σ0

σ0 0

 + pk

 0 σk

−σk 0


=

 0 p0σ0 − σ · p
p0σ0 + σ · p 0

 ,
so eq. (10.73) becomes

(10.75)

0 =

 −m p0σ0 − σ · p
p0σ0 + σ · p −m


u1(p)

u2(p)


=

 −m p · σ

p · σ −m


u1(p)

u2(p)

 ,
where the following handy shorthand5 has been used to group the momen-
tum related block matrices

(10.76)
p · σ = p0σ0 − p · σ
p · σ = p0σ0 + p · σ.

Note that these p ·σ, p ·σ’s are both block matrices. In particular

(10.77)

p · σ = pµσµ

=

 p0 + p3 p1 − ip2

p1 + ip2 p0 − p3

 .
The question is what u′s obey such an equation.

5 Assuming I wrote this down correctly, this follows the usual convention x · p = xµpµ =

x0 p0 − x · p. I had some doubt that I got the signs right in my notes from class, since a peek
at [19] seemingly showed the opposite sign convention whereσ · x was first defined, namely
eq. 3.41/3.43. There they write σ · ∂ = ∂0 +σ ·∇, not σ · ∂ = ∂0 −σ ·∇. What explains
this is the fact that the four-gradient in coordinate form should really considered a lower
index quantity (∂µ), so in the scalar+vector tuple form, we should write ∂µ = (∂0,−∇), or
∂µ = (∂0,∇). This means that σ · ∂ = σ0∂0 −σ · (−∇) = ∂0 +σ ·∇. Having a tuple notation
that can be used to represent either lower or upper index quantities is very confusing, and
probably justifies avoiding that notation for any lower index quantity whenever possible
for clarity!
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We can gain some insight by first considering the rest frame, where
p = 0, p0 = m. Going back to eq. (10.73), the rest frame Dirac equation
becomes

(10.78)
0 =

(
γ0 p0 − m

)
u

= m
(
γ0 − 1

)
u.

Our block matrix equation is now reduced to a set of 2× 2 identity matrices

0 =

−1 1

1 −1

 u(p = 0). (10.79)

The solution space is given by

(10.80)

−1 1

1 −1


ζ
ζ

 = 0,

where ζ is itself a 2 × 1 column matrix, say

(10.81)ζ =

ζ1

ζ2

 .
so our solutions are all proportional to column

u(p = 0) ∼
√

m

ζ
ζ

 . (10.82)

We’ll figure out the desired normalization later6, and have added a
√

m
factor into the mix for later convenience. Equation (10.82) is a solution of
the Dirac equation in the rest frame where p = 0. A solution in a frame
where p , 0 can be found using a boost. We won’t work that out explicitly
here, but instead show the answer and argue that it must be valid, but
the interested student can find that boost calculated explicitly in [19]. A
nice treatment of such a boost can also be found in [16] supplemented by
exercise 10.5.

6 [19] says of this that we pick a normalization with ζ†ζ = 1.
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Claim: in a boosted frame where p , 0 solution is

(10.83)u(p) =

√p · σζ√
p · σζ


What do we mean by these square roots? Since p ·σ, p ·σ are both Her-
mitian 2 × 2 matrices, we can define the square root as the matrix of the
square roots of the eigenvalues.

Check: In the rest frame

(10.84)

√
p · σ

∣∣∣p =0 =
√

p · σ
∣∣∣∣p=0

=

√p0 0

0
√

p0


=

√m 0

0
√

m

 ,
so

(10.85)

u(p) =
√

m

σ0ζ

σ0ζ


=
√

m

ζ
ζ

 ,
as we already found.

We claim that the structure of the boost is

(10.86)u(p) =


√

p · σ
m 0

0
√

p · σ
m

 √m

ζ
ζ


u(p = 0)

We’d like to check that this is an element of S L2. We’ll also see in the end
that we don’t have to calculate these square roots, since we always end up
with two spinors and when all is said we end up with products of these
roots.
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Lemma 10.3: Determinant of square root.

If matrix A is diagonalizable, then det
√

A =
√

det A.

Proof. Suppose that

(10.87)A = U diag(λ1, · · · λn)U†,

then

(10.88)

det
√

A = det
(
U diag(

√
λ1, · · · ,

√
λn)U†

)
=

∏
j

√
λ j

=

√∏
j

λ j

=
√

det A.

Lemma 10.4: Determinant of p ·σ.

det
√

p ·σ
√

m
= 1

Proof.

(10.89)

det
√

p · σ
√

m
=

√
det

(p · σ)
m

,

=

√√√
det

1
m

 p0 + p3 −p1 + ip2

−p1 − ip2 p0 + p3


=

√
1

m2 ((p0)2 − p2)

=

√
m2

m2

= 1.



10.8 dirac equation. 319

Lemma 10.5: (p ·σ)(p ·σ).

(p ·σ)(p ·σ) = m2.

Proof.

(10.90)

(p · σ)(p · σ) =
(
p0 − p · σ

) (
p0 + p · σ

)
= (p0)2 − (p · σ)2

= (p0)2 − p2

= m2.

Theorem 10.9: u(p) is a solution to the Dirac equation.

Equation (10.83) is a solution of eq. (10.69), the Dirac equation.

Proof.

(10.91)

(
γµpµ − m

)
u(p) =

 −m p · σ

p · σ −m


√p · σζ√

p · σζ


=


(
−m
√

p · σ + p · σ
√

p · σ
)
ζ(

p · σ
√

p · σ − m
√

p · σ
)
ζ


=

√p · σ
(
−m +

√
p · σ

√
p · σ

)
ζ√

p · σ
(
p
√
·σ
√

p · σ − m
)
ζ


=


√

p · σ
(
−m +

√
m2

)
ζ√

p · σ
(
p
√

m2 − m
)
ζ


= 0.
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Summary: For p0 > 0, p2 = m2

(10.92)Ψ(x) = e−ip·xu(p)

(10.93)u(p) =

√p · σζ√
p · σζ


Example:

(10.94)p =
(
E, 0, 0, p3

)
We have

(10.95)

√
σ · p =

√
E − p3σ3

=

√√√
E − p3 0

0 E + p3




=


√

E − p3 0

0
√

E + p3

 .
Similarly

(10.96)
√
σ · p =


√

E + p3 0

0
√

E − p3

 ,
so

(10.97)u(p) =




√

E − p3 0

0
√

E + p3

 ζ
√

E + p3 0

0
√

E − p3

 ζ


Suppose we let

(10.98)ζ =

10




10.9 helicity. 321

we are left with

(10.99)u(p) =



√
E − p3

10
√

E + p3

10



Alternatively for ζ =

01


(10.100)u(p) =



√
E + p3

01
√

E − p3

01



If we pick p3 = E7, then we find two solutions

(10.101)u(p)|ζ =(1,0)T,p3=E =


0

10


√
2E

10



and

(10.102)u(p)|ζ =(0,1)T,p3=E =


√

2E

01


0

01



10.9 helicity.

Let h (the helicity) be

(10.103)h =
1
2

p̂ · σ 0

0 p̂ · σ


= p̂ · S,

7 we can boost a massive particle to be arbitrarily close to p3 = E.
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where

(10.104)S =

σ2 0

0 σ
2

 .
h has eigenvalues ±1/2.

It turns out that eq. (10.101), and eq. (10.102) are both eigenstates of
the helicity operator.

(10.105)hu(1) =
1
2

u(1)

(10.106)hu(2) = −
1
2

u(2),

corresponding to momentum aligned with and opposing the spin directions
as sketched in fig. 10.2.

Figure 10.2: Helicity orientation.

10.10 next time .

We found Ψ = ue−ip·x. Next time we will seek another solution Ψ = ve+ip·x,
and we will also figure out how to normalize things.

10.11 review.

We were studying the Dirac Lagrangian

(10.107)LDirac = Ψ
(
iγµ∂µ − m

)
Ψ,

from which we find

(10.108)
(
iγµ∂µ − m

)
Ψ = 0,
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the Dirac equation, and saw that solutions to this equation satisfies the
Klein-Gordon equation. We found solution

(10.109)Ψ(x) = u(p)e−ip·x,

which is automatically a solution to the Klein-Gordon equation. There are
actually two linearly independent solutions

(10.110)us(p) =

√p · σζ s√
p · σζ s

 ,
where ζ1 = (1, 0)T, ζ2 = (0, 1)T.

10.12 normalization .

Theorem 10.10: u†u.

ur†us = 2p0δ
rs.

Proof.

(10.111)

us†ur =
[
ζ s† √p · σ ζ s†

√
p · σ

] √p · σζ√
p · σζ


= ζ s†

(√
p · σ

√
p · σ +

√
p · σ

√
p · σ

)
ζr

= ζ s† (p · σ + p · σ) ζr

= ζ s† (p0 − p · σ + p0 + p · σ) ζr

= 2p0ζ
s†ζr.
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We can easily see that ζ s†ζr = δrs by writing out those products

(10.112)

ζ1†ζ1 =
[
1 0

] 10
 = 1

ζ1†ζ2 =
[
1 0

] 01
 = 0

ζ2†ζ1 =
[
0 1

] 10
 = 0

ζ2†ζ2 =
[
0 1

] 01
 = 1.

We also want to compute uu, but need a couple intermediate results.

Lemma 10.6: Products of p ·σ, p ·σ.

(p ·σ)(p ·σ) = (p ·σ)(p ·σ) = m2.

Proof.

(10.113)

(p · σ)(p · σ) =
(
p0 − p · σ

) (
p0 + p · σ

)
= (p0)2 − (p · σ)2

= (p0)2 − p2

= m2

and

(10.114)

(p · σ)(p · σ) =
(
p0 + p · σ

) (
p0 − p · σ

)
= (p0)2 − (p · σ)2

= (p0)2 − p2

= m2.
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Theorem 10.11: uu.

ur(p)us(p) = 2mδrs.

Proof.

(10.115)

urus = ur†γ0us

=
[
ζr† √p · σ ζr†

√
p · σ

] 0 1

1 0


√p · σζ s√

p · σζ s


= ζr†

(√
p · σ

√
p · σ +

√
p · σ

√
p · σ

)
ζ s

= 2mζr†ζ s

= 2mδrs.

10.13 other solution .

Now we seek the other plane wave solution

(10.116)Ψ(x) = v(p)eip·x.

Theorem 10.12: v solution to the Dirac equation.

Equation (10.116) is a solution to the Dirac equation, provided

vs(p) =

 √p ·σηs

−
√

p ·σηs

 ,
where η1 = (1, 0)T, η2 = (0, 1)T.

Proof is left to exercise 10.6.

Theorem 10.13: v normalization.



326 fermions , and spinors.

vr(p)vs(p) = −2mδrs

vr†(p)vs(p) = 2p0δrs.

Theorem 10.13 is proven in exercise 10.7.
It will also be useful to restate the 2δrs p0 normalization conditions as

(10.117)
ur†(p)us(p) = 2ωpδ

sr

vr†(p)vs(p) = 2ωpδ
sr.

Various orthogonality conditions exist between the u’s and v’s

Theorem 10.14: Dirac adjoint orthogonality conditions.

ur(p)vs(p) = 0

vr(p)us(p) = 0.

Proof left to exercise 10.8.

Theorem 10.15: Dagger orthogonality conditions.

vr†(−p)us(p) = 0

ur†(p)vs(−p) = 0.

Proof left to exercise 10.9.
Finally, there are a couple tensor products of interest.

Definition 10.5: Tensor product.

Given a pair of vectors

x =


x1
...

xn

 , y =


y1
...

yn

 ,
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the tensor product is the matrix of all elements xiy j

x ⊗ yT =


x1
...

xn

 ⊗
[
y1 · · · yn

]
=



x1y1 x1y2 · · · x1yn

x2y1 x2y2 · · · x2yn

x3y1
. . .

...

xny1 · · · xnyn


.

Theorem 10.16: Direct product relations.

2∑
s=1

us(p) ⊗ us(p) = γ · p + m

2∑
s=1

vs(p) ⊗ vs(p) = γ · p −m

Proof. For the v’s

∑
s =1,2

 √p · σηs

−
√

p · σηs

 ⊗ [
(ηs)T √p · σ −(ηs)T √p · σ

] 0 1

1 0


=

∑
s=1,2

√p · σηs√
p · σηs

 ⊗ [
−(ηs)T √p · σ (ηs)T √p · σ

]
=

∑
s=1,2

−√p · σηs ⊗ (ηs)T √p · σ
√

p · σηs ⊗ (ηs)T √p · σ√
p · σηs ⊗ (ηs)T √p · σ −

√
p · σηs ⊗ (ηs)T √p · σ

 ,
(10.118)

but

(10.119)

η1 ⊗ η1T =

10
 [1 0

]
=

1 0

0 0

 ,
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and

(10.120)

η2 ⊗ η2T =

01
 [0 1

]
=

0 0

0 1

 ,
so

∑
s=1,2 η

s ⊗ ηsT = 1, leaving

(10.121)

2∑
s =1

vs(p) ⊗ vs(p) =

−√p · σ
√

p · σ
√

p · σ
√

p · σ√
p · σ

√
p · σ −

√
p · σ

√
p · σ


=

−
√

p · σp · σ
√

p · σp · σ√
p · σp · σ −

√
p · σp · σ


=

 −m p · σ

p · σ −m


= −m1 + p0

0 1

1 0

 + p ·

0 −σ

σ 0


= −m + pµγµ,

as stated.

