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PREFACE

This document was produced while taking the Fall 2016, University of
Toronto Electromagnetic Theory course (ECE1228H), taught by Prof. M.
Mojahedi.

Course Syllabus.  This course was an introduction to the fundamentals
of electromagnetic theory, with the following syllabus topics

Maxwell’s equations

constitutive relations and boundary conditions
wave polarization.

Field representations: potentials

Green’s functions and integral equations.

Theorems and concepts: duality, uniqueness, images, equivalence,
reciprocity and Babinet’s principles.

Plane cylindrical and spherical waves and waveguides.

radiation and scattering.

Problem set solutions are available to readers by request only.

This document contains:

Lecture notes (or transcriptions from the class slides when they went
too fast).

Personal notes exploring auxiliary details.
Worked practice problems.

Links to Mathematica notebooks associated with the course material
and problems (but not problem sets).

My thanks go to Professor Mojahedi for teaching this course.
Peeter Joot  peeterjoot@pm.me
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1

INTRODUCTION.

1. CONVENTIONS FOR MAXWELL’S EQUATIONS.

In these course notes, Maxwell’s equations will be written in one of two
forms. The first is the standard bold face vectors, where the fields are
assumed to be real.

e Faraday’s Law

VxE(r,t):—aa—I:(r,t)—Mi, (1.1)
o Ampere-Maxwell equation

V x H(r,t) = J(r,1) + %it)(r, 1), (1.2)

o Gauss’s law
V-D(r,1) = pey(r, 1), (1.3)
e Gauss’s law for magnetism

V-B(r, 1) = py (T, £). (1.4)

In chapters where frequency domain analysis is used, Maxwell’s equations
will be written in script

Vx8=—@—m
ot
00
VXW=E+g (1.5)
VXB =gy
VXD = g,y

with bold face reserved for complex valued field variables. In the fre-
quency domain (called time harmonic form in this class), the frequency
dependence is of the form

X =Re (Xej‘”’). (1.6)
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In this form, Maxwell’s equations are

VXE =—-jwB-M
VxH-=jwD+]
VXB =p,,
VXD = pg.

(1.7)

Where there is no ambiguity, bold face vectors will be used, even in the
time domain.

1.2 UNITS.

Regardless of the conventions, after unpacking, we have a total of eight
equations, with four vectoral field variables, and 8 sources, all interrelated
by partial derivatives in space and time coordinates. It will be left to
homework to show that without the displacement current D/dt, these
equations will not satisfy conservation relations. The fields are and sources
are

E Electric field intensity V/m,

B Magnetic flux density Vs/ m? (or Tesla),

H Magnetic field intensity A/m,

D Electric flux density C/m?,

pev Electric charge volume density,

Pmv Magnetic charge volume density,

J. Impressed (source) electric current ,ensity A/m?. This is the
charge passing through a plane in a unit time. Here c is for “conduc-
tion”.

e M; Impressed (source) magnetic current density V/m?.

In an undergrad context we’ll have seen the electric and magnetic fields in
the Lorentz force law

F =gvxB+gE. (1.8)

In SI there are 7 basic units. These include
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e length m,

e mass kg,

e time s,

e ampere A,

e kelvin K (temperature),

e candela (luminous intensity),
e mole (amount of substance),

Note that the coulomb is not a fundamental unit, but the ampere is. This is
because it is easier to measure.

For homework: show that magnetic field lines must close on themselves
when there are no magnetic sources (zero divergence). This is opposed to
electric fields that spread out from the charge.
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2.1 INTEGRAL FORMS.

Given Maxwell’s equations at a point

0B
VXE=-—
X ot
oD
VXH=J+E (21)
V-D=p,
V-B=0,

what happens when we have different fields and currents on two sides of a
boundary? To answer these questions, we want to use the integral forms of
Maxwell’s equations, over the geometries illustrated in fig. 2.1. To do so,

Figure 2.1: Loop and pillbox configurations.

we use Stokes’ and the divergence theorems relating the area and volume
integrals to the surfaces of those geometries. These are

ffs(vXA)-ds=9§CA-dl
ffV(V-A)ds:ﬁA-ds.

Application of Stokes’ to Faraday’s law we get

3
SBCE-dl:—EffB-ds, (2.3)

2.2)
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which has units V = V/m X m. The quantity

ffB - ds, (2.4)

is called the magnetic flux of B. Changing of this flux is responsible for
the generation of electromotive force. Similarly

SEH-dl=ffJ-ds+%ffD-ds

D-ds = ovdV = Qe (2.5)
po-as- [[]
SEB-ds:O.

2.2 CONSTITUTIVE RELATIONS.

With 12 unknowns in E, B, D, H and 8 equations in Maxwell’s equations
(or 6 if the divergence equations are considered redundant), things don’t
look too good for solutions. In simple media, the fields may be have
frequency mode relations of the form

D(r, w) = €eE(r, w)

(2.6)
B(r, w) = uH(r, w).

The permeabilities € and y are macroscopic beasts, determined either
experimentally, or theoretically using an averaging process involving many
(millions, or billions, or more) particles. However, the theoretical deter-
minations that have been attempted do not work well in practise and
usually end up considerably different than the measured values. We are
referred to [8] for one attempt to model the statistical microscopic effects
non-quantum mechanically to justify the traditional macroscopic form of
Maxwell’s equations. These can be position dependent, as in the grating
sketched in fig. 2.2. The permeabilities can also depend on the strength
of the fields. An example, application of an electric field to gallium ar-
senide or glass can change the behavior in the material. We can also have
non-linear effects, such as the effect on a capacitor when the voltage is
increased. The response near the breakdown point where the capacitor
blows up demonstrates this spectacularly. We can also have materials for



2.2 CONSTITUTIVE RELATIONS.

Figure 2.2: Grating.

which the permeabilities depend on the direction of the field, or the temper-
ature, or the pressure in the environment, the tensile or compression forces
on the material, or many other factors. There are many other possible
complicating factors, for example, the electric response € can depend on
the magnetic field strength [B|. We could then write

€ = e(r,|ELE/[E|, T, P, ||, w, k). 2.7)

The complex nature of € further complicates things We can also have
anisotropic situations where the electric and displacement fields are not
(positive) scalar multiples of each other, as sketched in fig. 2.3. which

E E

Figure 2.3: Anisotropic field relations.

indicates that the permittivity € in the relation
D = €E, (2.8)

can be modeled as a matrix or as a second rank tensor. When the off
diagonal entries are zero, and the diagonal values are all equal, we have
the special case where € is reduced to a function. That function may still
be complex-valued, and dependent on many factors, but it least it is scalar
valued in this situation.

7
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2.3 POLARIZATION AND MAGNETIZATION.

If we have a material (such as glass), we can generally assume that the
induced field can be related to the vacuum field according to

E=P+qE, (2.9)
and
B = oM + poH (2.10)
=poM+H).

Here the vacuum permittivity € has the value 8.85 x 10~'>F/m. When
we are ignoring (fictional) magnetic sources, we have a constant relation
between the magnetic fields B = yoH. Assuming P = ¢yy.E, then

D = gE + gy.E @2.11)
= (1 + xe)E,
so with €, = 1 + y., and € = ¢, we have

D = ¢E. (2.12)

Note that the relative permittivity €, is dimensionless, whereas the vacuum
permittivity has units of F/m. We call € the (unqualified) permittivity.
The relative permittivity €, is sometimes called the relative permittivity.
Another useful quantity is the index of refraction

= N&Hr (2.13)
Ve

Similar to the above we can write M = y,H then

Q

M = uoH + poM
=po (1 +ym) H (2.14)
= poprH,

so with y, = 1 + ym, and u = pou, we have

B = uH. (2.15)



2.4 LINEAR AND ANGULAR MOMENTUM IN LIGHT.

2.4 LINEAR AND ANGULAR MOMENTUM IN LIGHT.

It was pointed out that we have two relations in mechanics that relate
momentum and forces

dp
F = E

JL (2.16)
T=—,

dt

where P = mv is the linear momentum, and L. = r X p is the angular
momentum. In quantum electrodynamics, the photon can be described
using a relationship between wave-vector and momentum

p = 7k

_ 3

A
h 2n (2.17)
2 A
A’
where /1 = 6.522 x 10~ '%ev s. Photons are also governed by

E = hw = hv. (2.18)

(De-Broglie’s relations).

ASIDE:  optical fibre at 1550 has the lowest amount of optical attenua-
tion. Since photons have linear momentum, we can move things around
using light. With photons having both linear momentum and energy rela-
tionships, and there is a relation between torque and linear momentum, it
seems that there must be the possibility of light having angular momentum.
Is it possible to utilize the angular momentum to impose patterns on beams
(such as laser beams). For example, what if a beam could have a geometri-
cal pattern along its line of propagation, being off in some regions, on in
others. This is in fact possible, generating beams that are “self healing”.
The question was posed “Is it possible to solve electromagnetic problems
utilizing the force concepts?”, using the Lorentz force equation

F=gvxB+qE. (2.19)

This was not thought to be a productive approach due to the complexity.

9
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2.5 HELMHOLTZ’S THEOREM.

Suppose that we have a linear material where

OB
VxE=-2
% ot
oD
VxH = —
I+ (2.20)
VE:&
€
V.H=0.

We have relations between the divergence and curl of E given the sources.
Is that sufficient to determine E itself? The answer is yes, which is due to
the Helmholtz theorem.

Extra homework question (bonus) : can knowledge of the tangential
components of the fields also be used to uniquely determine E?

2.6 PROBLEMS.

Exercise 2.1 Displacement current and Ampere’s law.

Show that without the displacement current D /dt, Maxwell’s equations
will not satisfy conservation relations.

Answer for Exercise 2.1

Without the displacement current, Maxwell’s equations are

B
V X E(r, 1) = —%(r, )

VxH, ) =]
V-D(r,1) = py(r, )
V-B(r,f) = 0.

(2.21)

Assuming that the continuity equation must hold, we have

Ipy
ot

—V.(VxH)+ (%(v.m (2.22)

0=V-J+

3
== (V-D) 0.
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This shows that the current in Ampere’s law must be transformed to
oD
+— 2.23
J-1J e (2.23)

should we wish the continuity equation to be satisfied. With such an
addition we have

dpy
0=V-.
T+ 5
oD\ d
=v. [vxH-Z|+ Zv.D (2.24)
(x (9t)+8t( )
VR
V. (VxH)-V- 2=+ Z(v.D).
(VxH) 6t+8t( )

The first term is zero (assuming sufficient continuity of H) and the second

two terms cancel when the space and time derivatives of one are commuted.

Exercise 2.2 Electric field due to spherical shell. (/5] pr. 2.7)
Calculate the field due to a spherical shell. The field is

- [&=r gda’, (2.25)
drey r — /|

where 1’ is the position to the area element on the shell. For the test
position, let r = zes.
Answer for Exercise 2.2

We need to parameterize the area integral. A complex-number like
geometric algebra representation works nicely.

r’ = R(sin 6 cos ¢, sin @ sin ¢, cos 6)
= R(e;sinf(cos ¢ + eje; sin @) + e3 cosH) (2.26)
=R (e1 sin 0¢'® + e5 cos 9) .

Here i = eje; has been used to represent to horizontal rotation plane. The
difference in position between the test vector and area-element is

r—r =e3(z— Rcos) — Re; sin e, 2.27)
with an absolute squared length of

|r - r/|2 = (z— Rcos0)” + R*sin’ 0 (2.28)
=72+ R —= 2zRcos .

11
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As a side note, this is a kind of fun way to prove the old “cosine-law”
identity. With that done, the field integral can now be expressed explicitly

21 T : i
—Rcos6) — R Qe'®
f R sin fdodg 2R eos0) — Re, e
dren Jy=0 Jo=0 (z2 + R?2 —2zRcos 6)
27R? a — Rcosf
_ 2R oes f sin fdf——————"—
47T60 0=0 (Zz + R2 - 2ZR COS 6) (2 29)
2nR20es (T . R(z/R — cos 6)
= — sin 6d0 372
drey  Jo—o (R?)3/2((z/R)? + 1 — 2(z/R) cos 6)
oe; [ z/R—u

" 20 Jot (1 + @R - 2Ry

Observe that all the azimuthal contributions get killed. We expect that due
to the symmetry of the problem. We are left with an integral that submits
to Mathematica, but doesn’t look fun to attempt manually. Specifically

1 2 ~
- = f 1
f - 3 du = @ Ne (2.30)
-1 (1 + a? - 2au) 0 ifa<l,

SO

“ 2.31)
0 if z<R.

o(R/2)%e3 .
ifz>R
E= {

In the problem, it is pointed out to be careful of the sign when evaluating
VR? + 72 — 2Rz, however, I don’t see where that is even useful?

Exercise 2.3 Solenoidal fields.

For the electric fields graphically shown below indicate whether the
fields are solenoidal (divergence free) or not. In the case of non-solenoidal
fields indicate the charge generating the field is positive or negative. Justify
your answer.

Answer for Exercise 2.3

(a) The first set of field lines has the appearance of non-solenoidal. To
demonstrate this a graphical-numeric approximation of f V-E «
>;fi- E;is sketched in fig. 2.5. For each field line E;, passing through
this square integration volume, the length of the projection onto the x
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- i R T g e
=, N\ T
:\_‘A‘_ t———— ., — — — s,
—_— \‘ . /;\ —_— oy,

Mo i o ——— — —

2&/
pa— =

Figure 2.5: Graphical divergence integration.

axis is shorter on the right side of the box than the left. Suppose the
left hand projections of E onto X are 0.9, and 0.8 vs. 0.7, and 0.6 on
the right for the bottom and top red field lines respectively. The flux of
those field lines is proportional to

D h-E~(0.7-09)+(0.6-08) (2.32)

= -04,

so this field appears to be non-solenoidal. As for the charges generating
the field, this field has the look of a small portion of a dipole field as
sketched in fig. 2.6, with the lines in the supplied figure flowing out of
a positive charge to a negative.

This next figure has the appearance of the electric field lines coming
out of a single positive charge

(b

~—~

_q t
E_%r_z' (2.33)
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\ 1.
Q 7/
>§ /7/_::
7 NS
4 \
T )

Figure 2.6: Crude sketch of dipole field.

Such a field is divergence free everywhere but the origin. For r # 0

q r

V-E =
dney 13

V- 1
)

dne \ 73

q (3 3.r
= = 4(=Z2=].
4re (r3 +( 2 r5) r)

=0.

Because of the singularity at the origin, this is still a solenoidal field,
as shown by the divergence integral

fV-EdV=SE fi- EdA
\% oV
-4 fff'-ﬁrzsinededgb
drey

s 2.35
-4 ffﬁ-irz sin 8d0d¢ ( )
4re r?
q
=—A4
drey 4
-4
€

(c) This last field is solenoidal, since the field lines are all of equal magni-
tude and direction. Suppose that field was

E =XE, (2.36)
where E is constant. The divergence is then

E
V-E = 6_ (2.37)
Ox

=0.
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Exercise 2.4 Electric field lines.

Can either or both of the vector fields shown below represent an electro-
static field E. Justify your answer.

-5 >

P

.

- =D - —>
— —— —>

‘ ‘ ‘

(a) (b)

Figure 2.7: Field lines.

Exercise 2.5 Solenoidal and irrotational fields.

In terms of E or H give an example for each of the following conditions:

a. Field is solenoidal and irrotational.
b. Field is solenoidal and rotational.
c. Field is non-solenoidal and irrotational.

d. Field is non-solenoidal and rotational.

Exercise 2.6 Conducting sheet with hole.

Figure 2.8. shows a flat, positive, non-conducting sheet of charge with
uniform charge density o [C/m?]. A small circular hole of radius R is cut
in the middle of the surface as shown. Calculate the electric field intensity
E at point P, a distance z from the center of the hole along its axis. Hint 1:
Ignore the field fringe effects around all edges. Hint 2: Calculate the field
due to a disk of radius R and use superposition.

Exercise 2.7 Helmbholtz theorem.

Prove the first Helmholtz’s theorem, i.e. if vector M is defined by its
divergence

V-M=s (2.38)

and its curl
VxM=C. (2.39)

15
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Figure 2.8: Conducting sheet with a hole.

within a region and its normal component M, over the boundary, then M
is uniquely specified.

Exercise 2.8 Waveguide field.

The instantaneous electric field inside a conducting parallel plate waveg-
uide is given by
&(r, 1) = e,Eq sin (’—Tx) cos (W — B,2) , (2.40)
a
where (3, is the waveguide’s phase constant and a is the waveguide width
(a constant). Assuming there are no sources within the free-space-filled
pipe, determine

a. The corresponding instantaneous magnetic field components inside
the conducting pipe.

b. The phase constant §,.

Exercise 2.9 Infinite line charge.

