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Spinor solutions with alternate γ0 representation.

This follows an interesting derivation of the u, v spinors [2], adding some details.
In class (QFT I) and [3] we used a non-diagonal gamma0 representation

(1.1)γ0 =
[

0 1
1 0

]
,

whereas in [2] a diagonal representation is used

(1.2)γ0 =
[

1 0
0 −1

]
.

This representation makes it particularly simple to determine the form of the u, v spinors. We seek
solutions of the Dirac equation

(1.3)
0 =

(
iγµ∂µ − m

)
u(p)e−ip·x

0 =
(
iγµ∂µ − m

)
v(p)eip·x,

or

(1.4)
0 =

(
/p − m

)
u(p)e−ip·x

0 = −
(
/p + m

)
v(p)eip·x.

In the rest frame where /p = Eγ0, where E = m = ωp, these take the particularly simple form

(1.5)
0 =

(
γ0 − 1

)
u(E, 0)

0 =
(
γ0 + 1

)
v(E, 0).

This is a nice relation, as we can determine a portion of the structure of the rest frame u, v that is inde-
pendent of the Dirac matrix representation

(1.6)
u(E, 0) = (γ0 + 1)ψ

v(E, 0) = (γ0 − 1)ψ.
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Similarly, and more generally, we have

(1.7)
u(p) = (/p + m)ψ

v(p) = (/p − m)ψ,

also independent of the representation of γµ. Looking forward to non-matrix representations of the
Dirac equation ([1]) note that we have not yet imposed a spinorial structure on the solution

(1.8)ψ =
[

φ
χ

]
,

where φ, χ are two component matrices.
The particular choice of the diagonal representation eq. (1.2) for γ0 makes it simple to determine ad-

ditional structure for u, v. Consider the rest frame first, where

(1.9)
γ0 − 1 =

[
1 0
0 −1

]
−
[

1 0
0 −1

]
=
[

0 0
0 2

]
γ0 + 1 =

[
1 0
0 −1

]
+
[

1 0
0 −1

]
=
[

2 0
0 0

]
,

so we have

(1.10)
u(E, 0) =

[
2 0
0 0

] [
φ
χ

]
v(E, 0) =

[
0 0
0 2

] [
φ
χ

]
.

Therefore a basis for the spinors u (in the rest frame), is

(1.11)u(E, 0) ∈




1
0
0
0

 ,


0
1
0
0


 ,

and a basis for the rest frame spinors v is

(1.12)v(E, 0) ∈




0
0
1
0

 ,


0
0
0
1


 .

Using the two spinor bases ζa, ηa notation from class, we can write these

(1.13)ua(E, 0) =
[

ζa

0

]
, va(E, 0) =

[
0
ηa

]
.
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For the non-rest frame solutions, [2] opts not to boost, as in [3], but to use the geometry of /p±m. With
their diagonal representation of γ0 those are

(1.14)
/p − m = p0

[
1 0
0 −1

]
+ pk

[
0 σk

−σk 0

]
− m

[
1 0
0 1

]
=
[

E − m −σ · p
σ · p −E − m

]
/p + m = p0

[
1 0
0 −1

]
+ pk

[
0 σk

−σk 0

]
+ m

[
1 0
0 1

]
=
[

E + m −σ · p
σ · p −E + m

]
.

Let’s assume that the arbitrary momentum solutions eq. (1.7) are each proportional to the rest frame
solutions

(1.15)
ua(p) = (/p + m)ua(E, 0)

va(p) = (/p − m)ua(E, 0).

Plugging in eq. (1.14) gives

(1.16)
ua(p) =

[
(E + m)ζa

(σ · p)ζa

]
va(p) =

[
(σ · p)ηa

(E + m)ηa

]
,

where an overall sign on va(p) has been dropped. Let’s check the assumption that the rest frame and
general solutions are so simply related

(1.17)

(
/p − m

)
ua(p) =

[
E − m −σ · p
σ · p −E − m

] [
(E + m)ζa

(σ · p)ζa

]
=
[

(E2 − m2 − p2)ζa

0

]
= 0,

and

(1.18)

(
/p + m

)
va(p) =

[
E + m −σ · p
σ · p −E + m

] [
(σ · p)ηa

(E + m)ηa

]
=
[

0
p2 + m2 − E2

]
= 0.

Everything works out nicely. The form of the solution for this representation of γ0 is much simpler
than the Chiral solution that we found in class. We end up with an explicit split of energy and spatial
momentum components in the spinor solutions, instead of factors involving p · σ and p · σ, which are
arguably nicer from a Lorentz invariance point of view.
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