Proof for the u’s is left to exercise 10.10.

10.14 lagrangian .

Theorem 10.17: Dirac Hamiltonian.

The Dirac Hamiltonian is

H =

∫
d3xΨ†

(
−iγ0γ j∂ jΨ + mγ0

)
Ψ.
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Proof. To prove theorem 10.17, we start with the spacetime expansion of
the Dirac Lagrangian density

(10.122)
LDirac = Ψiγ0∂0Ψ + iΨγ j∂ jΨ − mΨΨ

= Ψ†γ0iγ0∂0Ψ + iΨγ0γ j∂ jΨ − mΨ†γ0Ψ
= Ψ†iΨ̇ + iΨ†γ0γ j∂ jΨ − mΨ†γ0Ψ.

We see that the momentum conjugate to Ψ is

πψ =
∂L

∂Ψ̇
= iΨ†. (10.123)

Computing the Hamiltonian density in the usual way, we have

(10.124)
HDirac = πΨΨ̇ −L

= iΨ†Ψ̇ −
(
Ψ†iΨ̇ + iΨ†γ0γ j∂ jΨ − mΨ†γ0Ψ

)
= −iΨ†γ0γ j∂ jΨ + mΨ†γ0Ψ.

Integrating over a 3-volume provides the Dirac Hamiltonian of theo-
rem 10.17.

Now we want to examine the action of−iγ0γ j∂ j + mγ0 = γ0
(
−iγ j∂ j + m

)
on the plane wave solutions we have found.

Theorem 10.18: Hamiltonian action on Dirac plane wave solutions.

For Ψu = u(p)e−ip·x, and Ψv = v(p)eip·x, we have

−γ0
(
iγ j∂ j −m

)
Ψu = p0Ψu

−γ0
(
iγ j∂ j −m

)
Ψv = −p0Ψv.

Theorem 10.18 shows that Ψu,Ψv are eigenvectors of the operator γ0
(
−iγ j∂ j + m

)
with eigenvalues ±ωp.

Proof. These eigenvalue equations follow from the Dirac equation for
Ψu,Ψv. These are

(10.125)

(
iγµ∂µ − m

)
ue−ip·x =

(
iγ j∂ j + iγ0∂0 − m

)
ue−ip·x

=
(
iγ j∂ j + i(−i)γ0 p0 − m

)
ue−ip·x
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and

(10.126)

(
iγµ∂µ − m

)
veip·x =

(
iγ j∂ j + iγ0∂0 − m

)
veip·x

=
(
iγ j∂ j + i(i)γ0 p0 − m

)
veip·x.

Rearranging gives

(10.127)

(
iγ j∂ j − m

)
ue−ip·x = −γ0 p0ue−ip·x(

iγ j∂ j − m
)

veip·x = +γ0 p0ue−ip·x,

and theorem 10.18 follows immediately.

10.15 general solution and hamiltonian.

As with the Klein-Gordon equation, let’s introduce a generic solution
formed from linear combinations of our specific us(p) = us

p, v
s(p) = vs

p
solutions

(10.128)Ψ(x, t) =

2∑
s=1

∫
d3 p

(2π)3
√

2ωp

(
e−ip·xus

pas
p + eip·xvs

pbs
p
)
.

Theorem 10.19: Ladder representation of Dirac Hamiltonian.

Substitution of the superposition eq. (10.128) into the Dirac Hamilto-
nian of theorem 10.17 results in

HDirac =

2∑
r=1

∫
d3 p

(2π)3ωp
(
ar†

p ar
p − br†

−pbr
−p

)
.

Proof. Deferring interpretation slightly, we first prove theorem 10.19,
making the somewhat lazy guess that all the time dependent terms will be
wiped out. This assumption allows us to use the zero time fields of our
superposition solution

(10.129a)Ψ(x, 0) =

2∑
s=1

∫
d3 p

(2π)3
√

2ωp

eip·x
(
us

pas
p + vs

−pbs
−p

)
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(10.129b)Ψ†(x, 0) =

2∑
r=1

∫
d3q

(2π)3
√

2ωq

e−iq·x
(
ur†

q ar†
q + vr†

−qbr†
−q

)
.

Making use of the eigenvalue equations theorem 10.18 the Hamiltonian
is reduced to

HDirac =

2∑
r,s=1

∫
d3xd3 pd3q

(2π)62
√
ωpωq

ei(p−q)·x
(
ur†

q ar†
q + vr†

−qbr†
−q

)
ωp

(
us

pas
p

− vs
−pbs

−p
)

=

2∑
r,s=1

∫
d3 p

(2π)32��ωp

(
ur†

p ar†
p + vr†

−pbr†
−p

)
��ωp

(
us

pas
p − vs

−pbs
−p

)
=

1
2

2∑
r,s=1

∫
d3 p

(2π)3

(
ur†

p us
par†

p as
p − ur†

p vs
−par†

p bs
−p + vr†

−pus
pbr†
−pas

p

− vr†
−pvs
−pbr†

−pbs
−p

)
,

(10.130)

where care was taken not to commute any a, b’s. Recall that

ur†
p us

p = vr†
p vs

p = 2ωpδ
rs (10.131a)

ur†
p vs
−p = vr†

−pus
p = 0. (10.131b)

Equation (10.131b) kills off our cross terms, and eq. (10.131a) wipes out
one of the summation indexes

HDirac =
1
2

2∑
r,s=1

∫
d3 p

(2π)3

(
ur†

p us
par†

p as
p −��

��ur†
p vs
−par†

p bs
−p +�

��vr†
−pus

pbr†
−pas

p

− vr†
−pvs
−pbr†

−pbs
−p

)
=

2∑
r=1

∫
d3 p

(2π)3ωp
(
ar†

p ar
p − br†

−pbr
−p

)
.

(10.132)

We see above how the mixed terms were killed off nicely by eq. (10.131b).
That also justifies the use of the zero-time fields in this derivation, which
can also be seen explicitly without use of the zero-time fields exercise 10.11.
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Interpretation. With a minus sign in the Hamiltonian, there is no bound
to the energy from below! This makes it troublesome to interpret the ap’s
and bp’s as the familiar raising and lowering operators that we know.

We can save the day, making the “Dirac sea” argument, roughly speaking
that we can consider a set of completely full negative energy states, where
creation of a particle makes a hole in one of those states8, as sketched
roughly in fig. 10.3. Such an argument does not work for bosons (photons,

Figure 10.3: Dirac Sea.

...) since an arbitrary number of such particles can be stuffed into any given
state. It will turn out that our operators are fermions, which gets us out of
this trouble.

We can also get out of this hole algebraically. For X = a, b, let

(10.133)
Xs†

p = X̃s
p

Xs
p = X̃s†

p .

It turns out that some properties of our creation and annihilation operators
are

(10.134)

(as
p)2 = 0

(as†
p )2 = 0

(bs
p)2 = 0

(bs†
p )2 = 0,

8 There was a long discussion of this topic in class that I was not able to capture in my notes.
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and

(10.135)

{
as

p, a
r†
q
}

= δsrδ(3)(p − q){
bs

p, b
r†
q
}

= δsrδ(3)(p − q),

where all other anticommutators are zero

(10.136)

{
ar, bs} =

{
ar, bs†

}
=

{
ar†, bs

}
=

{
ar†, bs†

}
= 0.

Such a substitution gives

(10.137)

HDirac =

2∑
s=1

∫
d3 p

(2π)3ωp
(
ãs

pas
p − b̃s

pbs
p
)

=

2∑
s=1

∫
d3 p

(2π)3ωp
(
ãs

pas
p + bs

pb̃s
p + δssδ(3)(p − p)

)
=

2∑
s=1

∫
d3 p

(2π)3

(
ωp

(
ãs

pas
p + bs

pb̃s
p
)
− 4V3

ωp

2

)
.

We’ll end up dropping the vacuum energy term. We’ll end up labelling
the a’s as the operators associated with electrons, and the b’s with anti-
electrons.

10.16 review.

From the Dirac Lagrangian density

(10.138)L = Ψ
(
iγµ∂µ − m

)
Ψ,

we found that the energy can be expressed using Hamiltonian

(10.139)H =

∫
d3 p

(2π)3

2∑
s=1

ωp
(
as†

p as
p − bs†

p bs
p
)
.

This appears to be an energy with no bottom. Dirac prescribes: assume
Pauli exclusion for b and fill all the negative energy levels. If we treat a, b
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as bosonic (commuting), then energy is unbounded from below. This is
a problem, because once you add interactions the system falls into the
abyss, something that we can represent as sketched in fig. 10.4. Another
representation of such unstable system that comes to mind is the inverted
pendulum sketched in fig. 10.5.

Figure 10.4: Unbounded potential well.

Figure 10.5: Unstable configuration (inverted pendulum).

Dirac fixed this by imagining that all negative energy states are “full”.
This doesn’t quite fix it, unless the particles obey the Pauli Principle.
Creating a particle of negative energy b† is like destroying a hole.

Mathematically, we postulate that our operators

1. Obey Fermi statistics, behaving like “Grassman numbers”(
b†

)2
= 0 = b2 = a2 =

(
a†

)2
. (10.140)

All the a, b, a†, · · ·’s square to zero9

2. Our creation and annihilation operators are presumed to have non-
trivial anti-commutation relations (unlike the scalar theory where
we had the same sort of commutation relations)

(10.141)

{
as

p, a
r†
q
}

= (2π)3δsrδ(3)(p − q){
b̃s

p, b̃
r†
q
}

= (2π)3δsrδ(3)(p − q).
9 Is it a coincidence that these look like lightlike four-vectors x2 = xµxµ = 0?
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The relations were used to cast the Hamiltonian in a more familiar form

(10.142)

H =

∫
d3 p

(2π)3

2∑
s=1

ωp(a
s†
p as

p + b̃s†
p b̃s

p − (2π)3δ(3)(0)

zero point energy

)

=

∫
d3 p

(2π)3

2∑
s=1

ωp
(
as†

p as
p + b̃s†

p b̃s
p
)
− V3

∫
d3 p

(2π)3 2ωp.

Fermions have negative zero-point energy −4× that of real massive scalar10.

10.17 hamiltonian action on single particle states.

We now switch notations, drop the tildes, and ignore the zero point energy

(10.143)H =

∫
d3 p

(2π)3

2∑
s=1

ωp
(
as†

p as
p + bs†

p bs
p
)

We define the Fock vacuum by

(10.144)
as

p |0〉 = 0

bs
p |0〉 = 0,

and presume that we have relativistically normalized creation operators

(10.145)
as(p) |0〉 =

√
2ωpas†

p |0〉

bs(p) |0〉 =

√
2ωpbs†

p |0〉 .

10 Supersymmetry transforms these into one another, and was thought to solve the cosmic
constant problem.
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Let’s see how the Hamiltonian acts on each of our possible a single
particle states (with momentum p and spin r)

H |p, r〉 = H
√

2ωpar†
p |0〉

=

∫
d3q

(2π)3

2∑
s=1

ωq
(
as†

q as
q + bs†

q bs
q
) √

2ωpar†
p |0〉

=

∫
d3q

(2π)3

2∑
s=1

ωqas†
q as

qar†
p |0〉

√
2ωp

=

∫
d3q

(2π)3

2∑
s=1

ωqas†
q

(
−ar†

p as
q + (2π)3δ(3)(p − q)

)
|0〉

√
2ωp

=

∫
d3q

(2π)3

2∑
s=1

ωqas†
q (−ar†

p as
q |0〉

= 0

+ (2π)3δrsδ(3)(p−q) |0〉)
√

2ωp

= ωp

(
ar†

p |0〉
√

2ωp

)
= ωp |p, r〉 .

(10.146)

The Hamiltonian has the expected energy operator characteristics. This is
also clearly the case for our b operators too.

10.18 spacetime translation symmetries.