An infinitely long straight line charge has a constant charge density p;
[C/m].

a. Using the integral formulation for E discussed in the class calculate
the electric field at an arbitrary point A(p, @, z).

b. Using the Gauss law calculate the same as part a.

c. Now suppose that our uniformly charged (p; constant) has a finite
extension from z = a to z = b, as sketched in fig. 2.9. Find the
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4(p.4,2)

¥~ Line of charge

Figure 2.9: Line charge.

electric field at the arbitrary point A. Note: Express your results in
cylindrical coordinate system.

Exercise 2.10 Gradient in cylindrical coordinates.

If gradient of a scalar function y rectangular coordinate system is given
by
o o oY
V :’\_+A_+A_, 241
v X0 Y2ay G (2.41)
using coordinate transformation and chain rule show that the gradient of
in cylindrical coordinates is given by
0 ~10 0
R v 00

le:p +¢;% Zaz.

5 (2.42)

Exercise 2.11 Point charge.

a. Consider a point charge g. Using Maxwell equations, derive an
expression for the electric field E generated by ¢ at the distance r
from it. Clearly express your assumptions and justify them.

b. Derive an expression for the force experience by the charge ¢’
located at distance r from the charge g. (This is called Coulomb
force)

17



18 BOUNDARIES.

c. Derive an expression for the electrostatic potential V at the distance
r from the charge g with respect to the electrostatic potential at
infinity. For convenience, set the value of electrostatic potential at
infinity to zero.



ELECTROSTATICS AND DIPOLES.

3.1 POLARIZATION.

We will explore the important topic of magnetization here

D=¢gE+P
3.1)
P = ¢y.E,
where
D=cE
€ = €€ (3.2)
€ =1+ ye.
3.2 POINT CHARGE.
__4q f
 4rwep r2
q r
= — (3.3)
4ne |rf?
__ 49 r
dney 3

In more complex media the € here can be replaced by €. Here the vector r
points from the charge to the observation point. Note that the class notes
use dp instead of £. When the charge isn’t located at the origin, we must
modify this accordingly

_ 49 R

g R

- 4meg R3°

where R = r — 1’ still points from the location of the charge to the point
of observation, as sketched in fig. 3.1. This can be further generalized to
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Figure 3.1: Vector distance from charge to observation point.

collections of point charges by superposition

1 r—r;
_ 4 - (3.5)
A Z [r x|
Observe that a potential that satisfies E = —VV can be defined as
(3.6)
47“:’0 Z |r -T ’

When we are considering real world scenarios (like touching your hair,
and then the table), how do we deal with the billions of charges involved.
This can be done by considering the charges so small that they can be
approximated as a continuous distribution of charges. This can be done
by introducing the concept of a continuous charge distribution py(r’). The
charge that is in a small differential volume element dV’ is p(r")dV’, and
the superposition has the form

1 r-r
= dv’ py(r')———, 3.7
drey Hf pulr )|r - r’|3 -7)

with potential

/ pV(r
47r€o fff r—r | (3.8)

The surface charge density analogue is

1 _ /
E= ff ' pr) T =X (3.9)
4rey [r — r’|3

with potential

A’ ,Os(l")
47r€0 ff 1] . (3.10)




The line charge density analogue is
e -1

with potential

1
V= dl
drey f

, p1I(r’)
Ir—r'|

3.3 ELECTRIC FIELD OF A DIPOLE.

(3.11)

(3.12)

The difficulty with any of these approaches is the charge density is hardly
ever known. When the charge density is known, this sorts of integrals may
not be analytically calculable, but they do yield to numeric calculation. We
may often prefer the potential calculations of the field calculations because
they are much easier, having just one component to deal with.

3.3 ELECTRIC FIELD OF A DIPOLE.

An equal charge dipole configuration is sketched in fig. 3.2.

¥4

N

“

Figure 3.2: Dipole sign convention.

rr=r

1 2’
= +_

]'2 =r .

The electric field is

g=-_24 |0_I2
dneo\r} 13

r+d/2

_q r—d/2
" drne

r—d/2f |r+d/2}

(3.14)

)
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For r > |d|, this can be reduced using the normal first order reduction
techniques, left to an exercise. This is essentially requires an expansion of

r+d/21? = ((r£d/2)- (r+d/2))"/?. (3.15)

The final result with p = ¢d (the dipole moment) can be found to be

1 r-p
E = (3—r - ) 3.16

dregr3 \" r? P (3.16)
With p = g2, we have spherical coordinates for the observation point, and
Cartesian for the dipole moment. To convert the moment to spherical we
can use

A, sinfcos¢ sinfsing cosf [|Ay
Ag| = |cosfcos¢ cosfsing —sinb|[A,]- (3.17)
Ay —sing cos ¢ 0 A,

All such rotation matrices can be found in the appendix of [2] for example.
For the dipole vector this gives

Dr cosfp
po|=|-sinép|- (3.18)
Po 0
or
p = pi = p(cos 6 - sin 68). (3.19)

Plugging in this eventually gives

E_

= drer (2 cos OF + sin 90) , (3.20)

where |r| = r. It will be left to a problem to show that the potential for an
electric dipole is given by

y=RT
4meyr?

(3.21)

Observe that the dipole field drops off faster than the field for a single
electric charge. This is true generally, with quadrupole and higher order
moments dropping off faster as the degree is increased.
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3.4 BOUND (POLARIZED) SURFACE AND VOLUME CHARGE DENSITIES.

When an electric field is applied to a volume, bound charges are induced
on the surface of the material, and bound charges induced in the volume.
Both of these are related to the polarization P, and the displacement
current in the material, in a configuration such as the capacitor sketched
in fig. 3.3. Consider, for example, a capacitor using glass as a dielectric.

Figure 3.3: Circuit with displacement current.
The charges are not able to move within the insulating material, but dipole

configurations can be induced on the surface and in the bulk of the material,
as sketched in fig. 3.4. How many materials behave is largely determined

L (% 5\| VAHA 4§ T+ A A
Pt -
—

T e

Figure 3.4: Glass dielectric capacitor bound charge dipole configurations.

by electric dipole effects. In particular, the polarization P can be considered
the density of electric dipoles.

NAY

P= lim Y X (3.22)
Av'—0 T AV

where N is the number density in the volume at that point, and AV’ is the
differential volume element. Dimensions:
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e [p]=Cm,
e [P] =C/m>.

In particular, when the electron cloud density of a material is not symmetric,
as is the case in the p-orbital roughly sketched in fig. 3.5, then we have
a dipole configuration in each atom. When the atom is symmetric, by
applying an electric field, a dipole configuration can be created. As the

Figure 3.5: A p-orbital dipole like electronic configuration.

volume shrinks to zero, the dipole moment can be expressed as

_dp

P=—.
dv

(3.23)
For an elemental dipole dp = PdVv’, the contribution to the potential is

_dp-t
- 47T60R2
Pt

" 4neyR?

(3.24)
av’

Since
1 F
R RY

’

(3.25)

this can be written as

1 1
V= ‘fdﬂwvu
drey ), R
1 P 1 vV -P
_ f avv B f v (3.26)
drey ), R 4ney J, R

1 P vV .P
:—Sgds'ﬁ-——fdv’ .
47'['6() ’ R v R




3.4 BOUND (POLARIZED) SURFACE AND VOLUME CHARGE DENSITIES.

Looking back to the potentials in their volume density eq. (3.8) and surface
charge density eq. (3.9) forms, we see that identifications can be made
with the volume and surface charge densities

pi=P-d, (3.27)
oy, =V P
Dropping primes, these are respectively
e Bound or polarized surface charge density: p;p = P -1, in [C/ m?]
e Bound or polarized volume charge density: p,p = V- P, in [C/ m?]

Recall that in Maxwell’s equations for the vacuum we have

v.E=2 (3.28)
€

Here p, represents “free” charge density. Adding in potential bound
charges we have

V.E=FPy  P®

€ €0 3
o VP (3.29)
B €) €) '

Rearranging we can write
V- (eE +P)=p,. (3.30)

This finally justifies the Maxwell equation
V.-D=p,, (3.31)

where D = E + P. Assuming a relationship between the polarization
vector and the electric field of the form
P = eox.E, (3.32)

possibly a tensor relationship. The bound charges in the material are seen
to related the displacement current and the electric field

D=gE+P

= gE + ey .E,
€ (1 + x.)E,
= g¢&E,
= €E.

(3.33)

Question: Think about why do we ignore the surface charges here?
Answer: we are not considering boundaries... they are at infinity.
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3.5 PROBLEMS.

Exercise 3.1 Electric Dipole.

An electric dipole is shown in fig. 3.6.

oA
tq®z=4d2
/ y
X
-1 z=_4/2

Figure 3.6: Electric dipole configuration.

a. Find the Potential V at an arbitrary point A.

b. Calculate the field E from the above potential. (show that it is the
same result we obtained in the class).

Exercise 3.2 Dipole moment density for disk.

A dielectric circular disk of radius a and thickness d is permanently
polarized with a dipole moment per unit volume P [C/m?], where [P| is
constant and parallel to the disk axis (z-axis here) as shown in fig. 3.7.

a. Calculate the potential along the disk axis for z > 0.

b. Approximate the result obtained in part a for the case of Z > d.

Exercise 3.3 Field for an electric dipole.

An equal charge dipole configuration is sketched in fig. 3.2. Compute
the electric field.
Answer for Exercise 3.3

The vector from the origin to the observation point is

r=R;+d/2=R,-d/2, (3.34)
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Z=-d Z=0

Figure 3.7: Circular disk geometry.

or

R, =r-d/2=R,
R,=r+d/2=R_.

The electric field for this superposition is

1 ( gR+ gR- )

" 4ne \R,P [R_P
g (r—d/2 r+d/2)
dreo \ R, P IR_]

g 1 1) df 1 1
“tea\N\m P mEl 2 3 T Bl
méo \ \[R.]>  |R-| R IR

The magnitudes can be expanded in Taylor series
R:P = ((r#d/2)- (r $d/2))7

= (@ +@2r2=2r-a/2))

= (P +@2?5r-q) "

SN (( (d )2 L d))—l/Z
=(r9) 1+|(=—] ¥t -
2r r

(3.35)

(3.36)

=3l 2 IR )
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Here r = |r|, and the Taylor series was taken in the d/7 < 1 limit. The
sums and differences of these magnitudes, are to first order

1 1 1(-3\({ . d
Sl d bl |
R.[> R r r (3.38)
3
~—1-d,
r41'
and
1 1 2
~—. (3.39)

+ —_—
3 373
IRy™  IR-|F 7

The r > d limiting expression for the electric field is

q A d
E ~ 3c@E-d) -2, 3.40
4reyr’ ( FE-d) 2) (340)
or, with p = gd
- L _Gi@p)-p) (3.41)
 dneyr? )= 1) o
Exercise 3.4 Electric dipole potential.

Having shown that

E =

P G (F-p)-p), (3.42)

find the expression for the electric potential for this field.
Answer for Exercise 3.4

With the electric potential defined indirectly by
E=-VV, (3.43)

we can integrate to find the difference in potential between two points

b b
LE-dl=—f£ VV.d (3.44)

=—(V(b) - V(a)),

or

b
V(b) - V(a) = —f E.dl. (3.45)
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Since the dipole potential is zero at r = oo, we have

V(r) = —f E.dl. (3.406)

(o)

Let’s integrate this on the radial path r(+') = r't, for v’ € [co, ]

T
V(r):—fE-dl
ool'
:—fE-f'dr’

= ! f dgf.(3f(f..p)_p) (3.47)
r

drey Joo

_ 2 rd/f"p

drey Joo 3
p

N

_t-p 1
_47T6()r’2

’
[0

SO

>

V(r) = ﬁ. (3.48)







MAGNETIC MOMENT.

4.1 MAGNETIC MOMENT.

Using a semi-classical model of an electron, assuming that the electron
circles the nuclei. This is a completely wrong model, but useful. In reality,
electrons are random and probabilistic and do not follow defined paths.
We do however have a magnetic moment associated with the electron, and
one associated with the spin of the electron, and a moment associated with
the spin of the nuclei. All of these concepts can be used to describe a more
accurate model and such a model is discussed in [8] chapters 11,12,13.
Ignoring the details of how the moments really occur physically, we can
take it as a given that they exist, and model them as elemental magnetic
dipole moments of the form

dm; = i;1ds; [Am?]. 4.1)

Note that ds; is an element of surface area, not arc length! Here the normal
is defined in terms of the right hand rule with respect to the direction of
the current as sketched in fig. 4.1. Such dipole moments are actually what

/N,
)

Figure 4.1: Orientation of current loop.

an MRI measures. The noises that people describe from MRI machines are
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actually when the very powerful magnets are being rotated, allowing for
the magnetic moments in the atoms of the body to be measured in different
directions. The magnetic polarization, or magnetization M, in [A/m]] is
given by

1 Név
- i[5 2w “2)

In materials the magnetization within the atoms are usually random, how-
ever, application of a magnetic field can force these to line up, as sketched
in fig. 4.2. This is accomplished because an applied magnetic field acting

BP

Figure 4.2: External magnetic field alignment of magnetic moments.

on the magnetic moment introduces a torque, as also occurred with dipole
moments under applied electric fields

T3=deBa,

4.3)
TE = dp X E,.
There is an energy associated with this torque
AUp =-dm-B
g ‘ (4.4)

AUE = —dp'Ea.



4.2 CONDUCTIVITY.

In analogy with the electric dipole moment analysis, it can be assumed
that there is a linear relationship between the magnetic polarization and
the applied magnetic field

B = uoH, + uoM

(4.5)
= po (Hy + M),
where
M = y,,H,, (4.6)
SO
B = o (1+xm)H, = uH,. 4.7)

Like electric dipoles, in a volume, we can have bound currents on the
surface [A/m], as well as bound volume currents [A/m?]. It can be shown,
as with the electric dipoles related bound charge densities of eq. (3.27),
that magnetic currents can be defined

Jsm = MXﬁ’

Jow = VXM “48)

4.2 CONDUCTIVITY.

We have two constitutive relationships so far

D =€E,

4.9
B i 4.9)

but these need to be augmented by Ohm’s law

J. = ¢E. (4.10)

There are a couple ways to discuss this. One is to model € as a com-
plex number. Such a model is not entirely unconstrained. Like with the
Cauchy-Riemann conditions that relate derivatives of the real and imagi-
nary parts of a complex number, there is a relationship (Kramers-Kronig
[10]), an integral relationship that relates the real and imaginary parts of
the permittivity e.

33



34

MAGNETIC MOMENT.

4.3 PROBLEMS.

Exercise 4.1 Magnetic moment for localized current.

Jackson [8] §5.6 derives an expression for the magnetic moment of a
localized current distribution, far from the source. Repeat this derivation,
filling in the details.
Answer for Exercise 4.1

The Biot-Savart expression for the magnetic field can be factored into a
curl expression using the usual tricks

fJ(X)X(X x’) .

x — x|’
=_= ¢ 4.11)
4zrfJ(X |x—x’| o
g [ I
47 [x — x/|

so the vector potential, through its curl, defines the magnetic field B =
V X A is given by

J ’
& (X ) d3x/

A =
® =1 ) ko

(4.12)
If the current source is localized (zero outside of some finite region), then
there will always be a region for which |x| > [x|, so the denominator
yields to Taylor expansion

1 1 ( X' x-xf)‘”2
=—|(1+

x-x| [x] x| x|

zi(ux‘_"') (4.13)
x| x|
1 +x-x’

X xP

so the vector potential, far enough away from the current source is

A(x) = Z—i f T 4 o [ GV (4.14)

x| 4r x|
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Jackson uses a sneaky trick to show that the first integral is killed for a
localized source. That trick appears to be based on evaluating the following
divergence

V- J®x) =(V-Dxi +(Vx;) - J
= (ex0kx;) - J (4.15)
= OriJk
= J,'.

Note that this made use of the fact that V - J = 0 for magnetostatics. This
provides a way to rewrite the current density as a divergence

f-](x/)d3x/ — e[fv ) (xiJ(X ))d3xl

Ix| Ix|

V(I )X (4.16)

x|

1
= — SEX'(da’ -Jx)).
x|
When J is localized, this is zero provided we pick the integration surface
for the volume outside of that localization region. It is now desired to

rewrite f x - x'J as a triple cross product since the dot product of such a
triple cross product has exactly this term in it

—xxfx’xJ:f(x-x’)J—f(x-J)x’
(4.17)
:f(x-x’)J—ekxifJix,’(,

f(X-X')J: —xfo'XJ+ekxl~fJ,~x,'(. (4.18)

SO
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To get of this second term, the next sneaky trick is to consider the following
divergence

56 da’ - (J(x)xjx) = f dv'v’ - (Jx')xix))
:de'(V'-J)+fa’V’J-V’(x;x})
= f dV' Ji - (X,0kx + X00X)) (4.19)
= f AV’ (Jiex 6 + JixX o)
=de' (ij§+J,~x}).