For the scalar field, using Noether’s theorem, we identified the conserved
charge of a spatial translation as the momentum operator

(10.147)
Pi =

∫
d3xT 0i

= −

∫
d3xπ(x)∇φ(x),

and if we plugged in the creation and annihilation operator representation
of π, φ, out comes

(10.148)P =
1
2

∫
d3q

(2π)3 p
(
a†pap + apa†p

)
,

(plus e±2iωpt terms that we can argue away.)
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For the Dirac field, this works the same way if we systematically apply
Noether’s theorem. In particular, for a spacetime translation

(10.149)xµ → xµ + aµ,

we find

(10.150)δΨ = −aµ∂µΨ,

so for the Dirac Lagrangian, we have

(10.151)

δL = δ
(
Ψ

(
iγµ∂µ − m

)
Ψ

)
= (δΨ)

(
iγµ∂µ − m

)
Ψ + Ψ

(
iγµ∂µ − m

)
δΨ

= (−aσ∂σΨ)
(
iγµ∂µ − m

)
Ψ + Ψ

(
iγµ∂µ − m

)
(−aσ∂σΨ)

= −aσ∂σL
= ∂σ(−aσL),

i.e. Jµ = −aµL. To plugging this into the Noether current calculating
machine, we have

(10.152)
∂L

∂(∂µΨ)
=

∂

∂(∂µΨ)

(
Ψiγσ∂σΨ − mΨΨ

)
= Ψiγµ,

and

(10.153)
∂L

∂(∂µΨ)
= 0,

so

(10.154)

jµ = (δΨ)
∂L

∂(∂µΨ)
+

∂L

∂(∂µΨ)
(δΨ) − aµL

= Ψiγµ(−aσ∂σΨ) − aσδµσL
= −aσ

(
Ψiγµ∂σΨ + δµσL

)
= −aν

(
Ψiγµ∂νΨ + gµνL

)
.

We can now define an energy-momentum tensor

(10.155)T µν = Ψiγµ∂νΨ + gµνL.
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A couple things are of notable in this tensor. One is that it is not symmetric,
and there’s doesn’t appear to be any hope of making it so. For example,
the space+time components are way different

(10.156)
T 0k = Ψiγ0∂kΨ

T k0 = Ψiγk∂0Ψ,

so if we want a momentum like creature, we have to use T 0k, not T k0. The
charge associated with that current is

(10.157)
Qk =

∫
d3xΨiγ0∂kΨ

=

∫
d3xΨ†(−i∂k)Ψ,

or translating from component to vector form

(10.158)P =

∫
d3xΨ†(−i∇)Ψ,

which is the how the momentum operator is first stated in [19]. Here the
vector notation doesn’t have any specific representation, but it is interesting
to observe how this is directly related to the massless Dirac Lagrangian

(10.159)

L(m = 0) = Ψiγµ∂µΨ
= Ψ†iγµ∂µΨ
= Ψ†i(∂0 + γ0γ

k∂k)Ψ
= Ψ†i(∂0 − γ0γk∂k)Ψ,

but since γ0γk is a 4× 4 representation of the Pauli matrix σk
11 Lagrangian

itself breaks down into

(10.160)L(m = 0) = Ψ†i∂0Ψ + σ ·
(
Ψ†(−i∇)Ψ

)
,

components, and lo and behold, out pops the momentum operator density!
Some part of this should be expected this since the Dirac equation in mo-
mentum space is just (/p −m)e−ip·x = 0, so there is an intimate connection
with the operator portion and momentum.

11 There is ambiguity as to what order of products γ0γk, or γkγ0 to pick to represent the Pauli
basis ([6] uses γkγ0), but we also have sign ambiguity in assembling a Noether charge
from the conserved current, so I don’t think that matters.
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Theorem 10.20: Ladder form of the momentum operator.

The momentum operator can be written as

P =

2∑
s=1

∫
d3q

(2π)3 p
(
as†

p as
p + bs†

p bs
p
)
.

Proof. To derive this, we have to assign meaning to P =
∫

Ψ†(−i∇)Ψ.
There is an implied basis for these vectors that presumably commutes with
Ψ,Ψ†. Let’s suppose that we have a standard orthonormal basis for R3

{e1, e2, e3}, so that our two vectors can be written.

(10.161)

P =

3∑
k=1

ekPk

∇ =

3∑
k=1

ek∂k = −

3∑
k=1

ek∂
k.

Now we can express the momentum operator in coordinate form (sums
implied), as

(10.162)ekPk =

∫
d3xΨ†(iek∂

k)Ψ,

so if we can commute these assumed basis elements ek with Ψ† we have

(10.163)Pk = i
∫

d3xΨ†∂kΨ.

Note that this disagrees with [13], but I believe it is correct (and it works).
Inserting the field representations ([19] eq. 3.99, 3.100)

(10.164)

Ψ(x) =

∫
d3 p

(2π)3
√

2ωp

2∑
s=1

(
as

pus(p)e−ip·x + bs†
p vs(p)eip·x

)

Ψ(x) =

∫
d3q

(2π)3
√

2ωq

2∑
r=1

(
br

qvr(q)e−iq·x + ar†
q ur(q)eiq·x

)
,
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we can now compute

Pk = i
∫

Ψ†∂kΨ

= i
∫

d3xd3 pd3q

(2π)6
√

2ωp2ωq

2∑
r,s=1

(
br

qvr(q)e−iq·x + ar†
q ur(q)eiq·x

)
×

γ0(ipk)
(
−as

pus(p)e−ip·x + bs†
p vs(p)eip·x

)
=

∫
d3 p

(2π)32ωp
pk ×

2∑
r,s=1

(+br
−qas

pvr(−p)γ0us(p)e−2iωpt − ar†
−qbs†

p ur(−p)γ0vs(p)e2iωpt

− br
pbs†

p vr(p)γ0vs(p) + ar†
p as

pur(p)γ0us(p)).
(10.165)

Using

(10.166)
vr†(−p)us(p) = ur†(p)vs(−p) = 0

ur†(p)us(p) = vr†(p)vs(p) = 2ωpδ
sr,

(theorem 10.15, eq. (10.117)) the frequency dependent cross terms are
killed12, and the rest simplify to give

(10.167)Pk =

∫
d3 p

(2π)3 pk
2∑

r=1

((
+br†

p br
p + (2π)3δ(3)(0)

)
+ ar†

p ar
p
)
.

This has a vacuum term that can be ignored, so a final multiplication with
and sum over the basis vectors ek, completes the proof.

Theorem 10.21: Momentum operator eigenvalues.

The eigenvalues of the momentum operator with respect to single
particle momentum states are just those momenta

Pas†
q |0〉 = q(as†

q |0〉).

12 For the Klein-Gordon scalar field we had to work much harder to argue those cross terms
away in the momentum operator.



10.19 rotation symmetries: angular momentum operator. 341

Proof. (partial) Introduce a state associated with a fermion creation opera-
tor

(10.168)|q, r〉 =

√
2ωqar†

q |0〉 .

The action of the momentum operator on such as state is

P |q, r〉 =

2∑
r=1

∫
d3 p

(2π)3 p
(
br†

p ��
br

p + ar†
p ar

p
) √

2ωqar†
q |0〉

=

2∑
r=1

∫
d3 p

(2π)3 par†
p

(
−ar†

q ar
p + δrs(2π)3δ(3)(q − p)

) √
2ωq |0〉

= qar†
q

√
2ωq |0〉

= q |q, r〉 .
(10.169)

Clearly the same argument holds for anti-fermion states.

10.19 rotation symmetries: angular momentum operator.

Under Lorentz transformation, including rotations:

(10.170)

Ψ(x)→ Ψ′(x′) = Λ1/2Ψ(x)

δΨ(x) = Ψ′(x) − Ψ(x)

Λ1/2 = e−
i
2ωµνS

µν

≈ 1 −
iωµν

2
S µν

Ψ′(x) = Λ1/2Ψ(Λ−1x).
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For a rotation around ẑ only ω12 is non-zero. We also have S 12 = S 21 and

(10.171)

S 12 =
i
4

[
γ1, γ2

]
=

i
2
γ1γ2

=
i
2

 0 σ1

−σ1 0


 0 σ2

−σ2 0


=

i
2

−σ1σ2 0

0 −σ1σ2


=

i
2

−iσ3 0

0 −iσ3


=

1
2

σ3 0

0 σ3


so

−
i
2
ωµνS µν = −iω12S 12 = −

i
2
ω12

σ3 0

0 σ3

 . (10.172)

If we let ω12 = α, we have

(10.173)Λ1/2 = 1 −
iα
2

σ3 0

0 σ3

 .
To compute the in the field we also need

(10.174)

Ψ(Λ−1x) = Ψ(xµ − ωµνxν)
= Ψ(x) − aσ∂σΨ(x)

∣∣∣
aσ=ωσνxν

= Ψ(x) − ωσνxν∂σΨ(x)
= Ψ(x) − ωσνxν∂σΨ(x)
= Ψ(x) − ωσνxν∂σΨ(x)
= Ψ(x) −

∑
σ<ν

ωσν (xν∂σΨ(x) − xσ∂νΨ(x))

= Ψ(x) − α (x2∂1Ψ(x) − x1∂2Ψ(x))
= Ψ(x) − α

(
x1∂2Ψ(x) − x2∂1Ψ(x)

)
= Ψ(x) − α(x × ∇)zΨ(x).
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We can now compute the variation of the field

(10.175)

δΨ = Λ1/2Ψ(Λ−1x) − Ψ(x)

=

1 − iα
2

σ3 0

0 σ3


 (Ψ(x) − α(x × ∇)zΨ(x)) − Ψ(x)

= −
iα
2

σ3 0

0 σ3

 Ψ − α(x × ∇)zΨ(x) + O(α2).

Because the Dirac Lagrangian is Lorentz invariant, the Noether current
has no Jµ term, and is

(10.176)

jµα =
∂L

∂(∂µΨ)
δΨ

=
(
Ψiγµ

) − iα
2

σ3 0

0 σ3

 − α(x × ∇)z

 Ψ.

In particular, the conserved charge (setting α = 1) is

(10.177)J0 =

∫
d3x

(
Ψ†

) 1
2

σ3 0

0 σ3

 − i(x × ∇)z

 Ψ.

Generalizing to arbitrary rotation orientation, this can be written out as

(10.178)J =

∫
d3xΨ†(x)( x × (−i∇)

orbital angular momentum

+
1
2

1 ⊗ σ

spin angular momentum

)Ψ,

where

(10.179)1 ⊗ σ =

σ 0

0 σ

 ,
and where the orbital and spin angular momenta have been called out. A
nice video treatment of this topic can be found in [18].
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For the rest frame of a particle (zero momentum), [19] makes an argu-
ment that

(10.180)
J3as†

p |0〉 = ±
1
2

as†
p |0〉

∣∣∣∣p=0

J3bs†
p |0〉 = ∓

1
2

bs†
p |0〉

∣∣∣∣p=0
.

where the + is for s = 1 and the − is for s = 2. The eigenvectors of the
angular momentum operator are the single particle states, with eigenvalues
±1/2, where the sign of the eigenvalues toggles for anti-fermions.

10.20 u(1)v symmetry: charge!

We also have a U(1) global symmetry which implies charge. If we let

(10.181)
Ψ → eiαΨ

Ψ → e−iαΨ,

then

(10.182)

jµ =
∂L

∂(∂µΨ)
δΨ

=
∂L

∂(∂µΨ)
iαΨ

= ΨiγµiαΨ
= −ΨγµαΨ
≡ −αJµ,

that is

(10.183)Jµ = ΨγµΨ
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Define the charge as

(10.184)

Q =

∫
d3xJ0

=

∫
d3xΨγ0Ψ

=

∫
d3xΨ†Ψ

=

∫
d3 p

(2π)32ωp

2∑
r,s=1

(+br
−qas

pvr(−p)γ0us(p)e−2iωpt

+ ar†
−qbs†

p ur(−p)γ0vs(p)e2iωpt

+ br
pbs†

p vr(p)γ0vs(p) + ar†
p as

pur(p)γ0us(p))

=

∫
d3q

(2π)3

2∑
s=1

(
as†

p as
p − bs†

p bs
p
)
,

where the expansion of Ψ†Ψ was lifted from eq. (10.165) (removing the
pk’s and flipping all signs positive), and where any charge associated with
the Dirac sea has been dropped.

This charge operator characterizes the a, b operators. a particles have
charge +1, and b particles have charge −1, or vice-versa depending on
convention.

• a : call it an electron.

• b : call it an positron.

Each come with spin up and down variations.

10.21 u(1)a symmetry: what was the charge for this one called?

There are two sets of U(1) symmetries, the first called a vector symmetry
(above)

U(1)V : Ψ → eiαΨ, (10.185)

where α is scalar valued. The other U(1) symmetry is called an axial
symmetry13

U(1)A : Ψ → eiαγ5 Ψ, (10.186)

13 It was pointed out that we should recall that for m = 0 electrons and positrons separate,
obeying separate equations. A nice presentation of that can be found in [16].
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where

γ5 = iγ0γ1γ2γ3 =

−1 0

0 1

 . (10.187)

See uvspinors.nb for a proof.
Observe that γ†5 = γ5

(10.188)

γ†5 = −iγ†3γ
†

2γ
†

1γ0

= −iγ0γ3γ
0γ0γ2γ

0γ0γ1γ
0γ0

= −iγ0γ3γ2γ1

= γ5.

It can also be shown that
(10.189)

{
γ5, γ

µ} = 0.

See uvspinors.nb for a proof.
Under this transformation

(10.190)
Ψiγµ∂µΨ →

(
Ψ†e−iαγ5γ0

)
iγµ∂µ

(
eiαγ5 Ψ

)
=

(
Ψ†γ0eiαγ5

)
ie−iαγ5γµ∂µΨ

= Ψ†γ0iγµ∂µΨ,

since the anticommutator property eq. (10.189) implies eiαγ5γµ = γµe−iαγ5 .
Also

(10.191)mΨΨ → m
(
Ψ†e−iαγ5

)
γ0

(
eiαγ5 Ψ

)
= mΨe2iαγ5 Ψ,

We see that for m , 0 the axial U(1) transformation is only a symmetry
when α = π. This is called the Z2 subgroup.

10.22 cpt symmetries .

Left to us to study up on the interesting stories of

• time reversal

• parity

• charge conjugation

Each of these can be studied as separate symmetries. References include
[19], [21], and [13].
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10.23 review.

The following notes follow ch. 1 [19] §5.1 fairly closely (filling in some
details, leaving out some others.)

Our Lagrangian is

(10.192)LDirac = Ψ
(
iγµ∂µ − m

)
Ψ,

which can be consider solved by fields Ψ(x),Ψ(x) = Ψ†(x)γ0

(10.193a)Ψ(x) =

2∑
s=1

∫
d3 p

(2π)3
√

2ωp

(
e−ip·xus(p)as

p + eip·xvs(p)as†
p
)

(10.193b)Ψ(x) =

2∑
s=1

∫
d3 p

(2π)3
√

2ωp

(
eip·xus(p)as†

p + e−ip·xvs(p)as
p
)

where the creation and annihilation operators satisfy

(10.194a)
{
as

p, a
r†
q
}

= (2π)3δsrδ(3)(p − q),

(10.194b)
{
bs

p, b
r†
q
}

= (2π)3δsrδ(3)(p − q),

(plus various relations for the u, v’s.)

10.24 photon .

Recall that we identified a number of symmetries

• SO(1, 3)

• P,C,T : DIY

• U(1)V : Ψ → eiαΨ

• U(1)A : If m = 0, then U(1)A : Ψ → eiαγ5 Ψ. If m , 0 only for α = π

: Ψ → −Ψ.
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Photon interaction can be introduced by utilizing a U(1) gauge field,
demanding invariance under U(1)V with α = α(x). That is

(10.195)Ψ(x)→ eiα(x)Ψ(x),

which has derivatives

(10.196)∂µΨ(x)→ eiα(x)
(
∂µΨ(x) + i∂µα(x)Ψ(x)

)
.

Solution. Introduce Aµ(x), such that under U(1)V we have

(10.197)Aµ(x)→ Aµ(x) −
1
e
∂µα(x)

where “e” is a dimensionless coupling constant

(10.198)
∂µΨ(x)→

(
∂µ + ieAµ

)
Ψ

→ eiα(x)
(
∂µΨ +��

�i∂µαΨ −���i∂µαΨ
)

We’ve now constructed the QED Lagrangian density

(10.199)LQED = Ψ
(
iγµ

(
∂µ + ieAµ

)
− m

)
Ψ −

1
4

FµνFµν.

We may write this as

(10.200)LQED = −
1
4

FµνFµν + Ψ (iγµ∂µ − m)Ψ

Free Lagrangian

− eΨγµΨAµ

interaction Lagrangian

We introduce spinor fields Ψe and muon fields Ψµ, so that the total
Lagrangian is now

(10.201)
LQED = −

1
4

FµνFµν + Ψe
(
iγµ∂µ − m

)
Ψe − eΨeγµΨeAµ

+ Ψµ

(
iγµ∂µ − m

)
Ψµ − eΨµγµΨµAµ

• me ∼ 0.5 MeV

• mµ ∼ 105 MeV
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There are also quark fields that we can add into the mix

(10.202)Lquarks =
∑

q

Ψq
(
iγµ − mq

)
Ψq + eQqΨqγ

νΨqAν

Quark charges are Qq = (2/3,−1/3). It turns out that the only way to
produce quarks is through (electron?) interaction?

Can also introduce a Fermi interaction

(10.203)L4−Fermi =
c
v2 Ψµγ

ν (1 − γ5) Ψν,µ − Ψe (1 − γ5) ....

We now want to do some calculations with the photon interactions from
eq. (10.201). In particular, we will study the effects of the −eΨeγµΨeAµ

interaction Lagrangian.

10.25 propagator .

Before we can study the interaction, we need to determine the structure of
the propagator. For Grassman (anti-commuting) operators

T (O f (x)O′f (x)) = Θ(x0 − x′0)O f (x)O f (x′) + Θ(x′0 − x0)O f (x′)O f (x)
(10.204)

The propagator can be determined from

(10.205)
〈
T (Ψα(x)Ψβ(x)

〉
0

= DFαβ(x − y),

where α, β = 1, 2, 3, 4.
Referring back to eq. (10.193a), eq. (10.193b), that propagator is

(10.206)

〈
T (Ψα(x)Ψβ(x)

〉
0

=

∫
d3 p

(2π)3
√

2ωp

∫
d3q

(2π)3
√

2ωq

(e−ip·xe+iq·yΘ(x0 − y0)us
α(p)ur

β(q)
〈
as

par†
q
〉

+ eip·xe−iq·yΘ(y0 − x0)vs
β(p)vr

β(q)
〈
bs

qar†
p
〉
)

=

∫
d3 p

(2π)32ωp

(
e−ip·(x−y)Θ(x0 − y0)us

α(p)ur
β(p) + eip·(x−y)Θ(y0 − x0)vs

β(p)vr
β(p)

)
=

∫
d3 p

(2π)32ωp

(
e−ip·xΘ(x0 − y0)

(
γ
µ
αβpµ + m

)
+ eip·xΘ(y0 − x0)

(
γ
µ
αβpµ − m

))
where γµαβ are the α, β components of the gamma matrices. Now we can
replace the pµ’s with derivatives acting on the exponentials
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(10.207)

〈
T (Ψα(x)Ψβ(x)

〉
0

= Θ(x0 − y0)(iγµαβ∂µ + m)

∫
d3 p

(2π)32ωp
e−ip·(x−y)

−Θ(y0 − x0)
(
−iγµαβ∂µ − m

) ∫ d3 p
(2π)32ωp

e−ip·(x−y)

= Θ(x0 − y0)
(
iγµαβ∂µ + m

)
D(x − y) −Θ(y0 − x0)

(
−iγµαβ∂µ − m

)
D(y − x)

=
(
γ
µ
αβ∂

(x)
µ + m

)
(Θ(x0 − y0)D(x − y) + Θ(y0 − x0)D(y − x))

− iγ0δ(x0 − y0)
((((

((((
((

(D(x − y) − D(y − x)),

where we’ve killed off a factor that is zero (off the light cone?)
We are left with just an action on the Feynman propagator

(10.208)

〈
T (Ψα(x)Ψβ(x)

〉
0

=
(
γ
µ
αβ∂

(x)
µ + m

)
DF(x

− y) =

∫
d4 p

(2π)4

i(γµαβpµ + m)

p2 − m2 + iε
e−ip·(x−y)

Now that we have a propagator, let’s try

(10.209)Lint =

∫
dtd3x

(
eΨγµΨAµ

)
.

10.26 feynman rules.

We can consider various scattering processes, such as e+e− → µ+µ− as
sketched in fig. 10.6, or e+e− → e+e− as sketched in fig. 10.7, or Compton
scattering e−γ → e−γ as sketched in fig. 10.8.

Figure 10.6: Electron, positron decay to muon pairs.
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Figure 10.7: Electron, positron collision.

Figure 10.8: Compton scattering.

To do so we need to determine the Feynman rules for fermions. For
fermions Ψ and anti-fermions Ψ we have

(10.210)

Ψ |p, s〉 = us(p)

Ψ |p, s〉 = vs(p)

〈p, s|Ψ = us(p)

〈p, s|Ψ = vs(p),

where we mean

(10.211)|p, s〉 = as†
p |0〉

√
2ωp,

for fermions, and

(10.212)|p, s〉 = bs†
p |0〉

√
2ωp,

for anti-fermions.
The flow of fermion and anti-fermion number charge is designated by

arrow direction in the diagram, as in the respective diagrams of fig. 10.9.
The Feynman propagator for fermions is

(10.213)
i
(
/p + m

)
p2 − m2 + iε

,
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Figure 10.9: Flow of # charge.

whereas the photon propagator is

(10.214)
〈
AµAν

〉
= −i

gµν
q2 + iε

.

10.27 example: e−e+ → µ−µ+ .

As an example, consider the process sketched in fig. 10.10. Such a process

Figure 10.10: e−e+ → µ−µ+ process.

is “ultra-relativistic”, in that the electron and positron pair must be moving
very fast to create muons.

The matrix element is

(10.215)

〈µ+µ−|ΨγσΨAσAρΨγρΨ|e+e−〉

= vs′(p′)

incoming anti-electron

(−ieγρ) us(p)

incoming electron

(
−igρσ

q2

)
ignoring iε.

ur(k)(−ieγσ)vr′(k′)
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Question: Why are we writing the factors of the matrix element from left
to right, corresponding to the right to left reading of the matrix element?

Equation (10.215) reduces to

(10.216)iM = i
e2

q2 vs′(p′)γρus(p)ur(k)γρvr′(k′),

where the (2π)4δ(4)(...) term hasn’t been made explicit.
We’d like to compute the absolute square of eq. (10.216), and use the

following lemma to do so.

Lemma 10.7: Some conjugates.

(vγµu)† = uγµv

(uγµv)† = vγµu.

The proof is left to exercise 10.12. Employing this, we have

|M|2 =
e4

q4

(
vr′(k′)γρur(k)us(p)γρvs′(p′)

)
×

(
vs′(p′)γµus(p)ur(k)γµvr′(k′)

)
.

(10.217)

The problem can be simplified by computing the cross section that sums
over all spins, assuming that the states are not polarized (i.e. average over
all the up, down states)14. That is, We want to sum over all the initial and
final state polarizations 1

4
∑

ss′
∑

rr′ |M|
2

1
4

∑
ss′,rr′

|M|2

=
∑
ss′rr′

e4

4q4 vr′(k′)γρur(k)ur(k)γµvr′(k′)us(p)γρvs′(p′)vs′(p′)γµus(p)

=
e4

4q4

∑
r′

vr′(k′)γρ
(
/k + mµ

)
γµvr′(k′) ×

∑
s

us(p)γρ
(
/p′ − me

)
γµus(p),

(10.218)

14 Such an average is related to the density matrix

ρin =
∑
ss′

∣∣∣ss′
〉 1

4
〈
ss′

∣∣∣ .
tr

(
eiHtρineiHtρf

∣∣∣rr′
〉 〈

rr′
∣∣∣)
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where we first used the freedom to move the uγv, vγu terms, which are
scalars, and then used theorem 10.16 to eliminate the sum over s′, r in-
dexes.

Temporarily expressing the remaining factors in coordinates exposes a
trace structure. For example∑

r′
vr′(k′)γρ

(
/k + mµ

)
γµvr′(k′) =

∑
r′

(vr′(k′))a(γρ)ab
(
/k

+ mµ

)
bc

(γµ)cd(vr′(k′))d

=
∑

r′
(vr′(k′))d(vr′(k′))a(γρ)ab

(
/k

+ mµ

)
bc

(γµ)cd

=
(
/k′ − mµ

)
da

(γρ)ab
(
/k + mµ

)
bc

(γµ)cd

= tr
((
/k′ − mµ

)
γρ

(
/k + mµ

)
γµ

)
,

(10.219)

since the cyclic sum of matrix coordinates can be expressed as a trace,
namely tr ABC = AabBbcCca. We are left with

1
4

∑
ss′,rr′

|M|2

=
e4

4q4 tr
((
/k′ − mµ

)
γν

(
/k + mµ

)
γµ

)
× tr

((
/p + me

)
γν

(
/p′ − me

)
γµ

)
.