The surface integral is once again zero, which means that we have an
antisymmetric relationship in integrals of the form

ijxl'- I—IJ,'X}. (4.20)

Now we can use the tensor algebra trick of writing y = (y +y)/2,

f(x-x')Jz—xxfx'xJ+ekxl~fJ,-x,'<
= XX X'XJ+lekx,~ (Jix,’c+Jix,'<)
2
’ 1 4 4
=-xX | x ><J+§ekx,' (Jixk—kai)
1
=—x><fx’xJ+—ekx,-f(J><X')j€ikj
% 4.21)
:—XXfX'XJ—EEkijekxif(JXXI)j
1
:—Xxfx’xJ—ixfoxx’
1
:—xxfx’xJ+§x><fx’xJ
! xf "xJ
=——x X ,
2

A(x) ~ -2 (—’—2‘) f X x Jx)dx . (4.22)

An|x]?

SO
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Letting
1 ’ "N 33 .7
m:i x X J(xHd’x', (4.23)
the far field approximation of the vector potential is
Mo M X X
AX) = — . 4.24
0= (4.24)

Note that when the current is restricted to an infinitesimally thin loop, the
magnetic moment reduces to

m(x) = %fx x dl. (4.25)

Referring to [5] (pr. 1.60), this can be seen to be [ times the “vector-area”
integral. A side effect of having evaluated this approximation is that we
have shown that

f(x X)) I Y =mxx. (4.26)

This will be required again later when evaluating the force due to an
applied magnetic field in terms of the magnetic moment.

Exercise 4.2 Vector Area. ([5] pr. 1.61)
The integral

a:fda, (4.27)
S

is sometimes called the vector area of the surface S'.
a. Find the vector area of a hemispherical bowl of radius R.
b. Show that a = 0 for any closed surface.

c. Show that a is the same for all surfaces sharing the same boundary.

d. Show that
1
a= 3 561' X dl, (4.28)
where the integral is around the boundary line.
e. Show that

95 (c-r)dl=axec. (4.29)

Answer for Exercise 4.2
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Part a.

/2 27
a= f R?sin 6d6 f d¢ (sin 6 cos ¢, sin @ sin ¢, cos 0)
0 0
/2 27
= R? f de f do (sin2 6 cos ¢, sin® §sin ¢, sin 6 cos 9)
0 0

/2
= 2nR? f dfes sin 6 cos 6
0 (4.30)

/2
= 7R%e; f do sin(26)
0

_ /2
_ R ( cos(20))
2 0

= R%; (1 - (=1)) /2
= 7TR263.

Part b.  As hinted in the original problem description, this follows from

deVT = SETda,

simply by setting 7" = 1.

(4.31)

Part c.  Suppose that two surfaces sharing a boundary are parameterized
by vectors x(u,v), X(a, b) respectively. The area integral with the first
parameterization is

f— X —dudv

8x 0
—E,Jke,'f—jﬁdudv
u

0xj0a Ox;0b\(0x;0a Ox;Ob
zeif"e"f(ajau+a_l;£)(675+%a_)d dv
_ ~-e~fdd 0x; 0a dxy Oa %%%% 0x; 0b dxy Oa
Gikei | MV S 9u da v Ob ou 0b dv b 0u da Ov
x; da dxy. Ob
%%%5)
=e-~e-fdud axjaxk8a6a+5x]8xk8b8b
Lk da da dudv = db 9b dudv
0xj dx, Ob da  Oxy 0xj da db
“ffkeffd”d ((’)b aaaa‘%%aa)

(4.32)
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In the last step a j, k index swap was performed for the last term of the
second integral. The first integral is zero, since the integrand is symmetric
in J, k. This leaves

reeﬂmimmﬁﬁlﬁ%@@
Sk db da dudv  da Ob Ou v

0xjOx; (0b O da db
:eijkeif ~J Xk (——a——a—)d dv

b da \Oudv  Oudv
o [ @w
= a%a%d adb
£ £d%

However, this is the area integral with the second parameterization, proving

that the area-integral for any given boundary is independent of the surface.

Part d.  Having proven that the area-integral for a given boundary is
independent of the surface that it is evaluated on, the result follows by
illustration as hinted in the full problem description. Draw a “cone”, tracing
a vector X’ from the origin to the position line element, and divide that
cone up into infinitesimal slices as sketched in fig. 4.3. The area of each of

Figure 4.3: Cone configuration.

these triangular slices is

1
X xdl. (4.34)

Summing those triangles proves the result.
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Part e As hinted in the problem, this follows from

fVT xXda= - SBle. (4.35)

Set T = ¢ - r, for which

VT = ekakcmxm

= €kCmOkm (4.36)
= €xCk
= C,
SO
(VT) xda = fcxda
(4.37)
=cX f da
=cxXa
SO
cxa=-— 56(c -1)dl, (4.38)
or
Sg(c ‘r)dl=axec. ] (4.39)
Exercise 4.3 Magnetic field from moment.

The vector potential, to first order, for a magnetostatic localized current
distribution was found to be
Mo M X X
ARX) = — .
(x) i P

(4.40)

Use this to calculate the magnetic field.
Answer for Exercise 4.3

_ Ho X
B—EVX(mxﬁ)
Ho X
=-—V- A —
4r (m r3)

_ Mo X X
~ (@95 v 5

Mo [ (m-V)x 1 1 1
[ e () aon(eh)

(4.41)
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Here I've used a X (bx¢) = —a- (b Ac), and then expanded that with
a-(bAc)=(a-b)e—(a-c)b. Since one of these vectors is the gradient,
care must be taken to have it operate on the appropriate terms in such an
expansion. Since we have V-x =3, (m-V)x =m, and V1/r" = —nx/r"*?
this reduces to

’

B - @(—Tw(m'x)x £3ma —3m> -x)
dr\ 13 r r r (4.42)
_ po 3(m - h)h —m
"
which is the desired result.
Exercise 4.4 Magnetic field for a current loop.

A loop of wire located in x-y plane carrying current / is shown in fig. 4.4.
The loop’s radius is R;.

A
® z (point of
observation)

Figure 4.4: Current loop.

a. Calculate the magnetic field flux density, B, along the loop axis at
a distance z from its center.

b. Simplify the results in part a for large distances along the z-axis
(z>Ry).

c. Express the results in part b in terms of magnetic dipole moment.
Make sure you write the expression in vector form.

d. In keeping with your understanding of magnetic bar’s north and

south poles, designate the north and south poles for the current
carrying loop shown in the figure.
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Hint:  Use Biot-Savart law which states the following: A differ-
ential current element, /dl’, produces a differential magnetic field,
dB, at a distance R from the current element given by

0 Idl’ xR
dB = Z—ﬂ a— (4.43)
or
Idr xR
B= Zﬂ s (4.44)
T

Note that integration is carried over the source (current) and R
points from the current elements to the point of observation.



BOUNDARY VALUE CONDITIONS.

5.1

BOUNDARY CONDITIONS.

The boundary conditions are

e fix (E; — E{) = —Mj. This means that the tangential components of

E is continuous across the boundary (those components of E, E; are
equal on the boundary), when Mj is zero. Here M is the (fictitious)
magnetic current density in [V/m].

e fi X (Hy — Hy) = J;. This means that the tangential components of

the magnetic fields H are discontinuous when the electric surface
current density Js [A/m] is non-zero, but continuous otherwise. The
latter is sketched in fig. 5.1. Here J; is the movement of the free

J =
- -E,
E gzt_ ¢
@
m A

Figure 5.1: Equal tangential fields.

current on the surface. The bound charges are incorporated into D.

e fi- (Dy—-D;) = ps. Here p, is the electric surface charge den-

sity [C/ m?]. This means that the normal component of the electric
displacement field D is discontinuous across the boundary in the
presence of electric surface charge densities, but continuous when
that is zero.

e ii- (By—Bj) = pys. Here pyy is the (fictional) magnetic surface

charge density [Weber/m?]. This means that the magnetic fields B
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are continuous in the absence of (fictional) magnetic surface charge
densities.

In the absence of any free charges or currents, these relationships are
considerably simplified

nxE, -E)) =0, (5.1a)
nxMH; -Hy) =0, (5.1b)
n-(Dy-D;) =0, (5.1¢)
n-(B,-B))=0. (5.1d)

To get an idea where these come from, consider the derivation of eq. (5.1b),
relating the tangential components of H, as sketched in fig. 5.2. Integrating

Figure 5.2: Boundary geometry.

over such a loop, the integral version of the Ampere-Maxwell equation
eq. (1.2), with J = ocE is

éH-dl:fO'E-dS+ﬁfD-dS. (5.2)
C s ot Js

In the limit, with the height Ay — 0, this is

SEH -dl = Hy - (AxX) — H - (AxX). (5.3)
C



5.2 CONDUCTING MEDIA.

Similarly

fs D-ds~D-2AxAy, (5.4)
and

LJ -ds = j;O'E'dS ~ oE - ZAxAy. (5.5)

However, if Ay approaches zero, both of these terms are killed. This gives
X-(H,—H;)=0. (5.6)
If you were to perform the same calculation using a loop in the y-z plane
you’d find
Z-(H,-H;)=0. 5.7

Either way, the tangential component of H is continuous on the boundary.

This derivation, using explicit components, follows [2]. Non coordinate
derivations are also possible (reference?). The idea is that

i X (Hy - Hy,) — (H; — Hyp)) = i x (Hy — Hy) (5.8)
=0.

‘What if there is a surface current?

li iy = Js. 59
i, iy =3 9

When this is the case the J = o’E needs to be fixed up a bit, and showing
how is left to a problem. In the notes the other boundary relations are

derived. The normal ones follow by integrating over a pillbox volume.

Variations include the cases when one of the surfaces is made a perfect
conductor. Such a case can be treated by noting that the E field must be
zZero.

5.2 CONDUCTING MEDIA.

It will be left to homework to show, using the continuity equation and
Gauss’s law that inside a conductor, that free charges distribute themselves
exclusively on the surface on the medium. Because of this there is no
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electric field inside the medium (Gauss’s law). What does this imply about
the magnetic field in the same medium. We must have

0B

VXE= e (5.10)
so if E is zero in the medium the magnetic field must be either constant
with respect to time, or zero. In a general electrodynamic configuration,
both the magnetic and electric fields vary with time, which seems to imply
that B must be zero if E is zero in that space. However, this is not consistent
with what we see with an iron core inductor. In such an inductor, the iron is
used to concentrate the magnetic field. Clearly we have magnetic fields in
the iron bar, since that is the purpose of it being there. It turns out that if the
frequencies are low enough (and even some smaller GHz frequencies are),
then we can consider the system to be quasi-electrostatic, with zero electric
fields inside a conductor, yet with finite approximately time independent
magnetic fields. As the frequencies are increased, the magnetic fields are
forced out of the conductor into the surrounding space. The transition point
that defines the boundary between electrostatic and quasi-electrostatic will
depend on the precision desired.

5.3 BOUNDARY CONDITIONS WITH ZERO MAGNETIC FIELDS IN A CON-
DUCTOR.

For many calculations, we can proceed with the assumption that there are
no appreciable electric nor magnetic fields inside of a conductor. When
that is the case, outside of a conducting medium, we have

nxE; =0, (5.11)

so there is no tangential component to an electric field of a conductor. We
also have
n-Dy = p,s. (5.12)

Assuming there is also no magnetic field either in the conductor, we also

have
nxH, =J,, (5.13)

and

fi-B,=0. (5.14)

There is no normal component to the magnetic field at the surface of a
conductor, and the tangential component is determined by the surface
current density.
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5.4 PROBLEMS.

Exercise 5.1 Tangential magnetic field boundary conditions.

In the class notes we showed that when there were no sources at the
interface between two media and neither of the two media was a perfect
conductor o1, 0 # oo the boundary condition on the tangential magnetic
field was given by

nxMH; -Hp) =0. (5.15)

Here, show that when J; + J. = J;c # 0, the boundary condition is given
by

ix (Hy —Hp) =J, (5.16)

where
Js = lim JicAy- (5.17)
Ay—0

Note: Use the geometry provided in fig. 5.3 for your proof.

.r"\y
7
£y, fly, T, x
//’_ _\ -
&, M, T
F4

Figure 5.3: Boundary geometry.

Exercise 5.2 Electric field across dielectric boundary.

The plane 3x + 2y + z = 12 [m] describes the interface between a
dielectric and free space. The origin side of the interface has €1 = 3
and E; = 2%+ 52 [V/m]. What is E, (the field on the other side of the
interface)?
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Exercise 5.3 Laplacian form of delta function.
Prove that
1
~V2= = 476°(r), (5.18)
r

where r = |r| is the position vector.

Exercise 5.4 Conductor charge distribution on surface.

We have stated that the boundary condition for a perfect conductor
is such that there is no electric field or charge distribution inside of the
conductor. Here we will study the dynamics of this process. Start with
continuity equation V - J = —dp/dt, where J is the current density [A/m?]
and p is the charge density [C/m>]. Show that a charge (charge density)
placed inside a conductor will decay in an exponential manner.



POYNTING VECTOR.

The cross product terms of Maxwell’s equation are

VxE:—Mi—aa—]tsz—Mi—Md, 6.1)

where My is called the magnetic displacement current here. For the mag-
netic curl we have

VxH:Ji+JC+(;—II)=J,~+JC+Jd. (6.2)
It is left as an exercise to show that

V- ExH+H-M;+M)+E-J;+J.+J) =0, (6.3)
or

ggda-(ExH)+de(H-(Mi+Md)+E-(J,-+JC+Jd)) o

=0,

or

O:SBda-(ExH)

+deH-M,~+deE-J,~+deE-Jc (6.5)

OB . oD
v Z e 2.
+f ( ar at)

Define a supplied power density psupp

~Psupp = deH -M; + deE -Ji. (6.6)

When the medium is not dispersive or lossy, we have

B H
ot ot (67)

0
= — | dvuH.
atf u/H]
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The units of [u[H|?] are W, so one can defined a magnetic energy density
uHJ?, and

Wy, = f dVulHJ?, (6.8)
for
OB 0w,
deH- == (6.9)

This is the rate of change of stored magnetic energy [J/s = W]. Similarly

deE-a—DzedeE-a—E
ot o (6.10)
|2

0
= — | dVeE|".
(')tf €l

The electric energy density is e[E|%. Let
W, = f dVelE!, 6.11)

and

oD oW,
dVE - — = —. 6.12
fV ot ot ( )

We also have a term

deE-Jc=deE-((TE)
(6.13)

= f dValE]%.

This is the rate of change of stored electric energy. The remaining term is
SBda-(ExH). (6.14)

This is a density of the power that is leaving the volume. The vector E x H
is special, called the Poynting vector, and coincidentally points in the
direction that the energy leaves the bounding surface per unit time. We
write

S=ExH. (6.15)



6.1 PROBLEMS.

In vacuum the phase velocity v, group velocity v, and packet(?) velocity
v, all line up. This isn’t the case in the media. It turns out that without
dissipation

OB oD
H —= | E —. 6.16
f ot f ot ( )

For example in an LC circuit fig. 6.1 half the cycle the energy is stored in
the inductor, and in the other half of the cycle the energy is stored in the
capacitor. Summarizing

o g &

Figure 6.1: LC circuit.

SE(E X H) - da = Peyiy. (6.17)

6.1 PROBLEMS.

Exercise 6.1 Index of refraction.

Transmitter 7" of a time-harmonic wave of frequency v moves with velocity
U at an angle 6 relative to the direct line to a stationary receiver R, as
sketched in fig. 6.2.

a. Derive the expression for the frequency detected by the receiver R,
assuming that the medium between 7" and R has a positive index of
refraction n. (Apply the appropriate approximations.)

b. How is the expression obtained in part a is modified if the medium
is a metamaterial with negative index of refraction.

c. From the physical point of view, how is the situation in part b
different from part a ?
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At t=0 At =Mt
i}
T % R R
Figure 6.2: Field refraction.
Exercise 6.2 Phasor equality.
Prove that if
Re (A(r)e/) = Re (B(r)e™"), (6.18)

then A(r) = B(r). This means that the Re() operator can be removed on
phasors of the same frequency.

Exercise 6.3 Duality theorem.

Prove that if the time-harmonic fields E(r) and H(r) are solutions
to Maxwell’s equations in a simple, source free medium (M; = J; =
Je = 0,0 = pev = 0), characterized by €, u ; then E’(r) = nH(r) and
H'(r) = —% are also solutions of the Maxwell equations. 7 is the intrinsic
impedance of the medium.

Remark  : By showing the above you have proved the validity of the so
called duality theorem.

Exercise 6.4 Poynting theorem.

Using Maxwell’s equations given in the class notes, derive the Poynting
theorem in both differential and integral form for instantaneous fields.
Assume a linear, homogeneous medium with no temporal dispersion.



TIME HARMONIC FIELDS.

Recall that we have differential equations to solve for each type of circuit
element in the time domain. For example in fig. 7.1, we have

di
Vi) = L, (7.1)

VE L

—_—

Figure 7.1: Inductor.

and for the capacitor sketched in fig. 7.2, we have

A
dt

io(1)=C (7.2)

Figure 7.2: Capacitor.