(10.220)

Each trace is now a product of two, three, or four gamma matrices, which
can be reduced using the identities:

Lemma 10.8: Dirac matrix product traces.

tr (γµγν) = 4gµν
tr (γµγνγα) = 0

tr (γµγνγαγβ) = 4 (gµνgαβ − gµαgνβ + gµβgαν)

The proof is left to exercise 10.13.
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Utilizing the above, and setting me = 0 (compared to mµ) the p, p′

dependent trace reduces to

tr
(
(/p + me)γν( /p′ − me)γµ

)
= tr

(
/pγν /p′γµ

)
= pαp′β tr

(
γαγνγβγµ

)
= 4pαp′β

(
gανgβµ − gαβgνµ + gαµgνβ

)
= 4

(
−p · p′gνµ + pνp′µ + pµp′ν

)
,

(10.221)

and the k, k′ dependent trace reduces to

tr
((
/k′ − mµ

)
γν

(
/k + mµ

)
γµ

)
= tr

(
/k′γν/kγµ

)
− m2

µ tr
(
γνγµ

)
+ mµ���

��tr ( /k′γνγµ) − mµ���
��tr (γν/kγµ)

= 4
(
k′αkβ

(
gανgβµ−gαβgνµ+gαµgνβ

)
−m2

µgνµ
)

= 4
(
k′νkµ + k′µkν −

(
k · k′ + m2

µ

)
gνµ

)
.

(10.222)

We can now multiply out the traces and simplify (exercise 10.14) to get

(10.223)
1
4

∑
spins

|M|2 =
8e4

q4

(
p · k′p′ · k + p · kp′ · k′ + p · p′m2

µ

)
.

The next task is to consider these four vector dot products from the center
of mass frame for the electrons, as sketched in fig. 10.11. Let q represent

Figure 10.11: Electron center of mass frame.

the total rest frame four momentum

(10.224)q = p + p′

= (2E, 0),
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where q2 = 4E2. We also have

(10.225a)
p · p′ = (E, Eẑ) · (E,−Eẑ)

= E2 − E2(ẑ · (−ẑ))
= 2E2.

(10.225b)p · k = (E, Eẑ) · (E,k)
= E2 − E ‖k‖ cos θ,

(10.225c)
p · k′ = (E, Eẑ) · (E,−k)

= E2 − (Eẑ) · (−k)
= E2 + E ‖k‖ cos θ

(10.225d)
p′ · k′ = (E,−Eẑ) · (E,−k)

= E2 − (−Eẑ) · (−k)
= E2 − E ‖k‖ cos θ

(10.225e)
p′ · k = (E,−Eẑ) · (E,k)

= E2 − (−Eẑ) · k
= E2 + E ‖k‖ cos θ,

but

(10.226)k2 = E2 − m2
µ,

or

(10.227)‖k‖ = E

√
1 −

m2
µ

E2 .

We can now put the pieces back together and almost have the non-polarized
cross section

1
4

∑
spins

|M|2 =
8e4

(4E2)2

((
E2 + E ‖k‖ cos θ

)2
+

(
E2 − E ‖k‖ cos θ

)2
+ m2

µ2E2
)

=
e4

2


1 +

√
1 −

m2
µ

E2 cos θ


2

+

1−
√

1 −
m2
µ

E2 cos θ


2

+ 2
m2
µ

E2


=

e4

2

2 + 2

1 − m2
µ

E2

 cos2 θ + 2
m2
µ

E2

 ,
(10.228)
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or

1
4

∑
spins

|M|2 = e4

1 +
m2
µ

E2 +

1 − m2
µ

E2

 cos2 θ

 . (10.229)

The total (average polarization) differential cross section ([19] eq. 4.84), is

(10.230)
dσ
dΩ CM

=
1

2EA2EB|vA − vB|

|k|
(2π)24ECM

1
4

∑
spins

|M|2.

Plug in EA = EB = 2ECM, vA − vB ∼ 2c = 2, e2 = 4πα, and eq. (10.229)
for

(10.231)

dσ
dΩ CM

=
1

E2
CM(2)

1
(4π)2ECM

ECM

2

√
1 −

m2
µ

E2 (4πα)2

1 +
m2
µ

E2

+

1 − m2
µ

E2

 cos2 θ


=

α2

4E2
CM

√
1 −

m2
µ

E2

1 +
m2
µ

E2 +

1 − m2
µ

E2

 cos2 θ

 .
Integrating to find the total cross section we have

σtotal =

∫
dΩ

dσ
dΩ

= 2π
∫ 1

−1
d cos θ

α2

4E2
CM

√
1 −

m2
µ

E2

1 +
m2
µ

E2 +

1 − m2
µ

E2

 cos2 θ


=

2πα2

4E2
CM

√
1 −

m2
µ

E2

2 1 +
m2
µ

E2

 +

1 − m2
µ

E2

 ∫ 1

−1
u2du


=

4πα2

4E2
CM

√
1 −

m2
µ

E2

1 +
m2
µ

E2 +
1
3

1 − m2
µ

E2

 ,
(10.232)

or

σtotal =
4πα2

3E2
CM

√
1 −

m2
µ

E2

1 +
1
2

m2
µ

E2

 , (10.233)
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where ECM = 2E.
At the start of the year dimensional analysis was used to state the total

cross section, which was determined to have the form

(10.234)σtotal ∼
α2

s
,

whereas for E � mµ we’ve now found

(10.235)σtotal =
4πα2

3E2
CM

.

Three months of work has gained us an additional factor of 4/3!

10.28 measurement of intermediate quark scattering.

In the diagram that we are working from for the e−e+ → µ−µ+ process, we
can replace the muon half of the interaction (fig. 10.12) with anything else

Figure 10.12: Electron and muon halves of the diagram

that is charged, as sketched in fig. 10.13. In particular, quark pairs from

Figure 10.13: Alternate charged pair production.

QCD are possible at high energies (mµ ∼ 105 MeV) and such products
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can be measured indirectly. Quarks were the theorized to be strong force
carriers, an intermediate stage similar to the photon propagators of QED,
connecting two branches of a diagram, as sketched in fig. 10.14. If one

Figure 10.14: Quark pair production.

hypothesizes a proportionality relationship between the hadron (i.e. muon)
and quark scattering cross sections

σtotal(e−e+ → hadrons) ∝ σtotal(e−e+ → quarks), (10.236)

the ratio between the two

(10.237)
R =

σtotal(e−e+ → quarks)
σtotal(e−e+ → hadrons)

= 3
∑

q

(Qq)4,

can be measured, and such measurement was deemed to be one of the
validations of the QCD theory. The 3

∑
q(Qq)4 expression includes a 3 that

is related to quark “color”, and a sum over only the quark charges q that
are light enough to be produced. [19] fig. 5.3 includes an experimental
depiction of such a measurement, which has a step function form roughly
like fig. 10.15, where the steps occur at the energy levels that are sufficient
to produce new quarks.

10.29 problems.

Exercise 10.1 Lorentz transforms of spinors. (2018 Hw4.IV)

Consider the matrix
Λ 1

2
= e−

i
2ωµνS

µν

.

Here, S µν = i
4 [γµ, γν] is as defined in class, in terms of the four γ-matrices

(notice that, when using the representation of the γ matrices in terms of
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Figure 10.15: R quark step function.

Pauli matrices, the matrix Λ 1
2

looks like two sets of M (and M∗) matrices
discussed in class, now combined into one four-by-four object).

a. Show that Λ−1
1
2
γµΛ 1

2
= Λµ

νγ
ν, where Λµ

ν is the usual Lorentz

transformation acting on vectors. (Feel free to show this for the
infinitesimal form of the transformations, but then argue that the
finite form holds as well.)

b. Show that Λ†1
2
γ0Λ 1

2
= γ0.

c. Consider the fermion bilinear ψ̄γµγνψ = 1
2 ψ̄{γ

µ, γν}ψ+ 1
2 ψ̄[γµ, γν]ψ,

where {A, B} = AB + BA is the anticommutator. Show that the two
terms on the right transform as a scalar and a second-rank tensor,
respectively, under Lorentz transformations.

Answer for Exercise 10.1

Part a. For infinitesimal transformations we can show this using the
BCH theorem. First let

(10.238)

B = −
i
2
ωµνS µν

= −
i
2
ωµν

i
4

[
γµ, γν

]
=

1
8
ωµν

(
γµγν − γνγµ

)
.

=
1
4
ωµνγ

µγν,

where we’ve made use ωµν = −ωνµ to eliminate any µ = ν terms in the
sum, and γµγν = −γνγµ for µ , ν. With this substitution, we have

(10.239)Λ−1
1/2γ

µΛ1/2 = e−BγµeB = γµ +
[
−B, γµ

]
+ O(ω2),
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and can now compute the commutator

(10.240)

[
−B, γµ

]
= −

1
4
ωαβ

[
γαγβ, γµ

]
= −

1
4
ωαβ

[
γαγβ, γ

µ
]

=
1
4
ωαβ

(
γµγαγβ − γαγβγ

µ
)
.

When µ , α, β, γµ commutes with both γα, γβ, so the matrices cancel,
leaving just the µ = α, µ = β contributions to the sum

(10.241)

[
−B, γµ

]
=

1
4
ωαβ

(
δµαγβ − δ

µ
βγα − γαδ

µ
β + γβδ

µ
α

)
=

1
2
ωαβ

(
δµαγβ − δ

µ
βγα

)
=

1
2

(
ωαβδµαγβ − ω

βαδµαγβ
)

= ωαβδµαγβ

= ωµβγβ.

The transformation to first order is therefore

(10.242)Λ−1
1/2γ

µΛ1/2 = γµ + ωµβγβ =
(
δµβ + ωµβ

)
γβ = Λµ

βγ
β.

To extend the argument to finite angles we use the usual argument. For
example, for a finite rotation eiθ, we may decompose such a rotation into
n small pieces, eiθ/n and compound those rotations by applying the small
ones in sequence

(
eiθ/n

)n
. Given the block matrix structure of Λ1/2

(10.243)Λ1/2 =

e− 1
2ω0kσ

k− i
4ω jke jklσl

0

0 e
1
2ω0kσ

k− i
4ω jke jklσl

 ,
(as found in class), where we have 2× 2 exponentials on the diagonals, the
same argument applies.
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Part b. As Λ1/2 is a diagonal matrix, we can compute γ0A†γ0 in the
block matrix representation

(10.244)

γ0

a 0

0 b

 γ0 =

0 1

1 0


a† 0

0 b†


0 1

1 0


=

0 1

1 0


 0 a†

b† 0


=

b† 0

0 a†

 .
Using this (and (σk)† = σk), we have

(10.245)

γ0Λ†1/2γ
0 =


(
e−

1
2ω0kσ

k− i
4ω jke jklσl)†

0

0
(
e

1
2ω0kσ

k− i
4ω jke jklσl)†


=

e− 1
2ω0kσ

k+ i
4ω jke jklσl

0

0 e
1
2ω0kσ

k+ i
4ω jke jklσl

 .
Comparing to eq. (10.243), we see that

(10.246)γ0Λ†1/2γ
0 = Λ−1

1/2,

so

(10.247)γ0Λ†1/2γ
0Λ1/2 = 1.

Multiplying by γ0 on the left using (γ0)2 = 1, completes the proof.

Part c. First recall that a second rank tensor transforms as

(10.248)Aµν → Λµ
αΛν

βAµν.

The transformation of the anticommutator term is just

(10.249)

1
2

Ψ
{
γµ, γν

}
Ψ = ΨgµνΨ

→
(
ΨΛ−1

1/2

) (
Λµ

αΛν
βgαβ

) (
Λ1/2Ψ

)
= ΨgµνΨ

=
1
2

Ψ
{
γµ, γν

}
Ψ,
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showing that the anticommutator transforms as a Lorentz scalar.
For the commutator term we have

1
2

Ψ [γµ, γν]Ψ →
1
2

(
ΨΛ−1

1/2

)
[γµ, γν] (Λ1/2Ψ)

=
1
2

ΨΛ−1
1/2 (γ

µγν − γνγµ)Λ1/2Ψ

=
1
2

Ψ
((

Λ−1
1/2γ

µΛ1/2
) (

Λ−1
1/2γ

νΛ1/2
)

−
(
Λ−1

1/2γ
νΛ1/2

) (
Λ−1

1/2γ
µΛ1/2

))
Ψ

=
1
2

Ψ
(
(Λµ

αγ
α)

(
Λν

βγ
β
)
−

(
Λν

βγ
β
)
(Λµ

αγ
α)

)
Ψ

= Λµ
αΛν

β

(
1
2

Ψ
[
γα, γβ

]
Ψ

)
,

(10.250)

which is the transformation property eq. (10.248) for second rank tensors
noted above.

Exercise 10.2 Show that ΨΨ is a Lorentz scalar.
Answer for Exercise 10.2

The Lorentz property follows from eq. (10.63)

(10.251)ΨΨ →
(
ΨΛ−1

1/2

) (
Λ1/2Ψ

)
= ΨΨ.

The scalar nature of this product can be seen easily by expansion.