When we use Laplace or Fourier techniques to solve circuits with such
differential equation elements. The price that we paid for that was that we
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have to start dealing with complex-valued (phasor) quantities. We can do
this for field equations as well. The goal is to remove the time domain
coupling in Maxwell equations like

V xE(,f) = —%(r, 0, (7.3)

oD
V xH(r,t) = cE + E(r, 1). (7.4)
For a single frequency, assume that the time dependency can be written as
E(r,1) = Re (E*(r)e"). (7.5)

We may now have to require E(r) to be complex valued. We also have to
be really careful about which convention of the time domain solution we
are going to use, since we could just as easily use

E(r.7) = Re (E(r)e /). (7.6)
For example

Re (eikze_i“” ) = cos(kz — wt), (7.7)
is identical with

Re (e_jkzej“”) = cos(wt — k), (7.8)

showing that a solution or its complex conjugate is equally valid. Engi-
neering books use e/“’ whereas most physicists use e/, What if we have
more complex time dependencies, such as that sketched in fig. 7.3?7 We can

Figure 7.3: Non-sinusoidal time dependence.

do this using Fourier superposition, adding a finite or infinite set of single
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frequency solutions. The first order of business is to solve the system for a
single frequency. Let’s write our Fourier transform pairs as

F(A(r, 1) = A, w) = f A(r, e ' dt, (7.9a)
| ;
A, 1) = F ' Ar,w) = 7 f A(r, w)e’ dw. (7.9b)
T J-00
In particular
g(@) = jwF(w), (7.10)
dt
so the Fourier transform of the Maxwell equation
0B
F(VxXEm) =75 (—E(r, t)), (7.11)
is
V X E(r,w) = —jwB(r, w). (7.12)

The four Maxwell’s equations can be written as
e Faraday’s Law:

VX E(, w) = —jwB(r,w) - M;. (7.13)
o Ampere-Maxwell equation:

V x H(r, w) = J.(r, w) + D(r, w). (7.14)
o Gauss’s law:

V-D(r, w) = pey(r, w). (7.15)
o Gauss’s law for magnetism:

V- B(r,w) = pny(1, w). (7.16)

Now we can more easily model non-simple media with

B(r, w) = p(w)H(r, w),

(7.17)
D(r, w) = e(w)E(r, w).
so Maxwell’s equations are
V X E(r, w) = —jou(w)H(r, w) - M;, (7.18)
V X H(r, w) = Jo(r, w) + e(w)E(r, w), (7.19)
€(w)V - E(r, w) = pey(T, W), (7.20)

,u(u))V : H(r’ w) = pmv(r’ (‘-)) (721)
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7.1 FREQUENCY DOMAIN POYNTING.

The frequency domain (time harmonic) equivalent of the instantaneous
Poynting theorem is

%Sgda-(ExH*)—%de(H* M;+E-J;)
| ; (7.22)
+3 f dValEl? + jo f dV (uH - elEf*) = 0.
Showing this is left as an exercise. Since
Re(A) X Re(B) # Re(A x B). (7.23)

We want to find the instantaneous Poynting vector in terms of the phasor
fields. Following [2], where script is used for the instantaneous quantities
and non-script for the phasors, we find

S, 1) =8, 1) x #H(r,1)
= Re(&(r, 1)) X Re(F(r, 1))
Ee/“' + E*e /@' Hel' + He /¢!
= X
2 2 (7.24)
(E xH* + E* x H+ E x He*' + H x Ee‘zj‘”’)

1
4
1 1 .
5 Re(ExH')+ - Re (E x He?").

Should we time average over a period (.) = (1/T) fOT(.) the second term is
killed, so that

1 1 ;
(S)= 5 Re(ExH)+ - Re (E x He*/*"). (7.25)
The instantaneous Poynting vector is thus

S(r, 1) = (S) + % Re (E x He/*"). (7.26)

7.2 PROBLEMS.
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Exercise 7.1 Frequency domain time averaged Poynting theorem.
The time domain Poynting relationship was found to be

0=V (ExH)+E. 22 iy H
2 o 2 ot (7.27)

+H-M;+E-J;+0E-E.

Derive the equivalent relationship for the time averaged portion of the
time-harmonic Poynting vector.
Answer for Exercise 7.1

The time domain representation of the Poynting vector in terms of the
time-harmonic (phasor) vectors is

&x I = i (Eejwt + E*e_jwt) X (Hejwt + H*e_jwt) (7.28)

= %Re(ExH*JrExHesz’),

so if we are looking for the relationships that effect only the time averaged
Poynting vector, over integral multiples of the period, we are interested in
evaluating the divergence of

1
EE x H". (7.29)

The time-harmonic Maxwell’s equations are

VXE = —jouH — M,

(7.30)
VXxH = jweE + J; + oE.
The latter after conjugation is
VXH = -jwe'E" +]J + c"E". (7.31)
For the divergence we have
V- (ExH")
=H"-(V-E)-E-(V-H") (7.32)
=H" - (—jouH-M;) —E - (—jwe'E" + J; + c"E") ,
or
0=V-(ExH")
(7.33)

+H" (jouH+M;) +E - (- jwe'E" +J: + 0"E") ,
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SO

1 1
0=V-§(E><H*)+§(H*~M,-+E-J;k)

1 1
+ ) (kM - €' |EP) + Ea*|E|2.

(7.34)
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8.1 LORENTZ-LORENZ DISPERSION.

We will model the medium using a frequency representation of the permit-
tivity
e(w) = €(w) - je''(w),
(w) /( ) J. ,,( ) &.1)
uw) = p(w) = ju (w).

The real part is the phase, whereas the imaginary part is the loss.

1o

n=
Vv

Ven (8.2)
Veoro

We can also write
n(w) = n'(w) — jn” (w). (8.3)

If we are considering an electric dipole
P; = Oix;. (8.4)

With
P = ¢y E, (8.5)

and a time harmonic representation for the electric field
E = Ege/, (8.6)

the dipole moment is assumed to be

NAv

NV P,

P= lim h
Av—0 Av

_ NAvp (8.7)
Av
= NQOx.
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We model the oscillating electron and nucleus as a mass and spring. This
electron oscillator model is often called the Lorentz model. It is not really a
model for atoms as such, but the way that an atom responds to pertubation.
At the time when Lorentz formulated the model it was not known that
the nuclei have massive mass as compared to the electrons. The Lorentz
assumption was that in the absence of applied electric fields the centroids
of positive and negative charges coincide, but when a field is applied, the
electrons will experience a Lorentz force and will be displaced from their
equilibrium position. The wrote “the displacement immediately gives rise
to a new force by which the particle is pulled back towards its original
position, and which we may therefore appropriately distinguish by the
name of elastic force.”
The forces of interest are

F, Ddx D

c g =—-D— = —-Dvy,

friction dt

Felastic = =S x, (8.8)

Fexternal = QE = QEOejwt-

Adding all the forces, the electrical system, in one dimension, can be
assumed to have the form

2
F = m‘;—tf = —D% —Dv—Sx+ QEye’, (8.9)
or
d’>x Ddx S E
e mdt m Qmo . (610
Let’s define
D
T (8.11)
2 _ S .
Wy = o
so that
2
% %+w3x:% jot (8.12)

8.2 CALCULATING THE PERMITTIVITY AND SUSCEPTIBILITY.

With x = xpe/*’ we have

E
X0 (—a)2 + jyw + w(z)) = %, (8.13)
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or (with E = Ege/*"), just

QE

m (—a)2 + jyw + w%)'

X = xpel = (8.14)

I Assume that dipoles are identical.
I Assume no coupling between dipoles.

III There are N dipoles per unit volume. In other words, N is the number
of dipoles per unit volume.

The polarization P(¢) is given by
P(1) = NQx, (8.15)

where Q is the charge associate with the unit dipole. This has dimensions
of [# x C x m], or [C/m?]. This polarization is

Q>NE/m

2

s ey
0

(8.16)

In particular, the ratio of the polarization to the electric field magnitude is

P ’N
P _ONm (8.17)
E  wy-w?+ jyw
With P = yy.E, we have
Q’N/me
Xe= —————. (8.18)
Wy — W+ jyw
Define
2
N
Wy = Q , (8.19)
meg
which has dimensions [1/s2]. Then
&
Xe= —5————. (8.20)
Wy — w* + jyw
With €, = 1 + y. we have
2
w
G=—=l+—G—t (8.21)
€ Wy — W+ jyw
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It is simple to show that the real and imaginary split of €, = €. — je/ is

given by
2(,2_ 2
, “’p(‘“o_“’) (8.22)
T (W w0+ (wy)?
2
’” wl’wy
¢ = . (8.23)
T Wy WP+ (wy)?
8.3 NO DAMPING.
With D =0,0ory =0then €’ =0,
E, .
x= %W, (8.24)
W —w
and
2
w
G=€=—=1+5"1—. (8.25)
€ wg — w?

This has a curve like fig. 8.1. instead of the normal damped resonance curve

s

Figure 8.1: Undamped resonance.

like fig. 8.2. As w — wy, then the displacement x — oo. The frequency wy



8.4 MULTIPLE RESONANCES.

o

b

Figure 8.2: Damped resonance.

is called the resonance frequency of the system. If the resonance frequency
is zero (free charges), then

€ =€,
2
L (8.26)
w2

B

which is negative for w, > w. When damping is present, the resonance
frequency is the root of the characteristic equation of the homogeneous
part of eq. (8.10).

8.4 MULTIPLE RESONANCES.

When there are N molecules per unit volume, and each molecule has Z
electrons per molecule that have a binding frequency w; and damping
constant y;, then it can be shown that

ON? fi
= > 8.27
€ + = (8.27)

mey 5~ W+ jyw

A quantum mechanical derivation of the transition frequencies is used to
derive this multiple resonance result.

8.5 PROBLEMS.
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Exercise 8.1 Passive medium.
Parameters for AlGaN (a passive medium) are given as
wo = 1.921 x 10"rad/s,
wp =3.328 x 10'*rad/s, (8.28)
y =9.756 x 10'?rad/s.
Assuming Lorentz model:

a. Plot the real and imaginary parts of the index of refraction for the
range of w = 0 to w = 6 x 10'*. On the figure identify the region
of anomalous dispersion.

b. Plot the real and imaginary parts of the relative permittivity for the
same range as in part a.
On the figure identify the region of anomalous dispersion.

Exercise 8.2 Medium with multiple resonances.

Relative permittivity for a medium with multiple resonances is given
by:

w
G=l+ye=1+) — Bl (8.29)
=1 Woi — W T JYkw

Moreover, the case of an active medium (i.e. medium with gain) can be
modeled by allowing w, x in above to become purely imaginary. Under
these conditions, plot

Re (n(w)) — 1, (8.30)

and
Im (n(w)), (8.31)

as a function of detuning frequency,
w— W,

= , 8.32
v o (8.32)
for ammonia vapour (an active medium) where
w1 = 2.4165825 x 10'°rad/s,
woo = 24166175 x 10"°rad/s,
Wy = w, = 10'%rad S,
pk=%p / (8.33)

Yk =y =5x10%rad/s,
(w—w)/2r € [-7,7]GHz,
we = 2.4166 x 10rad/s.
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Exercise 8.3 Susceptibility kernel.

a. Assuming that a medium is described by the time harmonic rela-
tionship D(x, w) = e(w)E(X, w), show that the time domain relation
between the electric flux density D and the electric field E is given
by,

00

D(x, 1) = € (E(X, 1+ f G(MEX,t - T)dT) , (8.34)

—00

where G(7) is the susceptibility kernel given by

G(1) = L f B (@ - l)e_j“”dr. (8.35)
2m J_o \ €
b. Show that
e(~w) = € (w). (8.36)

c. Show that for e(w) = €'(w) + je''(w), €' (w) is even and €’ (w) is
odd.
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9.1 DRUID MODEL.

Additional references: A nice vector based derivation of these Druid
model results can be found in [1]. The Meissner effect is also discussed
in that context. In this section we will investigate the optical properties
of free electrons, or what is commonly called free electron gas. By free
electron gas we mean electrons that do not experience the restoring force
which we considered for bound charges in the case of Lorentz model. In
particular, the resonance frequency wq for free electrons is zero. There are
two typical cases of free electron systems

a Metals.
b Doped (n or p type) semiconductors.

For the moment we consider the case of metals. Free electrons are re-
sponsible for high reflectivity and good thermal conductivity of metals
up to optical frequencies. A model that can be used to describe the high
reflectivity of metals is the Drude model.

Plasma: A neutral gas of free electrons and heavy ions is called plasma.
Examples of plasma are metals and doped semiconductors, since these
materials are a combination of free electrons and heavy ions which are, in
sum, electrically neutral.

Drude-Lorentz model,  (or Drude model for short): similar to the case of
bound charges we already studied for free electron plasma, we can start
with a harmonic oscillator model. However, in this case, since electrons
are free, there is no restoring force (i.e. wy = 0. Recall that in the spring
mass model w% = S/m where S was the spring tension coefficient. With
such a model the Lorentz model equation

W +’)/E + wyx 9.1)
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is reduced to

d’x dx QEy ;
S p oy = )t 9.2

ar " Var T m ¢ ©-2)
Again, assuming a solution of the form x, = xpe/“! for the particular
solution and substituting in eq. (9.2), we have

E
xo (G + v(jw) = 22, 9.3)
or
_ QE/m
-y’ 4

Once more assuming identical particles that are not coupled and a linear
isotropic medium and using the fact that P = Np = NQOx, and

Xe = ﬂ 9.5
€lEl
we have
Q2N/m€o
Xe = Y (96)
—w? + jyw
or with w2 = Q*N/mey,
&=1+yx.
2
w 9.7
S
—w* + Jjyw

Plasma frequency, w,, can be understood as the natural resonance fre-
quency by which the free electron gas (plasma) collectively (not individual
electrons ) oscillates. Note that if we neglect the last term, i.e., lety = 0
then

w2

&=1-—. (9.8)
w

From this it is clear that when w < w,, we have ¢, < 1 and n = Ve is
purely imaginary, and the wave attenuates inside the electron plasma. This
means that for w < w), electromagnetic waves do not propagate a large
distance inside of metal. However, for w > w, the electron plasma (e.g.
metal) is transparent. The latter is called ultraviolet transparency of metal,
because for most metals w), is in the ultraviolet part of the spectrum. For
example,
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e For Al:
Wp 15 —
o s 3.82x10°Hz = A, = 79[nm]. 9.9)
JT
e For Au:
Wp _ 15 _
o = 59x10°Hz = A, = 138[nm]. (9.10)
s
Using eq. (9.8) one can calculate
i = \er, ©.11)
and plot the reflectivity R at normal incidence
i—1
R=|2"| 9.12)
n+1

which will have a shape similar to that of fig. 9.1. This figure shows

{ ,
1 Wpo
Figure 9.1: Metal reflectivity.

that for w/w, < 1 metal reflects most of the incident light, whereas it
becomes transparent (it transmits light) for w/w, > 1. This explains the
shiny appearance of the metal at optical wavelengths. The fact that plasma
reflects EM waves below a w), frequency can be used to transmit AM radio
waves. The ionosphere can be viewed as a plasma gas due to free electrons
generated by cosmic radiation and ultraviolet light from the sun. The w),, for
ionosphere plasma is w, = O(1MHz). Therefore AM signals modulated
at frequencies below or in the range of a MHz will be reflected from the
ionosphere. But FM signals where the modulation frequency is greater
than MHz will not be reflected, but will travel through the ionosphere and
into space.
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9.2 CONDUCTIVITY

V X H(r, w) = cE(r, w) + jueE(r, w)
= ja)eo(l + ,L)E(r, w)
Jw

€ (9.13)
= jwey (1 — E)E(r, w)
€0
This complex factor is the relative permittivity
6=1-12, 9.14)
we)
and is why we write
e(w) = € (w) — jé'(w). (9.15)

9.3 PROBLEMS.

Exercise 9.1 Meissner effect.

The constitutive relation for superconductors in weak magnetic fields can
be macroscopically characterized by the first London equation

aJsup
—— =aE, 9.16
a (9.16)
and the second London equation
V X Jsup = —a1B, (9.17)

where Jp stands for the superconducting current, @ = nyg*/mand a| ~ a,
with ng, m, and ¢ denoting, respectively, the number density, the effective
mass, and the charge of the Cooper pairs responsible for the superconduc-
tivity in a charged Boson fluid model.

a. From the first London equation, derive and equation for B = 6B /0t
by using the static Maxwell equation V X H = Jg,, without the
displacement current. Show that

V2B = upaB. (9.18)



9.3 PROBLEMS. 71

b. From the second London equation and the Ampere’s law stated
above derive an equation for B.

c. What are the penetration depths in the part a and part b cases?
Justify your answer.

Remark:  from above analysis we see that both the current and
magnetic field are confined to a thin layer of the order of the
penetration depth which is very small. The exclusion of static
magnetic field in a superconductor is known as the Meissner effect
experimentally discovered in 1933.
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WAVE EQUATION.