(10.252)

ΨΨ = Ψ†γ0Ψ

=
[
Ψ∗1 Ψ∗2 Ψ∗3 Ψ∗4

]

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0




Ψ1

Ψ2

Ψ3

Ψ4



=
[
Ψ∗1 Ψ∗2 Ψ∗3 Ψ∗4

]

Ψ3

Ψ4

Ψ1

Ψ2


= Ψ∗1Ψ3 + Ψ∗2Ψ4 + Ψ∗3Ψ1 + Ψ∗4Ψ2

= 2 Re
(
Ψ∗1Ψ3 + Ψ∗2Ψ4

)
.
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Clearly any individual Ψ†γµΨ product will also be a scalar.

Exercise 10.3 Show that ΨγµΨ transforms as a four vector.

Answer for Exercise 10.3

(10.253)

ΨγµΨ →
(
ΨΛ−1

1/2

)
γµ

(
Λ1/2Ψ

)
= Ψ

(
Λ−1

1/2γ
µΛ1/2

)
Ψ

= Ψ
(
Λµ

νγ
ν) Ψ

= Λµ
νΨγνΨ.

Exercise 10.4 Vary the Dirac action definition 10.4.

Answer for Exercise 10.4

From the action we find

(10.254)δS =

∫
d4xδΨ

(
iγµ∂µ − m

)
Ψ +

∫
d4xΨ

(
iγµ∂µ − m

)
δΨ.

There are two ways to deal with this. One (somewhat unsatisfactory
seeming to me) is to treat both δΨ and δΨ as independent variations,
requiring that δS = 0 for any such variations. In that case we find
that (iγµ∂µ −m)Ψ = 0 if the total variation of the action is zero. That
leaves the somewhat awkward question of what to do with the 0 =∫

d4xΨ (iγµ∂µ −m) δΨ constraint. However, that question can be resolved
by observing that these two contributions to the variation are not indepen-
dent. In particular(∫

d4xΨ
(
iγµ∂µ − m

)
δΨ

)†
=

∫
d4xδΨ†

(
−i(γµ)†∂µ − m

)
γ0Ψ

=

∫
d4xδΨ†γ0

(
−iγ0(γµ)†γ0 ←

∂µ −m
)

Ψ

=

∫
d4xδΨ

(
−iγµ

←

∂µ −m
)

Ψ

=

∫
d4x

(
∂µ

(
−iδΨγµΨ

)
−

(
−iδΨγµ∂µΨ

)
− mδΨΨ

)
=

∫
d4xδΨ

(
iγµ∂µ − m

)
Ψ,

(10.255)
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where the boundary integral has been assumed to be zero. This shows that
the total variation is

(10.256)δS =

∫
d4x

(
δΨDΨ +

(
δΨDΨ

)†)
,

where

(10.257)D = iγµ∂µ − m,

represents the Dirac operator. Requiring that the action variation δS = 0 is
zero for all δΨ, means that DΨ = 0, which proves eq. (10.69).

Given that the action itself is real, it makes sense for it’s variation to be
real, as demonstrated above. A nice side effect of demonstrating this is the
removal of the redundant variation variable.

Exercise 10.5 Exponential form of
√

p ·σ,
√

p ·σ.

In [17], Prof Osmond explicitly boosts a us(p0) Dirac spinor from the
rest frame with rest frame energy p0, and claims

(10.258)

√
me−

1
2 ησ

3
=
√

p · σ
√

me
1
2 ησ

3
=

√
p · σ,

for the components of us(Λp0).
Validate these identities by squaring both sides.

Answer for Exercise 10.5

First

(10.259)e±
1
2 ησ

3
= cosh

(
1
2
ησ3

)
± sinh

(
1
2
ησ3

)
σ3,

which squares to (uvspinors.nb)

(10.260)
(
e±

1
2 ησ

3
)2

=

e±η 0

0 e∓η

 .
Explicitly boosting the rest energy p0 gives

(10.261)

p0

0

→
cosh η sinh η

sinh η cosh η


p0

0


= p0

cosh η

sinh η

 ,
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so after the boost

(10.262)

p · σ→ p0
(
cosh η − sinh ησ3

)
= p0

cosh η − sinh η 0

0 cosh η + sinh η


= p0

e−η 0

0 eη

 ,
where p0 = m is still the rest frame energy. However, according to
eq. (10.260) this is exactly

(10.263)
(√

me−
1
2 ησ

3
)2

Since p ·σ flips the signs of the spatial momentum, we have shown that

(10.264)

(√
me−

1
2 ησ

3
)2

= p · σ(√
me

1
2 ησ

3
)2

= p · σ,

which isn’t a full proof of the claimed result (i.e. the most general orienta-
tion isn’t considered), but at least validates the claim.

Exercise 10.6 Verify v(p) solution.

Prove theorem 10.12.
Answer for Exercise 10.6

Let D = (iγµ∂µ −m) represent the Dirac operator. Applying to eip·x we
have

(10.265)

Deip·x =
(
iγµ∂µ − m

)
eipµxµ

= −
(
γµpµ + m

)
eip·x

= −

m
1 0

0 1

 + p0

0 1

1 0

 + pk

 0 σk

−σk 0


 eip·x

= −

 m p0σ
0 + pkσ

k

p0σ
0 − pkσ

k m

 eip·x

= −

 m p · σ

p · σ m

 eip·x.
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We are now set to apply the Dirac operator to the claimed solution from
theorem 10.12.

(10.266)

Dv(p) =

 m p · σ

p · σ m


 √p · σηs

−
√

p · σηs

 , eip·x

= −


(
m
√

p · σ − p · σ
√

p · σ
)
η(

p · σ
√

p · σ − m
√

p · σ
)
η

 eip·x

=

√p · σ
(
m −

√
p · σp · σ

)
η√

p · σ
( √

p · σp · σ − m
)
η

 eip·x

=


√

p · σ
(
m −

√
m2

)
η√

p · σ
( √

m2 − m
)
η

 eip·x

= 0.

Exercise 10.7 v(p) normalization.

Prove theorem 10.13.
Answer for Exercise 10.7

Expanding the matrices gives

(10.267)

vrvs = vr†γ0vs

=
[
ηrT √p · σ −ηrT

√
p · σ

] 0 1

1 0


 √p · σηs

−
√

p · σηs


=

[
ηrT √p · σ −ηrT

√
p · σ

] −
√

p · σηs

√
p · σηs


= −ηrT √p · σ

√
p · σηs − ηrT

√
p · σ

√
p · σηs

= δrs2
√

m2

= 2mδrs,

and

(10.268)

vr†vs =
[
ηrT √p · σ −ηrT

√
p · σ

]  √p · σηs

−
√

p · σηs


= ηrT(p · σ)ηs + ηrT(p · σ)ηs

= δrs (p0 − p · σ + p0 + p · σ)
= 2p0δ

rs.
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Exercise 10.8 uv, vu relations.

Prove theorem 10.14.
Answer for Exercise 10.8

We need only expand the matrix products

(10.269)
urvs =

[
ζrT

√
p · σ ζrT √p · σ

]  √p · σηs

−
√

p · σηs


= mζrTηs − mζrTηs

= 0,

and

(10.270)
vrus =

[
−ηrT

√
p · σ ηrT √p · σ

] √p · σζ s√
p · σζ s


= −mηrTζ s + mηrTζ s

= 0,

Exercise 10.9 Dagger orthonormality conditions.

Prove theorem 10.15.
Answer for Exercise 10.9

ur†(p)vs(−p) =
[
ζrT √p · σ ζrT

√
p · σ

]  √q · σηs

−
√

q · σηs


∣∣∣∣∣∣∣
p=(0,p),q=(0,−p)

=
[
ζrT √−p · σ ζrT √p · σ

]  √p · σηs

−
√
−p · σηs


= ζrT √−p · σ

√
p · σηs − ζrT √p · σ

√
−p · σηs

= 0,
(10.271)

and

vs†(−p)ur(p) =
[
ηs† √q · σ −ηs†

√
q · σ

] √p · σζr√
p · σζr


∣∣∣∣∣∣∣
p=(0,p),q=(0,−p)

=
[
ηsT √p · σ −ηs √−p · σ

] √−p · σζr

√
p · σζr


= ηsT

√
(−p · σ)(p · σ)ζr − ηsT

√
(p · σ)(−p · σ)ζr

= 0.
(10.272)
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Exercise 10.10 Direct product relation for the u’s.

Prove the u direct product relations of theorem 10.16.
Answer for Exercise 10.10

∑
us ⊗ us =

√p · σζ s√
p · σζ s

 ⊗ [
ζ sT

√
p · σ ζ sT √p · σ

]
=

∑√p · σζ s ⊗ ζ sT
√

p · σ
√

p · σζ s ⊗ ζ sT √p · σ√
p · σζ s ⊗ ζ sT

√
p · σ

√
p · σζ s ⊗ ζ sT √p · σ


=

 m p · σ

p · σ m


= m + p · γ.

(10.273)

Exercise 10.11 Dirac Hamiltonian w/o zero-time field substitution.

Answer for Exercise 10.11

With time left in the mix the fields are

(10.274)

Ψ(x) =

2∑
s=1

∫
d3 p

(2π)3
√

2ωp

(
e−ip·xus

pas
p + eip·xvs

pbs
p
)

Ψ†(x) =

2∑
r=1

∫
d3q

(2π)3
√

2ωq

(
eiq·xur†

q ar†
q + e−iq·xvr†

q br†
q
)
,
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and the Hamiltonian is

HDirac =

2∑
r,s=1

∫
d3xd3 pd3q

(2π)62
√
ωpωq

(
eiq·xur†

q ar†
q + e−iq·xvr†

q br†
q
)
ωp

(
e−ip·xus

pas
p

− eip·xvs
pbs

p
)

=

2∑
r,s=1

∫
d3xd3 pd3q

(2π)62
√
ωpωq

(
eiωqt−iq·xur†

q ar†
q

+ e−iωqt+iq·xvr†
q br†

q
)
ωp

(
e−iωpt+ip·xus

pas
p − eiωpt−ip·xvs

pbs
p
)

=

2∑
r,s=1

∫
d3xd3 pd3q

(2π)62
√
ωpωq

(
eiωqt−iq·xur†

q ar†
q

+ e−iωqt−iq·xvr†
−qbr†

−q
)
ωp

(
e−iωpt+ip·xus

pas
p − eiωpt+ip·xvs

−pbs
−p

)
=

2∑
r,s=1

∫
d3 p

(2π)32

(
eiωqtur†

q ar†
q + e−iωqtvr†

−qbr†
−q

) (
e−iωptus

pas
p

− eiωptvs
−pbs

−p
)

=

2∑
r,s=1

∫
d3 p

(2π)32

(
ur†

q us
par†

q as
p − vr†

−qvs
−pbr†

−qbs
−p

)
,

(10.275)

where a δ(3)(p − q) was factored out and evaluated, and the remaining
vr†
−pus, ur†vs

−p terms were killed off. A final use of eq. (10.131a) completes
the proof.

Exercise 10.12 Prove lemma 10.7

Answer for Exercise 10.12

We will prove only the first, which is representative

(10.276)
(vγµu)† = u†(γµ)†(v†γ0)†

= u†γ0γµγ0γ0v
= uγµv.

Exercise 10.13 Prove lemma 10.8

Answer for Exercise 10.13
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For the two matrix trace, consider

(10.277)tr
(
γµγν + γνγµ

)
= 2gµν tr (1)
= 8gµν,

but

(10.278)
tr

(
γµγν + γνγµ

)
= tr

(
γµγν

)
+ tr

(
γνγµ

)
= 2 tr

(
γµγν

)
,

so tr (γµγν) = 4gµν as claimed. For the traces of the three matrix products,
there are three possible products of interest (for r , s)

(10.279)γ0γrγs = −iεrst

 0 σt

σt 0

 ,
which is traceless. We also have (for distinct r, s, t)

(10.280)γrγsγt = −

 0 σrσsσt

σrσsσt 0

 ,
which is also traceless. All other three matrix products (except permuta-
tions of the two above) are proportional to a single γµ, which is traceless.
A lazier, brute force proof by Mathematica (tracesOfDiracMatrixProd-
ucts.nb) is also possible. For the four matrix traces, the trace will be zero
unless we have two matching pairs of gamma matrices (since γ0γ1γ2γ3

or its permutations is traceless.) Assuming such matched pairs, we can
reduce the product like so

• µ = ν =⇒ tr (γµγνγαγβ) = 4gαβ

• µ = α, ν , α =⇒ tr (γµγνγαγβ) = −4gνβ

• µ = β(µ , ν, µ , α) =⇒ tr (γµγνγαγβ) = 4gνα

It’s clear that we can summarize these possibilities as stated in lemma 10.8.

Exercise 10.14

Show that(
pβp′α + pαp′β − p · p′gαβ

)
×

(
k′βkα + k′αkβ −

(
k · k′ + m2

µ

)
gαβ

)
= 2

(
p · kp′ · k′ + p · k′p′ · k + m2

µp · p′
)
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Answer for Exercise 10.14

Proceeding mechanically, but carefully, we have

pβp′αk′βkα + pβp′αk′αkβ − pβp′α
(
k · k′ + m2

µ

)
gαβ

+ pαp′βk′βkα + pαp′βk′αkβ − pαp′β
(
k · k′ + m2

µ

)
gαβ

− p · p′gαβk′βkα − p · p′gαβk′αkβ + p · p′gαβ
(
k · k′ + m2

µ

)
gαβ

= p · k′p′ · k + p · kp′ · k′ − p · p′
(
k · k′ + m2

µ

)
+ p · kp′ · k′ + p · k′p′ · k − p · p′

(
k · k′ + m2

µ

)
− p · p′k · k′ − p · p′k · k′ + 4p · p′

(
k · k′ + m2

µ

)
= 2p · k′p′ · k + 2p · kp′ · k′ − 2p · p′k · k′ + 2p · p′

(
k · k′ + m2

µ

)
= 2p · k′p′ · k + 2p · kp′ · k′ + 2p · p′m2

µ

= 2
(
p · k′p′ · k + p · kp′ · k′ + p · p′m2

µ

)
.

(10.281)
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a.1 review of old material.

• Gaussian

(A.1)
∫ ∞

−∞

eax2
dx =

√
−π

a
.

Here a may be real or imaginary, but must be less than 0 if real.

• Our Fourier transform sign and π placement convention (2π’s with
momentum elements and negative exponential sign for the inverse
transform)

(A.2)
f (x) =

∫
dnk

(2π)n f (k)eik·x

f (k) =

∫
dnx f (x)e−ik·x.

• Delta function representation.

Setting f (x) = δn(x) implies f (k) = 1 and so

(A.3)δ(x) =

∫
dnk

(2π)n eik·x.

• Correct sign for the commutator

(A.4)
[
xr, ps

]
= iδrs.

• Hamilton’s equations

−dH = d(L − pq̇) =
∂L

∂q
dq +

�
�
��∂L

∂q̇
dq̇ +

∂L

∂t
dt − dpq̇ −��pdq̇

dH =
∂H
∂q

dq +
∂H
∂p

dp +
∂H
∂t

dt,

(A.5)
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so

∂H
∂q

= −ṗ,
∂H
∂p

= q̇,
∂H
∂t

= −
∂L

∂t
. (A.6)

• Matrix element for the momentum and position operators

(A.7)
〈x| P

∣∣∣x′〉 = −iδ(x − x′)
d
dx

〈p| X
∣∣∣p′〉 = iδ(p − p′)

d
dp
.

• Eigenstates

(A.8)

p 〈x|p〉 = 〈x| P |p〉

=

∫
dx′ 〈x| P

∣∣∣x′〉 〈x′
∣∣∣p〉

=

∫
dx′(−i)δ(x − x′)

d
dx

〈
x′
∣∣∣p〉

= −i
d
dx
〈x|p〉 ,

so

(A.9)〈x|p〉 ∝ eipx.

Normalized over all space in d dimensions

(A.10)〈x|p〉 =
eip·x

(2π)d/2 .

• Time evolution in the Heisenberg picture

(A.11)
dO
dt

= i [H,O] .

• Commutators of powers of position and momentum operators

(A.12)
[q̂n, p̂] = niq̂n−1

[ p̂n, q̂] = −nip̂n−1.
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More generally, for any function with a power series representation
F(x) =

∑∞
k=0 akxk, we have

(A.13)
[F(q̂), p̂] = i

dF
dq̂

[F( p̂), q̂] = −i
dF
dp̂

.

• Pauli matrices

σ1 =

0 1

1 0

 , σ2 =

0 −i

i 0

 , σ3 =

1 0

0 −1

 . (A.14)

(A.15)
[
σa, σb

]
= 2iεabcσc.

• Euler-Lagrange equations

(A.16)
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)
= 0.

• Lorentz transform identities

(A.17)gνρ = gµκΛµ
νΛκ

ρ.

• Noether’s first theorem. Given δL = ∂µJµ,

(A.18)jµ =
δL

δ(∂µφ)
δφ − Jµ,

satisfies ∂µ jµ = 0.

• Energy momentum tensor

(A.19)T µν = ∂µφ∂νφ − gµνL.

• Translation operator

(A.20)Û(a) = eia·P̂,

(A.21)〈x| Û(a) = 〈x + a|

• Baker-Campbell-Hausdorff theorem theorem 5.2.

(A.22)eBAe−B =

∞∑
n=0

1
n!

[B · · ·, [B, A]] .
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a.2 useful results from new material.

• Hamiltonian for a massive scalar field

(A.23)H =

∫
d3x

(
1
2

(π(x, t))2 +
1
2

(∇φ(x, t))2 +
m
2

(φ(x, t))2
)

(A.24):H: =

∫
d3 p

(2π)3ωpa†pap

• Canonical commutator

(A.25)
[
π(x, t), φ(y, t)

]
= −iδ(3)(x − y).

• Creation and annihilation operation

(A.26)
[
aq, a

†
p
]

= (2π)3δ(3)(p − q).

(A.27)φ(x, t) =

∫
d3 p

(2π)3

1√
2ωp

eip·x
(
e−iωptap + eiωpta†−p

)

(A.28)π(x, t) =

∫
d3q

(2π)3

iωq√
2ωq

eiq·x
(
−e−iωqtaq + eiωqta†−q

)
.

• Relativistic normalization and transformation of momentum state

(A.29)
√

2ωpâ†p |0〉 = |p〉 ,

(A.30)Û(Λ) |p〉 = |Λp〉 .

• Plus and minus operators

(A.31)

φ̂−(x) =

∫
d3 p

(2π)3
√

2ωp

e−ip·x
∣∣∣
p0=ωp

âp

φ̂+(x) =

∫
d3 p

(2π)3
√

2ωp

eip·x
∣∣∣
p0=ωp

â†p.



A.2 useful results from new material. 377

• Wightman function

D(x) = [φ̂−(x), φ̂+(0)] =

∫
d3 p

(2π)32ωp
e−ip·x

∣∣∣
p0=ωp

. (A.32)

• Contractions with momentum states

(A.33)
φI(x)a†p = e−ip·x

apφI(x) = eip·x.

• Dirac conjugates.

(A.34)

(γ0)† = γ0

(γk)† = −γk

(γµ)† = γ0γµγ0.





BM O M E N T U M O F S C A L A R F I E L D .

b.1 expansion of the field momentum.

In eq. (5.64) it was claimed that

Pk =

∫
d3xπ̂∂kφ̂ =

∫
d3 p

(2π)3 pka†pap. (B.1)

If I compute this, I get a normal ordered variation of this operator, but also
get some time dependent terms. Here’s the computation (dropping hats)

(B.2)

Pk =

∫
d3xπ̂∂kφ

=

∫
d3x∂0φ∂

kφ

=

∫
d3x

d3 pd3q
(2π)6

1√
2ωp2ωq

∂0
(
ape−ip·x + a†peip·x

)
∂k

(
aqe−iq·x

+ a†qeiq·x
)
.

The exponential derivatives are

(B.3)∂0e±ip·x = ∂0e±ipµxµ

= ±ip0∂0e±ip·x,

and

(B.4)∂ke±ip·x = ∂ke±ipµxµ

= ±ipke±ip·x,
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so

Pk = −

∫
d3x

d3 pd3q
(2π)6

1√
2ωp2ωq

p0qk
(
−ape−ip·x + a†peip·x

) (
−aqe−iq·x

+ a†qeiq·x
)

= −
1
2

∫
d3x

d3 pd3q
(2π)6

√
ωp

ωq
qk

(
apaqe−i(p+q)·x + a†pa†qei(p+q)·x

− apa†qei(q−p)·x − a†paqei(p−q)·x
)

=
1
2

∫
d3 pd3q
(2π)3

√
ωp

ωq
qk

(
−apaqe−i(ωp+ωq)tδ(3)(p + q)

− a†pa†qei(ωp+ωq)tδ(3)(−p − q) + apa†qei(ωq−ωp)tδ(3)(p − q)

+ a†paqei(ωp−ωq)tδ(3)(q − p)
)

=
1
2

∫
d3 p

(2π)3 pk
(
a†pap + apa†p − apa−pe−2iωpt − a†pa†−pe2iωpt

)
.

(B.5)

What is the rationale for ignoring those time dependent terms? Does
normal ordering also implicitly drop any non-paired creation/annihilation
operators? If so, why?

b.2 conservation of the field momentum.

This follows up on unanswered questions related to the apparent time
dependent terms in the previous expansion of Pi for a scalar field.

It turns out that examining the reasons that we can say that the field
momentum is conserved also sheds some light on the question. Pi is not
an a-priori conserved quantity, but we may use the charge conservation
argument to justify this despite it not having a four-vector nature (i.e. with
zero four divergence.)

The momentum Pi that we have defined is related to the conserved
quantity T 0µ, the energy-momentum tensor, which satisfies 0 = ∂µT 0µ

by Noether’s theorem (this was the conserved quantity associated with a
spacetime translation.)

That tensor was

(B.6)T µν = ∂µφ∂νφ − gµνL,
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and can be used to define the momenta

(B.7)

∫
d3xT 0k =

∫
d3x∂0φ∂kφ

=

∫
d3xπ∂kφ.

Charge Qi =
∫

d3x j0 was conserved with respect to a limiting surface
argument, and we can make a similar “beer can integral” argument for Pi,
integrating over a large time interval t ∈ [−T,T ] as sketched in fig. 3.1.
That is

0 = ∂µ

∫
d4xT 0µ

= ∂0

∫
d4xT 00 + ∂k

∫
d4xT 0k

= ∂0

∫ T

−T
dt

∫
d3xT 00 + ∂k

∫ T

−T
dt

∫
d3xT 0k

= ∂0

∫ T

−T
dt

∫
d3xT 00

+ ∂k

∫ T

−T
dt

1
2

∫
d3 p

(2π)3 pk
(
a†pap + apa†p − apa−pe−2iωpt − a†pa†−pe2iωpt

)
=

∫
d3xT 00

∣∣∣T
−T + T∂k

∫
d3 p

(2π)3 pk
(
a†pap + apa†p

)
−

1
2
∂k

∫ T

−T
dt

∫
d3 p

(2π)3 pk
(
apa−pe−2iωpt + a†pa†−pe2iωpt

)
.

(B.8)

The first integral can be said to vanish if the field energy goes to zero at
the time boundaries, and the last integral reduces to

(B.9)

−
1
2
∂k

∫ T

−T
dt

∫
d3 p

(2π)3 pk
(
apa−pe−2iωpt + a†pa†−pe2iωpt

)
= −

∫
d3 p

2(2π)3 pk
(
apa−p

sin(−2ωpT )
−2ωp

+ a†pa†−p
sin(2ωpT )

2ωp

)
= −

∫
d3 p

2(2π)3 pk
(
apa−p + a†pa†−p

) sin(2ωpT )
2ωp

.

The sin term can be interpreted as a sinc like function of ωp which vanishes

for large p. It’s not entirely sinc like for a massive field as ωp =

√
p2 + m2,
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Figure B.1: Angular frequency dependent sinc.

which never hits zero, as shown in fig. B.1. Vanishing for large p doesn’t
help the whole integral vanish, but we can resort to the Riemann-Lebesque
lemma [24] instead and interpret this integral as one with a plain old
high frequency oscillation that is presumed to vanish (i.e. the rest is well
behaved enough that it can be labelled as L1 integrable.)

We see that only the non-time dependent portion of P matters from
a conserved quantity point of view, and having killed off all the time
dependent terms, we are left with a conservation relationship for the
momenta ∇ · P = 0, where P in normal order is just

(B.10):P: =

∫
d3 p

(2π)3 pa†pap.
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In lemma 10.1 we usedσT = −σ2σσ2, which implicitly shows that (σ ·x)T

is a reflection about the y-axis. This form of reflection will be familiar to
a student of geometric algebra (see [6]). I can’t recall any mention of the
geometrical reflection identity from when I took QM. It’s a fun exercise to
demonstrate the reflection identity when constrained to the Pauli matrix
notation.

Theorem C.1: Reflection about a normal.

Given a unit vector n̂ ∈ R3 and a vector x ∈ R3 the reflection of x
about a plane with normal n̂ can be represented in Pauli notation as

−σ · n̂σ · xσ · n̂.

Proof. In standard vector notation, we can decompose a vector into its
projective and rejective components

(C.1)x = (x · n̂)n̂ + (x − (x · n̂)n̂) .

A reflection about the plane normal to n̂ just flips the component in the
direction of n̂, leaving the rest unchanged. That is

(C.2)−(x · n̂)n̂ + (x − (x · n̂)n̂) = x − 2(x · n̂)n̂.

We may write this in σ notation as

(C.3)σ · x − 2x · n̂σ · n̂.

We also know that

(C.4)
σ · aσ · b = a · b + iσ · (a × b)

σ · bσ · a = a · b − iσ · (a × b),

or

(C.5)a · b =
1
2
{σ · a,σ · b},
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where {a,b} is the anticommutator of a,b. Inserting eq. (C.5) into eq. (C.3)
we find that the reflection is

σ · x − {σ · n̂,σ · x}σ · n̂ = σ · x − σ · n̂σ · xσ · n̂ − σ · xσ · n̂σ · n̂
= σ · x − σ · n̂σ · xσ · n̂ − σ · x
= −σ · n̂σ · xσ · n̂.

(C.6)

When we expand (σ · x)T and find

(C.7)(σ · x)T = σ1x1 − σ2x2 + σ3x3,

it is clear that this coordinate expansion is a reflection about the y-axis.
Knowing the reflection formula above provides a rationale for why we
might want to write this in the compact form −σ2(σ · x)σ2, which might
not be obvious otherwise.



DE X P L I C I T E X PA N S I O N O F T H E D I R AC U,V
S P I N O R S .

We found that the solution of the u(p), v(p) matrices were

(D.1)

u(p) =

√p · σζ√
p · σζ


v(p) =

 √p · ση

−
√

p · ση

 ,
where

(D.2)
p · σ = p0σ0 − σ · p
p · σ = p0σ0 + σ · p.

It was pointed out that these square roots can be conceptualized as (in the
right basis) as the diagonal matrices of the eigenvalue square roots.

It was also pointed out that we don’t tend to need the explicit form
of these square roots.We saw that to be the case in all our calculations,
where these always showed up in the end in quadratic combinations like√

(p ·σ)2,
√

(p ·σ)(p ·σ), · · ·, which nicely reduced each time without
requiring the matrix roots.

I encountered a case where it would have been nice to have the explicit
representation. In particular, I wanted to use Mathematica to symbolically
expand Ψiγµ∂µΨ in terms of as

p, b
r
p, · · · representation, to verify that the

massless Dirac Lagrangian are in fact the energy and momentum operators
(and to compare to the explicit form of the momentum operator found in
eq. 3.105 [19]). For that mechanical task, I needed explicit representations
of all the us(p), vr(p) matrices to plug in.

It happens that 2× 2 matrices can be square-rooted symbolically square-
rootOfFourSigmaDotP.nb. In particular, the matrices p ·σ, p ·σ have nice
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simple eigenvalues ± ‖p‖ +ωp. The corresponding unnormalized eigen-
vectors for p ·σ are

(D.3)

e1 =

−p1 + ip2

p3 + ‖p‖


e1 =

−p1 + ip2

p3 − ‖p‖

 .
This means that we can diagonalize p ·σ as

(D.4)p · σ = U

ωp + ‖p‖ 0

0 ωp − ‖p‖

 U†,

where U is the matrix of the normalized eigenvectors

(D.5)

U =
[
e′1 e′2

]
=

1√
2p2 + 2p3 ‖p‖

−p1 + ip2 −p1 + ip2

p3 + ‖p‖ p3 − ‖p‖

 .
Letting Mathematica churn through the matrix products eq. (D.4) verifies

the diagonalization, and for the roots, we find

(D.6)
√

p · σ

=
1√

ωp − ‖p‖ +

√
ωp + ‖p‖

ωp − p3 +

√
ω2

p − p2 −p1 + ip2

−p1 − ip2 ωp + p3 +

√
ω2

p − p2

 .
The matrix

√
p ·σ has the same form, but we just have to flip the signs on

our p’s.
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We are now ready to plug in ζ1T = (1, 0), ζ2T = (0, 1), η1T = (1, 0), η2T =

(0, 1) to find the explicit form of our u’s and v’s

(D.7)

u1(p) =
1√

ωp − ‖p‖ +

√
ωp + ‖p‖


ωp − p3 +

√
ω2

p − p2

−p1 − ip2

ωp + p3 +

√
ω2

p − p2

p1 + ip2



u2(p) =
1√

ωp − ‖p‖ +

√
ωp + ‖p‖



−p1 + ip2

ωp + p3 +

√
ω2

p − p2

p1 − ip2

ωp − p3 +

√
ω2

p − p2



v1(p) =
1√

ωp − ‖p‖ +

√
ωp + ‖p‖


ωp − p3 +

√
ω2

p − p2

−p1 − ip2

−ωp − p3 +

√
ω2

p − p2

−p1 − ip2



v2(p) =
1√

ωp − ‖p‖ +

√
ωp + ‖p‖



−p1 + ip2

ωp + p3 +

√
ω2

p − p2

−p1 + ip2

−ωp + p3 +

√
ω2

p − p2


.

This is now a convenient form to try the next symbolic manipulation task.
If nothing else this takes some of the mystery out of the original compact
notation, since we see that the u, v’s are just 4 element column vectors, and
we know their explicit form should we want them.

Also note that in class we made a note that we should take the positive
roots of the eigenvalue diagonal matrix. It doesn’t look like that is really
required. We need not even use the same sign for each root. Squaring the
resulting matrix root in the end will recover the original p ·σ matrix.
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d.1 compact representation of sigma roots.

With the help of Mathematica, eq. (D.6) was found, a compact representa-
tion of the root of p ·σ. A bit of examination shows that we can do much
better. The leading scalar term can be simplified by squaring it

(D.8)
(√

ωp − ‖p‖ +

√
ωp + ‖p‖

)2
= ωp − ‖p‖ + ωp + ‖p‖ + 2

√
ω2

p − p2

= 2ωp + 2m,

where the on-shell value of the energy ω2
p = m2 + p2 has been inserted.

Using that again in the matrix, we have

√
p · σ =

1√
2ωp + 2m

ωp − p3 + m −p1 + ip2

−p1 − ip2 ωp + p3 + m


=

1√
2ωp + 2m

(ωp+m)σ0−p1

0 1

1 0

−p2

0 −i

i 0

−p3

1 0

0 −1




=
1√

2ωp + 2m

(
(ωp + m)σ0 − p1σ1 − p2σ2 − p3σ3

)
=

1√
2ωp + 2m

(
(ωp + m)σ0 − σ · p

)
.

(D.9)

We’ve now found a nice algebraic form for these matrix roots

√
p ·σ =

1√
2ωp + 2m

(m + p ·σ)

√
p ·σ =

1√
2ωp + 2m

(m + p ·σ) .
(D.10)
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As a check, let’s square one of these explicitly

(√
p · σ

)2
=

1
2ωp + 2m

(
m2 + (p · σ)2 + 2m(p · σ)

)
=

1
2ωp + 2m

(
m2 + (ω2

p − 2ωpσ · p + p2) + 2m(p · σ)
)

=
1

2ωp + 2m

(
2ω2

p − 2ωpσ · p + 2m(ωp − σ · p)
)

=
1

2ωp + 2m

(
2ωp

(
ωp + m

)
− (2ωp + 2m)σ · p

)
= ωp − σ · p
= p · σ,

(D.11)

which validates the result.
We can also put the spinor solutions u, v in a nice compact square-root-

free format

u(p) =
1√

2m + 2ωp

(m + p ·σ)ζ

(m + p ·σ)ζ


v(p) =

1√
2m + 2ωp

 (m + p ·σ)η

−(m + p ·σ)η

 .
(D.12)

Equation (D.12) is probably a much nicer starting point for evaluating the
various u, v, u, v product relationships. In particular, again using Mathe-
matica uvspinors.nb, this is a nice representation for showing that

(D.13)
ur(p)γkus(p) = 2δrs pk

vr(p)γkvs(p) = 2δrs pk,

which is roughly the form of the relationship that I suspected existed, but
had some trouble deriving manually.
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We now also know that we can return to eq. (D.7) and put the explicit
(root-free) representation of the u, v spinors in a slightly tidier form

(D.14)

u1(p) =
1√

2m + 2ωp


ωp − p3 + m

−p1 − ip2

ωp + p3 + m

p1 + ip2



u2(p) =
1√

2m + 2ωp


−p1 + ip2

ωp + p3 + m

p1 − ip2

ωp − p3 + m



v1(p) =
1√

2m + 2ωp


ωp − p3 + m

−p1 − ip2

−ωp − p3 + m

−p1 − ip2



v2(p) =
1√

2m + 2ωp


−p1 + ip2

ωp + p3 + m

−p1 + ip2

−ωp + p3 + m


.



ES P I N O R S O L U T I O N S W I T H A LT E R NAT E γ0

R E P R E S E N TAT I O N .

This follows an interesting derivation of the u, v spinors [10], adding some
details.

In class (QFT I) and [19] we used a non-diagonal γ0 representation

(E.1)γ0 =

0 1

1 0

 ,
whereas in [10] a diagonal representation is used

(E.2)γ0 =

1 0

0 −1

 .
This representation makes it particularly simple to determine the form of
the u, v spinors. We seek solutions of the Dirac equation

(E.3)
0 = (iγµ∂µ − m) u(p)e−ip·x

0 = (iγµ∂µ − m) v(p)eip·x,

or

(E.4)
0 = (/p − m) u(p)e−ip·x

0 = − (/p + m) v(p)eip·x.

In the rest frame where /p = Eγ0, where E = m = ωp, these take the
particularly simple form

(E.5)
0 =

(
γ0 − 1

)
u(E, 0)

0 =
(
γ0 + 1

)
v(E, 0).

This is a nice relation, as we can determine a portion of the structure of
the rest frame u, v that is independent of the Dirac matrix representation

(E.6)
u(E, 0) = (γ0 + 1)ψ

v(E, 0) = (γ0 − 1)ψ.
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Similarly, and more generally, we have

(E.7)
u(p) = (/p + m)ψ

v(p) = (/p − m)ψ,

also independent of the representation of γµ. Looking forward to non-
matrix representations of the Dirac equation ([6]) note that we have not
yet imposed a spinorial structure on the solution

(E.8)ψ =

φ
χ

 ,
where φ, χ are two component matrices.

The particular choice of the diagonal representation eq. (E.2) for γ0

makes it simple to determine additional structure for u, v. Consider the rest
frame first, where

(E.9)

γ0 − 1 =

1 0

0 −1

 −
1 0

0 −1

 =

0 0

0 2


γ0 + 1 =

1 0

0 −1

 +

1 0

0 −1

 =

2 0

0 0

 ,
so we have

(E.10)

u(E, 0) =

2 0

0 0


φ
χ


v(E, 0) =

0 0

0 2


φ
χ

 .
Therefore a basis for the spinors u (in the rest frame), is

(E.11)u(E, 0) ∈




1

0

0

0


,


0

1

0

0




,

and a basis for the rest frame spinors v is

(E.12)v(E, 0) ∈




0

0

1

0


,


0

0

0

1




.
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Using the two spinor bases ζa, ηa notation from class, we can write these

(E.13)ua(E, 0) =

ζa

0

 , va(E, 0) =

 0

ηa

 .
For the non-rest frame solutions, [10] opts not to boost, as in [19], but to

use the geometry of /p ±m. With their diagonal representation of γ0 those
are

/p − m = p0

1 0

0 −1

 + pk

 0 σk

−σk 0

 − m

1 0

0 1

 =

E − m −σ · p
σ · p −E − m


/p + m = p0

1 0

0 −1

 + pk

 0 σk

−σk 0

 + m

1 0

0 1

 =

E + m −σ · p
σ · p −E + m

 .
(E.14)

Let’s assume that the arbitrary momentum solutions eq. (E.7) are each
proportional to the rest frame solutions

(E.15)
ua(p) = (/p + m)ua(E, 0)

va(p) = (/p − m)ua(E, 0).

Plugging in eq. (E.14) gives

(E.16)

ua(p) =

(E + m)ζa

(σ · p)ζa


va(p) =

 (σ · p)ηa

(E + m)ηa

 ,
where an overall sign on va(p) has been dropped. Let’s check the assump-
tion that the rest frame and general solutions are so simply related

(E.17)

(
/p − m

)
ua(p) =

E − m −σ · p
σ · p −E − m


(E + m)ζa

(σ · p)ζa


=

(E2 − m2 − p2)ζa

0


= 0,
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and

(E.18)

(
/p + m

)
va(p) =

E + m −σ · p
σ · p −E + m


 (σ · p)ηa

(E + m)ηa


=

 0

p2 + m2 − E2


= 0.

Everything works out nicely. The form of the solution for this represen-
tation of γ0 is much simpler than the Chiral solution that we found in
class. We end up with an explicit split of energy and spatial momentum
components in the spinor solutions, instead of factors involving p ·σ and
p ·σ, which are arguably nicer from a Lorentz invariance point of view.
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