10.1 WAVE EQUATION.

Using an expansion of the triple cross product in terms of the Laplacian

Vx(Vxf)=-V-(VAf)

10.1
=-V*f+V(V-f), (10.1)

we can evaluate the cross products

Vx(Vx8)= Vx(—%—m)
oD (10.2)
Vx(Vxd) = Vx(a—+g)
or
2 0
-VE+V(V-8)=—pu—VxH-VxM,
ot
P (10.3)
—V23€+V(V-5‘€):EE(VX8)+V><§,
or
—V28+1Vpev_ %(@+g) Vxm,
€
1 o ( 0B (104
~V2H + —Vpyy = €— |—— -M|+V
(7€+,u o 661( % )+ xd.

This decouples the equations for the electric and the magnetic fields

2
1
V28=u668+ Vpev+u@+v><m
or? o (10.5)
V2 = ¢ £+1 +e@—ng "
- Hon Pme €y

Splitting the current between induced and bound (?) currents

9=9,+9.=9,+0€, (10.6)
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these become

0’8 1 08 a9,
V28 = pe— + —Vpoy + po— + Vx M +,ui,
orr € ot ot (10.7)
’ 1 om oHt '
2qp _
Vgt = E/JW +;mev+€7+0'ﬂ§+0'm—vxgi.
10.2  TIME HARMONIC FORM.
Assuming time harmonic dependence X = Xe/*, we find
V°E = (—a) HE + ]w,uO')E + —=Vp., + VXM + jwul;,
< (10.8)

1
V’H = (—wze/,t + ja)O',u) H+ -Vp,, + (jwe + )M -V x J;.
J7

For a lossy medium where € = € — jwe”, the leading term factor is

—wlue + jopo = —w ue + jou (o + we'’). (10.9)
With the definition
¥ = (a+ ]',8)2 = —w’ue + jou (o +we’), (10.10)

the wave equations have the form

1
V2E = y’E + =Vp,, + VXM + joul;,
El (10.11)
V2H = y*H + —Vp,, + (jwe + )M — V x J..
u
Here
e ( is the attenuation constant [Np/m],
e [ is the phase velocity [rad/m],
e 7 is the propagation constant [1/m].

We are usually interested in solutions in regions free of magnetic cur-
rents, induced electric currents, and free of any charge densities, in which
case the wave equations are just

V°’E = y°E,

10.12
V’H = y*H. ( )
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10.3 TUNNELLING.

In class, we walked through splitting up the wave equation into compo-
nents, and separation of variables. I didn’t take notes on that.

Winding down that discussion, however, was a mention of phase and
group velocity, and a phenomena called superluminal velocity. This latter
is analogous to quantum electron tunnelling where a wave can make it
through an aperture with a damped solution e™** in the aperture interval,
and sinusoidal solutions in the incident and transmitted regions as sketched
in fig. 10.1. The time 7 to get through the aperture is called the tunnelling
time.

Figure 10.1: Superluminal tunnelling.

10.4 CYLINDRICAL COORDINATES.

Seek a function

E=Ep+Eyp+E2, (10.13)
solving
V’E = -B’E. (10.14)

One way to find the Laplacian in cylindrical coordinates is to use

VZE=V(V-E)-Vx(VxE), (10.15)
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where

$0 .
o0 _,9 10.16
8p+p8¢ Z(?z ( )

It can be shown that:
10 1 OE OE
( ) e " z

V-E-= —,
p(')p 0 ng 0z

(10.17)

and

1 . 1 1
VXE = [)(;&,,EZ - GZE¢) +(0:E, — OE:) + 2 (/—)ap(quﬁ) - ;a¢Ep) :

(10.18)
This gives
Py 1dy 1Py Py
2
VU= 6p2 p%+p28¢2+ 8z’ (10.19)
and
E, 20E
2 _ 14 [
V°E, = (__2__23_)’
p- p° 0¢
V2E, = (_ﬁ ; 3‘9&) (10.20)
pr o pr o)
VE; = —BE,.

This is explored in appendix F.

TEM: If we want to have a TEM mode it can be shown that we need an
axial distribution mechanism, such as the core of a co-axial cable. These
are messy to solve in general, but we can solve the z-component without
too much pain

d’E, . 10E, 1 &°E. . d’E,

_ 2
apz EE + ; a¢2 922 =-B°E;. (10.21)

Solving this using separation of variables with

E; = R(p)P($)Z(2), (10.22)

1 1 1 z"
—(R"+ =R |+ —P" + = = -p*. (10.23)
R p o*P VA
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Assuming for some constant 3, that we have

44

— = -B2, (10.24)
then

1 2 prr / 1 7/ 2 (2 2

ﬁ(pR +pR)+1—3P +p” (B2 - B2) = 0. (10.25)

Now assume that

1
L (10.26)
P

and let 8% — ,83 = ,Bg, which leaves

p’R" +pR + (p’B2 — m*) R = 0. (10.27)
This is the Bessel differential equation, with travelling wave solution

R(p) = AH, (B,p) + BH,; (B,p), (10.28)
and standing wave solutions

R(p) = AJn(Bpp) + BYn(Bpp). (10.29)

Here H,(,} ), H,(n2 ) are Hankel functions of the first and second kinds, and
Jm, Y are the Bessel functions of the first and second kinds. For P(¢)

P’ = —m*P. (10.30)

10.5 WAVES.

o The field is a modification of space-time

e Mode is a particular field configuration for a given boundary value
problem. Many field configurations can satisfy Maxwell equations
(wave equation). These usually are referred to as modes. A mode is
a self-consistent field distribution.

e In a TEM mode, E and H are every point in space are constrained in
a local plane, independent of time. This plane is called the equiphase
plane. In general equiphase planes are not parallel at two different
points along the trajectory of the wave.
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10.6 PROBLEMS.

Exercise 10.1 Lossy waves.

In the case of lossy medium the wave equation was given by

V°’E = y°E, (10.31)
where

¥ = (a+ jB)>. (10.32)

Now consider a medium for which e(w) = €' (w) (i.e. €’(w) = 0), o = 0y
(i.e. wt ~ 0 in the Drude model), and y is a constant and real. For this case
obtain the expression for @ and 8 in terms of w, u, €, 0.

Exercise 10.2 Uniform plane wave.
Note:  This seemed like a separate problem, and has been split out from

the problem 2 as specified in the original problem set handout. The uniform
plane wave

8(r,1) = Ey(Rcos 6 — Zsin 6) cos (wt — ksinOx — kcos 8z), (10.33)

is propagating in the x — z plane as sketched in fig. 10.2 in a simple medium
with o = 0. Here, E is a real constant and k is the propagation constant.

4

X

Figure 10.2: Linear wave front.

Answer the following questions and show all your work.



10.6 PROBLEMS.

Determine the associated magnetic field H(r, ¢).

ISR

Determine the time averaged Poynting vector, (S(r, ?)).

Determine the stored magnetic energy density, W,,(r, 1).

& o

Determine the components of phase velocity vector v, along x and
z.
Exercise 10.3 Spherical wave solutions. (2016 ps7.)

Suppose under some circumstances (e.g. TE" or TM" modes), the partial
differential equations for the wavefunction i can further be simplified to

VY (r,0,¢) = B (r,0,9). (10.34)
Using separation of variables
U(r,0,¢) = R(NT(O)P(P), (10.35)

find the differential equations governing the behavior of R, T, P. Comment
on the differential equations found and their possible solutions.

Remarks:  To have a more uniform answer, making it easier to mark the
questions, use the following conventions (notations) in your answer.

e Use —m? as the constant of separation for the differential equation
governing P(¢).
e Use —n(n + 1) as the constant of separation for the differential equa-

tion governing 7'(6).

e Show that R(r) follows the differential equation associated with
spherical Bessel or Hankel functions.

Exercise 10.4 Orthogonality conditions for the fields.
Consider plane waves
E = Ege /XTier,

H = Hye *reior (10.36)

propagating in a homogeneous, lossless, source free region for which € > 0,
u > 0, and where Eg, Hy are constant.

a. Showthatk L Eandk 1L H.

b. Show that k, E, H form a right hand triplet as indicated in fig. 10.3.
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H

Figure 10.3: Right handed triplet.

Hint:  show that K X E = wuH and k X H = —weE.

c. Now suppose €, u < 0, how does the figure change? Redraw the
figure.
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QUADRUPOLE EXPANSION.

In Jackson [8], is the following

00 [ /
1
_47TZ Z (’l‘+)1 lm(G ¢)Y1m(0 ¢) (111)
1=0 m

x—x| 20+ 17

where Y}, are the spherical harmonics. It appears that this is actually just
an orthogonal function expansion of the inverse distance (for a region
outside of the charge density). The proof of this in is scattered through
chapter 3, dependent on a similar expansion in Legendre polynomials, for
an the azimuthally symmetric configuration. It looks like quite a project
to get comfortable enough with these special functions to fully reproduce
the proof of this identity. We are forced to play engineer, and assume
the mathematics works out. If we do that and plug this inverse distance
formula into the potential we have

1 px)dx

Cdney ) Ix—X|

1 o ! 1 I
= e [ [4ﬂz LI I ¢)]
Z Z 20 + lf (x')d’ /( I+ Zm(e/’¢’)Yl,m(9a¢))
N\ N\ yE VN Yl,m(g’ ¢)
6_0;”;12[+1(f(r)p(X)Yl,m(0’¢)d X)T

(11.2)

The integral terms are called the coefficients of the multipole moments,
denoted

= [@or, @0, (11.3)

The [ = 0, 1,2 terms are, respectively, called the monopole, dipole, and
quadrupole terms of the potential

N Yim(®,
)= Z;Z g . (11.4)
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Note the power of this expansion. Should we wish to compute the electric
field, we have only to compute the gradient of the last (¥;,,,7~""!) portion

(since g, 1s a constant).

[3 »
gy = - f gsine'e_”& ¥ p(xX')dV’

— _ [i fsin & (cos ¢’ —ising’) r' p(x")dV’
8

- _ ,[i (fx’P(X')dV’ - ify’p(x’)dV’)
8

3 .
= ).
Here we’ve used
x' = r'sin@ cos ¢’
y' =r'sinf sin¢’
7 =1 cos¢

and the Y7, representation

y 1
00 = In
3 .
Y11 = - —sinQeld’
8
3
Yi0 = 4/—cosf
T
1 /15
Yy = “1\ 3, sin® 9>

With the usual dipole moment expression
p= f X'p(x')d’x,
and a quadrupole moment defined as

Qij= f(f')x;x; - 6,-j(r’)2)p(x’)d3x’,

(11.5)

(11.6)

(11.7)

(11.8)

(11.9)
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the first order terms of the potential are now fully specified

P(x) =

47re

p-x 1 XiX;
+r—3+§ZQl~jr—5 . (11.10)
ij

11.1 EXPLICIT MOMENT AND QUADRUPOLE EXPANSION.

We calculated the g1, coefficient of the electrostatic moment, as covered
in [8] chapter 4. Let’s verify the rest, as well as the tensor sum formula for
the quadrupole moment, and the spherical harmonic sum that yields the
dipole moment potential. The quadrupole term of the potential was stated
to be

r3 Z f(r)p(x )Y}, (0, ¢ Y (6, )

2 Z x,xj

47re 5
0 11.11)

where
0y = [ (345, = 6,0 ?) o). (11.12)

Let’s verify this. First note that

/2l+1(l—m)
Yim = P (cos B)e™?, 11.13
1, ar Gamill (cos e ( )

and
P"(x) = (- 1)’"( ). Py'(x), (11.14)
(I +m)!
SO
20+ 10+m)! —im
Yiom = ym (l—m)!Pl (cos B)e™"™M?
~ (11.15)
-1y 21+ 1 m)!P’”(x)e‘i’”‘/’

(L +m)!
= (-1)"Y},.
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That means

mw=fwﬁwmgwww%

11.16
=enﬂﬂﬂ%¥mmmwmw (10

= (-1)"gq},,.

In particular, for m # 0
Y@ 0 Ym0, 8) + (DY, 0 0 Yicn@,8) o)

= (M"Y}, O Y (0. 0) + () YO )Y, (6. ),

or

)Y} O ) Y10, 8) + (Y], (0, ¢ )Y 1 (6, ¢)
= 2Re ()Y}, (0, ¢ ) Y1n(0. 9)).

To verify the quadrupole expansion formula in a compact way it is helpful
to compute some intermediate results.

[3 .
I’Y1,1 = -r —Sll’10€l¢
8 (11.19)
\/ ) (x+1y)
= =4[ —=(x+1iy),
8 Y

[3
rYio=r4/-—cosb
4 (11.20)
_[3
~ Ndn™
[1 .
r2Y2,2 = —}"2 —5 sin2 9621¢
32 (11.21)

15 .
== E(X'ﬂ)’),

15 ;
r2Y2’1 =7 \/ 7= sinécos ge'?
87 (11.22)
15
= \/ —z(x + iy),
8

(11.18)
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5
F2Y2,0 = }"2 F 1_67'[(3 COSZ 9 - 1) (] 123)
5

Given primed coordinates and integrating the conjugate of each of these
with p(x")dV’, we obtain the g, moment coefficients. Those are

3
a =gz [ EXp0= ) (11.24)
3 3.7 NS
qio = Efd‘Xp(X )z, (11.25)
[ o i (11.26)
15 3.7 INS (S .7
g1 = gfd X' p(xZ'(x" = 1y'), (11.27)
5
0=\ 1es f &*¥'p(x) (3() - (')). (11.28)

For the potential we are interested in

2Re gV (0,0) = 2o f P p(x)Re (¥ — iy')(x + i)

3 (11.29)
== fd3x’p(x’) (xx" +yy"),
4
3 3.7 NS
q1.0rY1,0(0, ) = i d’x'p(x')7'z, (11.30)

2Re 227 V(6 6) = 2 f &*x'p(x')Re ((+' - ,-yf)z(x+iy)2)

1165 d3x’p(x )RC (((x ) _ 21x (y/)Z)(x2

+ 2ixy — yz))
15
= 1o | 43P0 (@)= 0D =) +dxx'yy).

(11.31)
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15 ’ ’ ’ ./ .
2Re g1 Y21(6, ¢) = 2e- f &X' p(x")zRe (X' — iy")(x + iy))
(11.32)
15

&X' p(xX)z (xx" +yy'),
47r

and
q2,07 2Y20(6, ¢) = fd3x’p(x’) (3(z’)2 - (r’)2) (312 - rZXJ 1.33)

The dipole term of the potential is

16

1 4n (4z;rfd3x'/)(x)(xx +yy)+ifd3xlp(xl)zlz)

x- f P p(x )Y (11.34)

drey 33

Amenr3
X-p
Aregrd’

as obtained directly when a strict dipole approximation was used. Summing
all the terms for the quadrupole gives

1 47r( 15
drer 5 16

+ y fd3x’p(x’)zz’ (xx" +yy")

f &X' p(x) () = ")) = y) +4xx'yy)

16 Exp(x’ )(3(Z ) - (r/)z) (322 - "2)>

1 1
= f &3 p(x) 7 (3 (7 = 61D = y%) + dax'yy)

+ 1277 (xx" +yy")
+ (3(z’)2 - (r’)z) (3z2 - rz)).
(11.35)
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The portion in brackets is

3((() = 0N = y) +4xx'yy)

+12z7 (xx’ +yy')
+(2@7 - () - 7)) (287 - 2 -y)

= (3() = 30" - (2@ - () - 0)?))

7 (2300 +30/)7 - (2 - () = ("))

+222 (2@ - () - 0')?) (11.36)

+12xx'yy + xx'z7 +yy'z7
=22 (2(<)* - ') - @)

+2y (20/)* = ()’ = (2)?)

+22 (26 - () - (v')?)
+12xx"yy" + xx'z7' + yy'z7 .

The quadrupole sum can now be written as

1 1
S T3 f & xp(x')( (3(') = (r')’)

+ y2 (3())/)2 _ (r/)Z) + Z2 (3(21)2 _ (r/)Z)

+3 (yx'y +yxy' X+ x2x'? + axd X+ yzy'd + 2y2y')),

(11.37)

which is precisely eq. (11.11), the quadrupole potential stated in the text
and class notes.

11.2 PROBLEMS.

Exercise 11.1 Dipole multipole moment.

Following Jackson [8], derive the electric field contribution from the dipole
terms of the multipole sum, but don’t skip the details.

Answer for Exercise 11.1

The components of the electric field can be obtained directly from the
multipole moments

1 4n
d(x) = Yim, 11.38
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so for the [, m contribution to this sum the components of the electric field
are

1 [+1

E. =— ——— g Yim, 11.39
r € Z (2l+ 1)r1+2q1m im ( )
Eg = ! ! 0gY, (11.40)
E4 = ! ! 0sY

¢ €0 (21+ 1)rl+2 Sintem ¢~ im (]14])

1 jm
LI ..
p 2 21+ 1y sin g Tim*1m

Here I've translated from CGS to SI. Let’s calculate the [ = 1 electric
field components directly from these expressions and check against the
previously calculated results.

2 2
12 3 Y 3
b= o [2 [ \ s‘) Re{(pe—dpysind) ( V 4,,] e 9]

e (px sin@cos ¢ + p, sin@sin ¢ + p, cos 9)
TTeyr

1
= 2p - f.
4meyr3 P

A

(11.42)

Note that

3 .
0gY11 = — | — cos fe’?, (11.43)
8
3 .
BeY1_1 = 1| — cosfe™?, (11.44)
8
SO
11 [3 ? [3 ’
Eg = —6—03?[2(— @] Re((px—jpy)coseem)—( E) D: sin@]

PxCOs@cos ¢ + p,cosfsing — p, sin 9)

and

Ameyr3 (
1 "

- _ 8.

dreyr’ P

(11.45)
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For the ¢ component, the m = 0 term is killed. This leaves

Ey=—t b GanYi = jar 1Y)
¢ = e 373 sin 6 Jaiirir — Jjqi1,-141,-1
1
R R A R
3€or3sin9(]qll 11— Jj(=1) q11 11)
2 1 | y
= — m
€ 3r3sinf auti
2
=#Im —ﬂi (px—jpy)sin0e7¢ (11.46)
3eyr3 sin 6 8
_ _ Jjé
_47'(60}”3 Im((px ]py)e )
= ! (pxsinq)—pycosqﬁ)
4rreyr3
__p¢
dneor’
That is
E, = 2 t
T 47reor3p
1 N
Ey=-— -0 11.47
¢ 47reor3p ( )
1 N
Ey=- ¥)
¢ 47reor3p

These are consistent with equations (4.12) from the text for when p is
aligned with the z-axis. Observe that we can sum each of the projections of
E to construct the total electric field due to this / = 1 term of the multipole
moment sum

|
E= s (200909~ b0p-0) s

= Iner Gi(p-£)-p),

which recovers the expected dipole moment approximation.

&9
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FRESNEL RELATIONS.

12.1 SINGLE INTERFACE TE MODE.

The Fresnel reflection geometry for an electric field E parallel to the
interface (TE mode) is sketched in fig. 12.1.

A
N

Figure 12.1: Electric field TE mode Fresnel geometry.

8; = eyEjel@IkiX, (12.1)
with an assumption that this field maintains it’s polarization in both its
reflected and transmitted components, so that

8, = eyrE;el =KX, (12.2)
and

8, = extE;e/ X, (12.3)
Measuring the angles 6;, 6,, 6; from the normal, with i = ese; the wave
vectors are

K; = eskie = k; (e3cos6; + e siné;),

k, = —eskie " = ky (—e3cos 6, +e;sinf,), (12.4)

k; = e3k2€i0' =k (63 cos 0; + e sin 9,) .
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So the time harmonic electric fields are
E; = exE;exp (—jki (zcos6; + xsin6;)),
E, = exrE;exp (—jk (—zcos 6, + xsiné,)), (12.5)
E, = extE;exp (—jko (zcos 6, + xsin6;)) .

The magnetic fields follow from Faraday’s law

1
H=——VXxE
—Jjwu
1 .
= — VX e /KX
—jwu
1 .
= — ey x Ve k¥ (12.6)
Jjop
1 .
=——e) X ke /KX
wp
1
= —kxE.
Wy
‘We have

k; X e, = —ej cosf; +e3sinb;

Kk, X e, =ejcos0, +e3sinf, (12.7)

k, x ey = —e| cos 6, + ez sin b,

Note that
ko k
wu kv
= _Vﬁ
u (12.8)
_ \/?
u
1
T]’
SO
E; . . .
H; = — (—e; cos6; + e3 sin ;) exp (—jk; (zcos6; + xsin6;))
m
}"Ei . . :
H, = — (e; cos 6, + e3sin0,) exp (—jk; (—zcos 6, + xsinb,)) (12.9)
m

tE;
H, = — (—ej cos 6, + e3sinb,) exp (—jk (zcos b, + xsiné,)).
m



12.1 SINGLE INTERFACE TE MODE.

The boundary conditions at z = 0 with i = e3 are

ﬁXH] ZﬁXHz,
n-B; =n0-B,,
NnxXE; =naxE,,
n-D; =h-D;.

At x = 0, this is

1 r t
——cosf; + —cosf, = —— cos O,
m m m

ki sin@; + kyrsin @, = kyt sin 6,

1+r=rt

When ¢ = 0 the latter two equations give Shell’s first law

‘ sin9; = sin G,.. ‘

Assuming this holds for all r,  we have

ki sin0;(1 + r) = kytsin 6;,

which is Snell’s second law in disguise

ki sin6; = kp sin 6,.

With

so eq. (12.14) takes the form

‘ ny sin 6; = ny sin ;.

With

ki, = ky cos6;

ko, = ky cos 6y,

(12.10)

(12.11)

(12.12)

(12.13)

(12.14)

(12.15)

(12.16)

(12.17)
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we can solve for r, ¢ by inverting

pokiz puikoc| | _ \pokiz| (12.18)
-1 1 t 1
which gives
rl_ 1 ke ﬂZklz’ (12.19)
t] |1 ok || 1
or
Mok — piko;
"= kip + pika;”
M2K1z %
12.20
_ 2ﬂ2klz ( )
ok, +N1k21.

There are many ways that this can be written. Dividing both the numerator
and denominator by u;urw/c, and noting that k = wn/c, we have

& cosf; — Z—z cos 6,

_ M
"= U cosH; + 22 cos b,
e e (12.21)
Z#—icosei

mn
Hi

which checks against (4.32,4.33) in [6].

cos 6; + Z—i cos 6,

12.2 SINGLE INTERFACE TM MODE.

For completeness, now consider the TM mode. Faraday’s law also can
provide the electric field from the magnetic

RxH:nRx(ﬁxE)

= -k - (k AE) (12.22)

—

SO

E = 7H x k. (12.23)
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So the magnetic field components are

E.
H; = e;— exp (—jki (zcosb; + xsin6;))
m

E.
H, = e;r— exp (- jki (-zcos 6, + xsin6,)) (12.24a)
m
Ei . :
H; = e;r-— exp (—jka (zcos 6, + xsin b)),
Up)

and the electric field components are

E; = —E; (—e; cos 0; + e3 sin ;) exp (—jk; (zcos §; + xsin6;))
E, = —rE; (e; cos 0, + e3 sin6,) exp (—jk; (—zcos 6, + xsin6,))
E, = —tE; (—ej cos 6, + e3 sin ;) exp (—jkz (zcos 0, + xsin6;)) .

(12.24b)
Imposing the constraints eq. (12.10), at x = z = 0 we have
1 t
—(l+r)=—
m m
(12.25)

cosf; —rcosd, =tcos b,

€1 (sin6; + rsiné,) = te; sin 6,

At t = 0, the first and third of these give 8; = 6,. Assuming this incident
and reflection angle equality holds for all values of ¢, we have

sin6;(1 + 1) = 12 sin g,
m €l (12.26)
sing,—t =
m
or
€111 Sin 6; = ey, sin ;. (12.27)

This is also Snell’s second law eq. (12.16) in disguise, which can be seen

- vem (12.28)
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The remaining equations in matrix form are

cosf; cosb:||r _ cos 6; ’ (12.29)
-1 oy 1

mn

the inverse of which is

r| 1 Z—; —cos 6 ||cos 6;
t| fcosfi+cosb |1 cosd 1

(12.30)
I S [Z—; cos 6; — cos ﬂ
Z—; cos 0; + cos 6, 2 cos 6; ’
or
11 cos 0; — np cos 6,
=7710059i+7720059t (12.31)

B 21, cos 6;
"~ picosb; +mpcosl;,

Multiplication of the numerator and denominator by c¢/n11,, noting that
c/n = n/u gives

n .
4 €08 0; o €0s 0,

n
H2

cos 6; + Z—] cos 6,
. (12.32)
27 cos 6;

t= Hi

n
H2

which checks against (4.38,4.39) in [6].

cos 6; + Z—i cos 6,

12.3 NORMAL TRANSMISSION AND REFLECTION THROUGH TWO INTER-
FACES.

The geometry of a two interface configuration is sketched in fig. 12.2.
Given a normal incident ray with magnitude A, the respective forward and
backwards rays in each the mediums can be written as

I

— Ae_.jklzz

. (12.33)
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e Bl s
/

/

/ —7

= 3

Figure 12.2: Two interface transmission.

II
— Ce_ijZZ
«— DeijZZ’
III
o Age ),

Matching at z = 0 gives
Atjp+ 1D =C
Ar = Arip + Dty

whereas matching at z = d gives

At = Ce_jkzzdl‘%

Delkud — Cpikad 3.

INTERFACES.

(12.34)

(12.35)

(12.36)

(12.37)

We have four linear equations in four unknowns r, ¢, C, D, but only care
about solving for 7, . Let’s write y = e/ C’ = C/A, D’ = D/A, for

o + 1’21D, =’
r=rpp+ Dll‘gl
ty = C’l‘23
D,’y2 = C'r23.
Solving for C’, D’ we get

2
D’ (7 —r21r23) = 112723

C’ (72 - r21r23) = 11272,

(12.38)

(12.39)
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SO

112021123
7’2 — i3
oy
72 — 113

r=rpp+
(12.40)
=13

With ¢ = —jko,d, or y = e7/?, we have

+ l12l217’23€2j¢
r=rp+t-—m——-+
1- 7’21r23€2]¢

e (12.41)

112123
1 = r21r2362j¢’ '

A slab.  When the materials in region I, and III are equal, then rj; = r3,.
For a TE mode, we have

ki; — ik
_ M2K1z — HiR2z —— (12.42)

rip = =
pokyz + piko;

so the reflection and transmission coefficients are

TE _ 1 t12t21ezj¢
resre|l-r—5—
1 —r5e%¢

o0 (12.43)

TE _ f12021
re= 2 2"
l—rZIe

It’s possible to produce a matched condition for which r; = rp; = 0, by
selecting

0 = uoky; — prky,

1 1
= H1M2 (/J_lklz - ,u_szZ) (1244)
1 1
= | —=60 — ——0:|,
Vg Va2
or
1 1
—cos ) = —cos by, (12.45)
m m

so the matching condition for normal incidence is just

nm =nn. (12.46)
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Given this matched condition, the transmission coeflicient for the 1,2
interface is

_ 2wk,
pokyz + piko;
2k

2ok,
=1,

2
(12.47)

so the matching condition yields

t = tiatye’?
_ it (12.48)

— e_ijZd_

Normal transmission through a matched slab only introduces a phase
delay.

12.4 TOTAL INTERNAL REFLECTION.

From Snell’s second law we have

6, = arcsin (E sin e,-) . (12.49)

ny
This is plotted in fig. 12.3. For the n; > n, case, for example, like shining

0

i
2 — ny/n=1/2
— ny/n; =2

T

4

T

8
T T O
8 4 2

Figure 12.3: Transmission angle vs incident angle.
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from glass into air, there is a critical incident angle beyond which there
is no real value of 6,. That critical incident angle occurs when 6, = 7/2,
which is

sin 6y, = %sin(n/Z). (12.50)

With
n=n./n;, (12.51)

the critical angle is
6, = arcsin(n). (12.52)

Note that Snell’s law can also be expressed in terms of this critical angle,
allowing for the solution of the transmission angle in a convenient way

. ny .
sinf; = — sin 6,

i (12.53)
nsin 6;

sin ;. sin 6;,

or

sin 6;

sin 6, (12.54)

sin6;,
Still for n; > ny, at angles past 6;., the transmitted wave angle becomes
complex as outlined in [8] , namely

cos? 6, =1- sin’ 0,

1 sin® 0;
sin? 6;c (12.55)
)
9.
=_(s'm2 ; _1)’
sin” 6;,
or
)
9.
cos by = jy|—5— — 1. (12.56)
sin” 6;.

Following the convention that puts the normal propagation direction along
z, and the interface along x, the wave vector direction is

A

€310,

k= ese (12.57)
= e3 cos b, + e sin b,.
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The phase factor for the transmitted field is

exp (jwt £ jK; - X) = exp ( jot + jkk, - x)
= exp (jwt + jk (zcos 6, + xsin6,))

.0 .
0; 0;
=exp[jwtijk[zj sz d —l+xSln l]]

sin Bic sin Oic
- sin 0; sin” 6; |
= wt + X— -z - .
P/ M Sin by, sin® 6;,
(12.58)

The propagation is channelled along the x axis, but the propagation into
the second medium decays exponentially (or unphysically grows exponen-
tially), only getting into the surface a small amount. What is the average
power transmission into the medium? We are interested in the time average
of the normal component of the Poynting vector S - fi.

1
S=-ExH"
2

1 1.
= -E x (—k, X E*)
2 n

. _%E (& AEY) (12.59)

1 L .
—Z((E-k,)E -kE-E)
1.
= —k/El*.
2 (| El

k, -0 = (e3cos6; +e;sind;) - e3
= cos 6,

(12.60)
.| sin?§; |
=\ b
sm29ic

Note that this is purely imaginary. The time average real power transmis-
sion is

02
R . | sin” 6; 1
(S-n) = Re[Jw/sinZH‘l‘ - 1—277IE|2] (12.61)
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There is no power transmission into the second medium at or past the
critical angle for total internal reflection.

12.5 BREWSTER’S ANGLE.

Brewster’s angle is the angle for which there the amplitude of the reflected
component of the field is zero. Recall that when the electric field is paral-
lel(perpendicular) to the plane of incidence, the reflection amplitude ([6]
eq. 4.38)

Y cos@; — X cos 6,
a (12.62)

r” = n; ’
cos6; + 2 €08 o,
1

=

u: cosf; — % cos 6,
ro= 4 . (12.63)
ZT{ cosf; + l% cos 6,

There are limited conditions for which r, is zero, at least for y; = u;. Using
Snell’s second law n; sin 6; = n; sin 6;, that zero is found at

n; cos 6; = n; cos 6;

”12 )
=n; 1——251n 0;,
nt

or
2 2
n. n.
— cosf;=1- —= sin® 6;, (12.65)
nt nt
or
2
n.
- (cos2 6; + sin? e,-) = 1. (12.66)
nt

This has solutions only when n; = +n,. The n; = n, case is of no interest,
since that is just propagation, so naturally there is no reflection. The
n; = —n, case is possible with the transmission into a negative index of
refraction material that is matched in absolute magnitude with the index
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of refraction in the incident medium. There are richer solutions for the 7
zero. Again considering u; = u; those occur when

n; cos 0; = n; cos 6,

n?
= niq|1 - =5 sin°6;
" (12.67)
n?
=n;4|l - —’2 sin® ;.
nl

Let n = ny/n;, and square both sides. This gives

1 .
n’ cos’ 0i=1-— sin® 0;

nlz (12.68)
=1-—(1-cos’6,),
n

or
cos“ 6;|n +—= :1——2, (12.69)
n n
or
1- 4L
cos? 6; = > "21
nt =iz
_ n? -1
T A (12.70)
_ n? -1
T m2-Dm*+ 1)
B 1
T2+ 1
We also have
1
sin® 6 = 1 — —
S +1 (12.71)
_n
T2+ 1

SO

tan’ 6; = n, (12.72)
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and

tan0;p = *n,

(12.73)

For normal media where n; > 0,n, > 0, only the positive solution is

physically relevant, which is

O = arctan(ﬁ). (12.74)
n;
12.6  PROBLEMS.
Exercise 12.1 Fresnel sum and difference formulas. (/6] pr. 4.39)

Given a ) = uy constraint, show that the Fresnel equations have the form

sin(6; + 6;)

rTM — tan(@i - 0[)
tan(0; + 6,)

TE _ 2 sin 8; cos 6;
© sin8; + 6,)

™ = sin(0; + 6;) cos(0; — 6,).

Answer for Exercise 12.1

We need a couple trig identities to start with.

sin(a + b) = Im (ej(‘”b ))
=Im (ej“e+jb)
= Im((cosa + jsina)(cosb + jsinb))
= sinacosb + cosasinb.

Allowing for both signs we have

sin(a + b) = sinacos b + cosasinb

sin(a — b) = sinacos b — cosasinb.

(12.75a)

(12.75b)

(12.75¢)

(12.75d)

(12.76)

(12.77)
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The mixed sine and cosine product can be expressed as a sum of sines

2sinacos b = sin(a + b) + sin(a — b). (12.78)
With2x =a+b,2y=a—-b,ora=x+y,b=x-y, we find

2 sin(x + y) cos(x — y) = sin(2x) + sin(2y) (12.79)
2sin(x — y) cos(x + y) = sin(2x) — sin(2y). '

Returning to the problem. When u; = u, the Fresnel equations were found
to be

TE _ 1 €086 —nycos b,

ny cos 6; + ny cos 6;
™ 1208 68; —njcos b

no cos 6; + ny cos 6,

TE 2n1 cos 0; (12.80)

nj cos 6; + ny cos 6,
™ _ 2n; cos 6;

1y cos0; +ny cos 6,
Using Snell’s law, one of n1, ny can be eliminated, for example

sin 6,

(12.81)

ny=n——-.
sin 6;

Inserting this and proceeding with the application of the trig identities
above, we have

sin 6; L
TE _ n2 g €08 6; — ny cos 6,
- sin 6; )
n2 g €08 6; + ny cos 6,
sin 8, cos 8; — cos 0; sin 0; (12.82a)
sin 8; cos §; + cos 0, sin 6;
sin(6; — 6;)

sin(6; + 6;)
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sin 0,

1z €os 0; — ny o %

cos 6
™ _ !

no cos 6; + ny :I;—ZE cos 6,

sin 6; cos 8; — sin 6, cos 6,

sin 6; cos 0; + sin ; cos 6,

1sin(26;) — 1 sin(26,) (12.82b)
1sin(26;) + 1 sin(26,)

sin(6; — 6;) cos(6; + 6;)

sin(6; + 6;) cos(6; — 6;)

tan(0; — 6;)

tan(0; + 6;)

sin 6; )
TE 2ny 5 5 COS 0

sin 6; )
smg, €08 6; + ny cos 6;

2 sin 6, cos 6; (12.82c¢)
sin 6; cos 0; + cos 0; sin 6;
2 sin 8; cos 6;

sin(6; + 6;)

na

sin 6; .
™ 2ny sng, €08 0;

sin 6;
sin 6; cos 0;

B 2 sin @, cos 6;
~ sin#; cos 0; + sin 6§, cos 6, (12.82d)
2 sin 6, cos 6;
3 sin(26;) + 1 sin(26,)
B 2 sin 0; cos 0;
~ sin(; + 6,) cos(6; — 6,)

ny cos 6; + ny

Exercise 12.2 Fresnel TM equations.

For the geometry shown in fig. 12.4, obtain the TM (E) Fresnel reflec-
tion and transmission coeflicients. Express your results in terms of the
propagation constant ki, and ky,, (i.e., the projection of k; and k, along
z-direction.) Note that the interface is at z = 0 plane.

Exercise 12.3 Two interfaces.
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x
Medium 1 AN  Medium 2

k! Eﬂ E

0]/

91 Z ralt
k,

EN

Figure 12.4: TM mode geometry.

a. Give the TE transmission function 7TE(w) for a slab of length d

with permittivity and permeability e, uo, surrounded by medium
characterized by € and y; as shown in fig. 12.5. Make sure you
provide the expressions for the terms appearing in the transmission
function 7 TE(w).

. Suppose medium (II) is a meta-material with e, = —€; and up =
—u1, where €; > 0 and ¢; > 0. What is the transmission function
TTE(w) in this case. Express your results in terms of the propaga-
tion constant in medium (1), i.e. k.

. Now consider a source located at z = 0 generating a uniform plane
wave, and for simplicity suppose a one-dimensional propagation.
What is the field at the second interface z = 2d. What is the meaning
of your results?

%) ) )
gl’/ll gl’lllz Sl’/'ll
7=0 Z
7=d 7-2d

Figure 12.5: Slab geometry.

Exercise 12.4 One dimensional photonic crystal.
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Consider an infinitely periodic one dimensional photonic crystal (1DPC)
shown in fig. 12.6 below where n; and n; are the indices of refractions (in
general complex) associated with the regions i and j having thicknesses d;
and d;. The one period transfer matrix M relates the fields according to

Lil = M| L+l (12.83a)
Er,i Er,i+l
M=g|* P (12.83b)
b a
! (12.83¢)
g= i .83¢
1-p7;

and p; ; is the Fresnel coeflicient. Give the expressions for a, a, b, b in terms
of B;, B, and p; ; where the phase constants in regions i and j are

Bi = Lnid; cos 6; (12.84a)
C

B; = Znjd;cosd;, (12.84b)
C

and 6; or 6; are the incident angles.

n n
/ J
G-b ® (j) (i+h G+
E/I.: E/_1+1
£, —
E/__/ E/>1+l
E/'r E"/
‘ El‘[+1 4
E,,/ — Er_;-l
VA
d, d, |
N iod |
[« —————— One period,|
| .
7=0 Fig.1.1

Figure 12.6: 1DPC photonic crystal.
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Exercise 12.5 Finite length photonic crystal.

Consider a truncated (finite length) one dimensional photonic crystal
shown in fig. 12.7 below, in which there are N dielectric slabs of index
n; and length d;. Find the transmission and reflection functions for this
structure as a function of Ay, A2, a, b, g and 3;, where 1; and A, are the
eigenvalues of the one period matrix M given in problem 3 of last week
and a, b, g, and B; are also defined in the same problem.

— @ | O

Figure 12.7: Finite photonic crystal.

Exercise 12.6 Eccostock example.

Use the expression for transmission function obtained above and the
values and instructions below to plot the following at normal incidence:

a. Transmission magnitude and phase as a function of frequency for

the case N = 3.
b. The group delay as a function of frequency for the cases N =
1,2,3,4.
c. The group velocity as a function of frequency for the cases N =
1,2,3.
e n; = 1 (this is air), n; = 3.4 — j0.002 (this is Eccostock).
e d; =1.76 [cm]

e d;=133[cm]
e [pc = (N— 1)(61, +dj)+dj
e Frequency range for all plots: 20 [GHz] to 23 [GHz].

e Use linear scale for transmission magnitude (not dB) and
express the transmission phase in Degrees.

e Plot the group delay in nanosecond.

e Plot the group velocity in units of V,/c, where c is the speed
of light in vacuum.
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GAUGE FREEDOM.

13.1 PROBLEMS.

Exercise 13.1 Potentials under different gauges.

Using the non-existence of magnetic monopole and Faraday’s law

a. Define the vector and scalar vector potentials A(r, f) and V(r, t).

b. LetJ = J; + J. be the current [A/m] and p be the charge [C/m]
densities. Assuming a simple medium and Lorentz gauge, derive
the decoupled non-homogeneous wave equations for A(r, t) and

V(r,1).

c. Replace the Lorentz gauge of part b with the Coulomb gauge, and
obtain the non-homogeneous differential equations for A(r, f) and

V(r,1).

d. What fundamental theorem allows us to use different gauges in

part b and part b ? (Justify your answer.)

Note:  From the problem’s statement, it should be clear that I
want the results for the instantaneous fields and not in the form of

time harmonic fields.






USEFUL FORMULAS AND REVIEW.

d_F gl
VE_RZ = vR (A.1)
. R
VR=*¢= = (A.2)
_ o
V/(R) = ¢ o (A.3)
—v21 = 476(R) (A.4)
R
€1 € €3
Vxft=\9/0x 0/dy 0/0z (A.S)
i fH L
Vx(VxA)=V(V-A)-V?A (A.6)

Proofs.  This result was used in ps1 problem 3,5, and 6.
VX (VXA) = €pceilp (ErsterasAt)c

= EubceaabecstasAt

= 600e,0,0,A, (A7)

= eaab (aaAb - abAa)

=V(V-A)-V?A

Cylindrical coordinates.

p=e
¢ = e’ (A.8)
i=¢e
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0P =
P ¢A (A.9)
Oy = —Pp
p— ~ $ A
V =po, + /—)8,,5 + 20, (A.10)
1 1
VA= GplpA) + ey + 0A: (A11)

1 . 1
VXxA=p (;a‘,jAZ - BZA¢) +(0:A, - 0pA;) + ;2 (0p(pAg) — 04A,)

(A.12)
2 2
szlﬁ(pﬁ)+i8_+ﬁ_ (A.13)
pop\ dp] p*op* 072
Spherical coordinates.
P =ee?sind+e;3cos6
0 = cos fe; e — sin Oe3 (A.14)
(} = 62€i¢
9ot =
8¢f' = Sg¢
90 = -
R n (A.15)
046 = Cop
Ay =0
Oy = —1Sy—0Cy
d 690 é 0
V=t—+-— — Al
Yor T 70 T rsin0og (A.16)
VA—la(rzA)+L6(SA)+L6A (A.17)
—rzr r I‘Sg9 646 rSg¢¢ .
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1 1
VXA =1|—0p(SgAp) — —0pA
r(r59 (S 9Ag) 5,00 9)

| | | | A.18)
+ 9(—6¢A, - —(9,(rA¢)) +é (—a,(rAg) — —0pA,
rSo r r r

2
vzw—lﬁ(2‘9—‘”)+ ! a(sinea—w)+ LY (5 19)

2 or d or 2sin6 90 r2 sin® § 0¢?

Vector calculus.  Enumerate various vc theorems (divergence, curl, the
cross product version used in the BC problem, ...)

Normal and tangential decomposition.  The decomposition of ?? can be
derived easily using geometric algebra

A

Il
=

’A
(A.20)
(A-A)+AAAA)

Il
=

The last dot product can be expanded as a grade one (vector) selection

A A A) = @ A A)Y,
= (RAI(A X A));
= I’ x (A X A)
=-nx{mxA),

(A21)

so the decomposition of a vector A in terms of its normal and tangential
projections is

A =h(h-A)—fx(f X A). (A.22)

I’'m not sure how to naturally determine this relationship using traditional
vector algebra. However, it can be verified by expanding the triple cross
product in coordinates using tensor contraction formalism

—-AX (A XA)=—€y.en, (A xA),
= —€xy €My €5 A

= —6£Crys]exnynrAs (A.23)

= —e,n, (nxAy - nyAx)
= —f(h-A)+ (h-n)A
=A-1f(h-A).
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This last statement illustrates the geometry of this decomposition, showing
that the tangential projection (or normal rejection) of a vector is really just
the vector minus its normal projection.



GEOMETRIC ALGEBRA.

Having used geometric algebra in a couple problems, it is justified to
provide an overview. Further details can be found in [4], [3], [9], and [7].
geometric algebra defines a non-commutative, associative vector product

abc = (ab)c = a(bc), (B.1)
where the square of a vector equals the squared vector magnitude
a’ = Jaf’, (B.2)

In Euclidean spaces such a squared vector is always positive, but that
is not necessarily the case in the mixed signature spaces used in special
relativity. There are a number of consequences of these two simple vector
multiplication rules.

e Squared unit vectors have a unit magnitude (up to a sign). In a
Euclidean space such a product is always positive

(e))* = 1. (B.3)

e Products of perpendicular vectors anticommute.

2=(e1 +e)’
= (e; +ey)(e; +e) (B.4)
= e% + exe; +ejer + e%
=2 +ee; +ee.

A product of two perpendicular vectors is called a bivector, and can
be used to represent an oriented plane. The last line above shows
an example of a scalar and bivector sum, called a multivector. In
general geometric algebra allows sums of scalars, vectors, bivectors,
and higher degree analogues (grades) be summed. Comparison of
the RHS and LHS of eq. (B.4) shows that we must have

ee; = —eje). (B.5)
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It is true in general that the product of two perpendicular vectors
anticommutes. When, as above, such a product is a product of two
orthonormal vectors, it behaves like a non-commutative imaginary
quantity, as it has an imaginary square in Euclidean spaces

(e1€2)” = (e1€2)(er€2)

ei(eze))er (B.6)
—ej(ejex)e;

—(erey)(exe2)

=-1.

Such “imaginary” (unit bivectors) have important applications de-
scribing rotations in Euclidean spaces, and boosts in Minkowski
spaces.

The product of three perpendicular vectors, such as
I = €jeres, (B.7)

is called a trivector. In IR3, the product of three orthonormal vec-
tors is called a pseudoscalar for the space, and can represent an
oriented volume element. The quantity I above is the typical orien-
tation picked for the IR? unit pseudoscalar. This quantity also has
characteristics of an imaginary number

12

(ejeze3)(erezes3)
= erex(esey)ezes
—€1€2€1€3€2€3
—ej(ezer)(esez)e;
—ej(erez)(ezez)e;
- el

=-1.

(B.8)
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e The product of two vectors in IR? can be expressed as the sum of a
symmetric scalar product and antisymmetric bivector product

ab = zn: eieja,-bj
—Zezab + Z ee;ab; (B.9)

0<i#j<n

—Zab+ Z ee;j(ab; —a;b;).

O<i<j<n

The first (symmetric) term is clearly the dot product. The antisym-
metric term is designated the wedge product. In general these are
written

ab=a-b+aAb, (B.10)

where

(B.11)

The coordinate expansion of both can be seen above, but in IR? the
wedge can also be written

aAnb=eees(axb)=1I(axb). (B.12)

This allows for an handy dot plus cross product expansion of the
vector product

ab=a-b+I(axb). (B.13)

This result should be familiar to the student of quantum spin states
where one writes

(o-a)(o-b)=(a-b)+i(axb)-o. (B.14)

This correspondence is because the Pauli spin basis is a specific
matrix representation of a geometric algebra, satisfying the same
commutator and anticommutator relationships. A number of other
algebra structures, such as complex numbers, and quaternions can
also be modeled as geometric algebra elements.
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o It is often useful to utilize the grade selection operator (M), and
scalar grade selection operator (M) = (M), to select the scalar,
vector, bivector, trivector, or higher grade algebraic elements. For
example, operating on vectors a, b, ¢, we have

(ab) =a-b
(abc); =a(b-c)+a-(bAc)
=a(b-¢c)+(a-b)c—(a-c)b (B.15)
(ab); =aAb

(abc); =aAbAc.

Note that the wedge product of any number of vectors such as
aAb Acis associative and can be expressed in terms of the complete
antisymmetrization of the product of those vectors. A consequence
of that is the fact a wedge product that includes any colinear vectors

—(Example B.1: Helmholz equations.}

in the product is zero.

As an example of the power of eq. (B.13), consider the following
Helmholtz equation derivation (wave equations for the electric and
magnetic fields in the frequency domain.) Application of eq. (B.13)
to Maxwell equations in the frequency domain for source free simple
media gives

VE = — jwIB (B.16a)

VIB = —jwueE. (B.16b)

These equations use the engineering (not physics) sign convention
for the phasors where the time domain fields are of the form &(r, ¢) =
Re(Ee/“"). Operation with the gradient from the left produces the
Helmbholtz equation for each of the fields using nothing more than
multiplication and simple substitution

V’E = —puew’E (B.17a)

V2IB = —uew?IB. (B.17b)
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There was no reason to go through the headache of looking up or de-
riving the expansion of V X (V X A) as is required with the traditional
vector algebra demonstration of these identities. Observe that the
usual Helmholtz equation for B doesn’t have a pseudoscalar factor.
That result can be obtained by just cancelling the factors / since the
IR3 Euclidean pseudoscalar commutes with all grades (this isn’t the
case in R? nor in Minkowski spaces.)

{Example B.2: Factoring the Laplacian.}

There are various ways to demonstrate the identity
Vx(VxA)=V(V-A)-V?A, (B.18)

such as the use of (somewhat obscure) tensor contraction techniques.
We can also do this with geometric algebra (using a different set of
obscure techniques) by factoring the Laplacian action on a vector

V?A = V(VA)
=V(V-A)+V-(VAA) +VAVAA
=V(V-A)+V-(VAA).

Should we wish to express the last term using cross products, a grade
one selection operation can be used

V- (VAA)=(V(VAAY,
= (VI(V X A)),
= (IV A (V X A)), (B.20)
= (12v x (V X A))1
=-VXxX(VxA).

Here coordinate expansion was not required in any step.
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ELECTROSTATIC SELF ENERGY.

Motivation. 1 was reading my Jackson [8], which characteristically had
the statement “the [...] integral can easily be shown to have the value 47,
in a discussion of electrostatic energy and self energy. After a few attempts
and a couple of pages of calculations, I figured out how this can be easily
shown.

Context.  Let me walk through the context that leads to the “easy” in-
tegral, and then the evaluation of that integral. Unlike my older copy of
Jackson, I’ll do this in SI units. The starting point is a statement that the
work done (potential energy) of one charge g; in a set of n charges, where
that charge is brought to its position x; from infinity, is

Wi = qiP(xy), (C.I)

where the potential energy due to the rest of the charge configuration is

d(x;) = Z

This means that the total potential energy, making sure not to double count,
to move all the charges in from infinity is

(C.2)
|Xl - XJ|

1 .7 -
W= — 94) (€3)

€ X
1<i<j<n |Xt XJ|

This sum over all unique pairs is somewhat unwieldy, so it can be adjusted
by explicitly double counting with a corresponding divide by two

o (C4)

2 4re | _ |
1<izj<n [Xi T Xj

The point that causes the trouble later is the continuum equivalent to this
relationship, which is

1 px)px’)
"~ 8re X — x’|

o T Pxd’x (C.5)
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or

W = % f P(X)D(X)d’x. (C.6)
There’s a subtlety here that is often passed over. When the charge densities
represent point charges p(x) = q63 (x — x’) are located at, notice that this
integral equivalent is evaluated over all space, including the spaces that the
charges that the charges are located at. Ignoring that subtlety, this potential
energy can be expressed in terms of the electric field, and then integrated
by parts

W= % f (V - (eE))P(x)d’x

- gf(v-(ECD)—(VCD)-E)ch (C.7)
=€ 5 € B3
—256dAn (E©)+2fE Ed’x.

The presumption is that E® falls off as the bounds of the integration
volume tends to infinity. That leaves us with an energy density proportional
to the square of the field

€
= -E% C.8

W=z (C.9)

Inconsistency.  It’s here that Jackson points out the inconsistency be-
tween eq. (C.8) and the original discrete analogue eq. (C.4) that this was
based on. The energy density is positive definite, whereas the discrete

potential energy can be negative if there is a difference in the sign of

the charges. Here Jackson uses a two particle charge distribution to help
resolve this conundrum. For a superposition E = E; + E;, we have

_ Lak=x) 1 pE-x)

- , (C.9
dre x—xiP  4mE |x —xof
so the energy density is
e 1 q; 1 % 192 (X—X1) (X—Xp)
Rrlelx - x|t Nrlelx-xoft 2% x-x1P |x-xo
(C.10)

The discrete potential had only an interaction energy, whereas the potential
from this squared field has an interaction energy plus two self energy
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terms. Those two strictly positive self energy terms are what forces this
field energy positive, independent of the sign of the interaction energy
density. Jackson makes a change of variables of the form

p=E=-x1)/R
R=|X1—X2| (C.]l)

fi = (x; —x2)/R,

for which we find

X = X; + Rp, (C.12)
SO

X —Xp = X| — X + RpR(fi + p), (C.13)
and

&’x = R’d’p, (C.14)

so the total interaction energy is

Wine =

9192 fd3 x-x1) (x—x2)
— X .
l6r2e x—x> |x-xf
R R(f +
l6r“e Ripl’ R3h+pl|
20192 fd3 p  (A+p)

~ 167%€R P 1+ pP

Evaluating this integral is what Jackson calls easy. The technique required
is to express the integrand in terms of gradients in the p coordinate system

p (Hi+p) 1 1
I
lol>  [f+p| p p (C.16)

- [2o(sud) (o)

I found it somewhat non-trivial to find the exact form of the chain rule that
is required to simplify this integral, but after some trial and error, figured
it out by working backwards from

1 1 1 1
Vf,A— =V,- (—VPA—) +V,- (A—vp—). (C.17)
ol + pl ol “h+ pl i+ p|l "ol
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In integral form this is

1 1 1
R R N IR
i; Piplla + p| Pre o =al o]
1 1
+ | &Ppv -(A—v —)
f P \Ih+pl Pl
d3 /( - )
f‘ Pm pm
f plp ” p|n+p|
1 1 1
Vp— + fd3pA vo—
ol h+pl ?lpl
—2fd3p(V L) v,
Pla+pl) Pl
1
—Mjﬁw——79w>
lo’
—4n | &p
7[ |+m 5P

1 1
=2 | & (v —) V,— — 8.
‘[ P\ pl) Pl

This used the Laplacian representation of the delta function 6°(x) =
—(1/47)V?(1/Ix]). Back-substitution gives

(C.18)

1
fd3p% B+p) _47r+56dA’ﬁ’-VpA—. (C.19)
lol” 1+ p| ol + pl

We can argue that this last integral tends to zero, since

1 1 1 1 1
5601 " V,———— = 9€dA’ﬁ’ . ((v,,—) — + — (VPA—))
lpllf + p lol) h+pl ol [f + p

1 1 + 1
—SBdA’ﬁ’- L _ L L “g
ﬁ n+pl ol + pl

1 a’ . a . 7N
=—56dA' _ (n L OH;’)).
lollp + 8|\ |p| lo + A

(C.20)
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The integrand in this surface integral is of O(1/p%) so tends to zero on
an infinite surface in the p coordinate system. This completes the “easy”
integral, leaving

fd%%- S““’i = 4r. (C.21)
lol” Ih+ p|

The total field energy can now be expressed as a sum of the self energies
and the interaction energy

1 3 1 3 1
W= fd3x 7 + deX % b9z
32n2¢ |x—x1|4 32n2¢ |X—X2|4 dre |X; — Xo|

(C.22)

The interaction energy is exactly the potential energies for the two
particles, the this total energy in the field is biased in the positive direction
by the pair of self energies. It is interesting that the energy obtained from
integrating the field energy density contains such self energy terms, but I
don’t know exactly what to make of them at this point in time.

127






MAGNETOSTATIC FORCE AND TORQUE.

In Jackson [8], the following equations for the vector potential, magneto-
static force and torque are derived

m:%fixkﬂfﬁ (D.1)
F = V(m-B), (D.2)
N =m x B, (D.3)

where B is an applied external magnetic field and m is the magnetic dipole
for the current in question. These results (and a similar one derived earlier
for the vector potential A) all follow from an analysis of localized current
densities J, evaluated far enough away from the current sources. For the
force and torque, the starting point for the force is one that had me puzzled
a bit. Namely

F:vfﬂmxB@M%. (D.4)

This is clearly the continuum generalization of the point particle Lorentz
force equation, which for E = 0 is:

F = gv xB. (D.5)

For the point particle, this is the force on the particle when it is in the
external field BB. i.e. this is the force at the position of the particle. My
question is what does it mean to sum all the forces on the charge distribu-
tion over all space. How can a force be applied over all, as opposed to a
force applied at a single point, or against a surface? In the special case of
a localized current density, this makes some sense. Considering the other
half of the force equation F = % f pmvdV, where p,, here is mass density
of the charged particles making up the continuous current distribution.
The other half of this F = ma equation is also an average phenomena,
so we have an average of sorts on both the field contribution to the force
equation and the mass contribution to the force equation. There is probably
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a center-of-mass and center-of-current density interpretation that would
make a bit more sense of this continuum force description. It’s kind of
funny how you can work through all the detailed mathematical steps in a
book like Jackson, but then go right back to the beginning and say “Hey,
what does that even mean”?

Force.  Moving on from the pondering of the meaning of the equation
being manipulated, let’s do the easy part, the derivation of the results that
Jackson comes up with. Writing out eq. (D.4) in coordinates

F = i€ f JiBid®x. (D.6)

To first order, a slowly varying (external) magnetic field can be expanded
around a point of interest

B(x) = B(xp) + (x — x¢) - VB, (D.7)

where the directional derivative is evaluated at the point X after the gradi-
ent operation. Setting the origin at this point xg gives

F = e ( f Ji(X)Br(0)d>x' + f Ji(x)(x' - V)Bk(O)d3x’)
(D.8)

= ere/ko f Ji(Xdx + €jre; f Ji(xX )X - V)Br(0)d’x'.
We found in eq. (4.15) that the first integral can be written as a divergence

f Ji(xd>x = f V- (Jx)x)av, (D.9)

which is zero when the integration surface is outside of the current local-
ization region. We also found in eq. (4.21) that

f(x-x’)J:—%xxfx’xJ:mxx. (D.10)

SO

1
f(VBk(O)-X')Jj = —E(VBk(O) X fX' XJ) (D.11)
. .
= (m X (VBr(0))); .
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This gives

F

€ jxe; (m X (VB(0)));
€ijke; (m X V); Br(0)

= (m x V) x B(0)

= _B(0) x (mx V)

= (B(0) -m) V —(B- V)m

= V(B(0) - m) - m(V - B(0)).

(D.12)

The second term is killed by the magnetic Gauss’s law, leaving to first
order

F=V(m-B). (D.13)

Torque.  For the torque we have a similar quandary at the starting point.
About what point is a continuum torque integral of the following form

N= f x' X (J(x') x B(x))d>x'? (D.14)
Ignoring that detail again, assuming the answer has something to do with

the center of mass and parallel axis theorem, we can proceed with a
constant approximation of the magnetic field

N = f X' X (J(X') x BO)d*x’
= f (x"- JX))BOY X + f (x" - BO)I)d> X’ (D.15)
= —B(0) f x - JX)Ndx + f - BN X'

Jackson’s trick for killing the first integral is to transform it into a diver-
gence by evaluating

V- (J1x1?) = (V- DIxP + T - VixP?
=J - €i0iXmXm (D.16)
= 2J : eidl'mxm
=2J-x,
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SO

N = —1B0) f V"(J(X’)|X'|2)d3x'+ f ' - BONIK)d> ¥’
2 (D.17)

= —%B(O) 56 n- (J(x'>lx’|2)d3x’ + f (x" - BONI)dx'.

Again, the localized current density assumption kills the surface integral.
The second integral can be evaluated with eq. (D.10), so to first order we
have

N =mxB. (D.18)



LINE CHARGE FIELD AND POTENTIAL.

When computing the most general solution of the electrostatic potential in
a plane, Jackson [8] mentions that —21g In p is the well known potential
for an infinite line charge (up to the unit specific factor). Checking that
statement, since I didn’t recall what that potential was ofthand, I encoun-
tered some inconsistencies and non-convergent integrals, and thought it
was worthwhile to explore those a bit more carefully. This will be done
here.

Using Gauss’s law.  For an infinite length line charge, we can find the
radial field contribution using Gauss’s law, imagining a cylinder of length
Al of radius p surrounding this charge with the midpoint at the origin.
Ignoring any non-radial field contribution, we have

AlJ2 /lO
f n-EQnrp)dl = —Al (E.1)
-AlJ2 €0
or
P
_ L P (E.2)
2rey p
Since
P Vinp, (E.3)
)

this means that the potential is

24
¢ =-——"1Inp. (E.4)
drey

Finite line charge potential. ~ Let’s try both these calculations for a finite
charge distribution. Gauss’s law looses its usefulness, but we can evaluate
the integrals directly. For the electric field

Ao x-x)
= dar’. E.5
4rey |x — x’l3 E-)
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Using cylindrical coordinates with the field point x = pp for convenience,
the charge point X’ = 7'Z, and a the charge distributed over [a, b] this is
o (P h-ZD)
= daz'.
drneo Ja (p? + (Z/)2)3/2

(E.6)

When the charge is uniformly distributed around the origin [a,b] =
b[—1,1] the 2 component of this field is killed because the integrand
is odd. This justifies ignoring such contributions in the Gaussian cylinder
analysis above. The general solution to this integral is found to be

b
A 2
E= S , (E.7)
TUE
ot +@r e+ @?)),
or
A |p| b 1 1
E= & SR S -
Teo (P \/p2+b2 \/p2+a2 \/p2+b2 \/p2+a2

(E.8)
When b = —a = Al/2, this reduces to
Ao P A
_ Ao p ! (E.9)
4reyg p

P+ (Al 2)2,

which further reduces to eq. (E.2) when Al > p.

Finite line charge potential. Wrong but illuminating. ~ Again, putting the
field point at 7’ = 0, we have

_ /l() b d7’
) = drrey fa (0% + (Zz)z)l/z’ (E.10)

which integrates to

(E.11)
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With b = —a = Al/2, this approaches

Ao (Al]2)
= In
drey  p?/2|Al)2]
=2 Ao

= 1 — In((AD?*/2).
4rreg np+47reo n(( )/)

(E.12)

Before Al is allowed to tend to infinity, this is identical (up to a difference
in the reference potential) to eq. (E.4) found using Gauss’s law. It is, strictly
speaking, singular when Al — oo, so it does not seem right to infinity as
a reference point for the potential. There’s another weird thing about this
result. Since this has no z dependence, it is not obvious how we would
recover the non-radial portion of the electric field from this potential using
E = —V¢? Let’s calculate the electric field from eq. (E.10) explicitly

Aop 1 P

1

Jol

4meo b+ \/,oz+b2 \/p2+b2 a+ \/p2+a2 \/p2+a2

dop |0+ PP+ 7 _mat NP2+ a?

B 4regp /,02 L b2

/l()i) b a

dmeop \/p2 + b2 \/p2 +a?

(E.13)
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This recovers the radial component of the field from eq. (E.8), but where
did the Z component go? The required potential appears to be

b+ +p? +b?
a+ +p*+a?
(E.14)
1

zAo 1

Ay \/p2+b2 \/pz_,_az

When computing the electric field E(p, 6, z), it was convenient to pick the
coordinate system so that z = 0. Doing this with the potential gives the
wrong answers. The reason for this appears to be that this kills the potential
term that is linear in z before taking its gradient, and we need that term to
have the Z field component that is expected for a charge distribution that is
non-symmetric about the origin on the z-axis!

A
$(0,2) = ——1In
drey

Finite line charge potential. Take 1I.  Let the point at which the potential
is evaluated be

X = pp + 22, (E.15)
and the charge point be

X =717 (E.16)
This gives

/l() b d7
#(p,2) = f > >
drey Ja |p +(z—7) '
A fb—z du
4rey a-z |,02 + M2|
A
= —Oln(u + Ap% + uz)
drey bz

o bt \P?+(b=2)?
= n .
4meo a—z+ A[p? +(a—2)?

The limit of this potential a = —A/2 — —oc0,b = A/2 — oo doesn’t exist
in any strict sense. If we are cavalier about the limits, as in eq. (E.12), this
can be evaluated as

a-z (E.17)

A
¢~ —2 (=2 Inp + constant) . (E.18)
drey
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however, the constant (In A?/2) is infinite, so there isn’t really a good
justification for using that constant as the potential reference point directly.
It seems that the “right” way to calculate the potential for the infinite
distribution, is to

e (Calculate the field from the potential.

o Take the PV limit of that field with the charge distribution extending
to infinity.

e Compute the corresponding potential from this limiting value of the
field.

Doing that doesn’t blow up. That field calculation, for the finite case,
should include a Z component. To verify, let’s take the respective derivatives

14 —zb 14 ——za
0 Ao \P?+ (b —2)? \P*+(a—2)7?

_6_z¢ _471'60 B
b—z+ P2 +(—2? a-z+ \p*+(a-2)?

1+ —==— 1+ —=z—
Ao NP2+ (b - 2)? \P? + (a—2)?
dreo b—z+ P>+ (b —2? a-z+ \p*+(a-2)?

Ao 1 1

B B T

bl

(E.19)
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and

Y

s
0 Ao p?+(b—2)? \P*+(a—2)7?

¢ —
ap drey b—z+ +Jp2+(b—2)? a—z+\/m
2 p(—(b—Z)"‘ \/m)

e P2 Jp* + (b — 2)?
p (—(a )+ p*+(a- 1)2)
_ p* \/m
Ao b—-7z a-—7z

dreap \/p2 + (b - 2)? \/p2 +(a —2)?

(E.20)
Putting the pieces together, the electric field is
E - A | P b-z B a-z
 dney | p N
+ (b —2)2 2 4 (g —7)2
\/p (b-2) \/p (a-2) E21)
1 1

+Z -
N EI

This has a PV limit of eq. (E.2) at z = 0, and also for the finite case, has
the 2 field component that was obtained when the field was obtained by
direct integration.

Conclusions.

e We have to evaluate the potential at all points in space, not just on
the axis that we evaluate the field on (should we choose to do so).

o In this case, we found that it was not directly meaningful to take the
limit of a potential distribution. We can, however, compute the field
from a potential for a finite charge distribution, take the limit of that
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field, and then calculate the corresponding potential for the infinite
distribution.

Is there a more robust mechanism that can be used to directly calculate
the potential for an infinite charge distribution, instead of calculating the
potential from the field of such an infinite distribution? I think that were
things go wrong is that the integral of eq. (E.10) does not apply to charge
distributions that are not finite on the infinite range z € [—o0, co]. That
solution was obtained by utilizing an all-space Green’s function, and the
boundary term in that Green’s analysis was assumed to tend to zero. That
isn’t the case when the charge distribution is 1pd(z).
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CYLINDRICAL GRADIENT OPERATORS.

In class it was suggested that the identity
VZA=V(V-A)-Vx(VXA), (E.1)

can be used to compute the Laplacian in non-rectangular coordinates. Is
that the easiest way to do this? How about just sequential applications
of the gradient on the vector? Let’s start with the vector product of the
gradient and the vector. First recall that the cylindrical representation of
the gradient is

V =po, + 584, + 20;, (F.2)
where

p= eleeleza5

& = ezee'ez¢. (F3)

Taking ¢ derivatives of eq. (F.3), we have

AP = ere1ere®1%? = e,e%1%0 = ¢
b A (F4)

0pd = ereje2e1%? = —e( 12 = —p.



142 CYLINDRICAL GRADIENT OPERATORS.

The gradient of a vector A = pA, + $A¢ +2A; is

VA (ﬁap + ga¢ + i@z) (PA, + dAg +12A.)

PO, (PA, +dAs +2A;)

+ %% (PA, + dAy +2A;)

+20; (PAy + Ay +2A.)

P(POpA, + $dpAs+20,A.)

g (06(pAp) + Dg(PAg) + 204A;)
+2(pO-A, + §O-Ay +20-A;)

= 0pA,+ PPo,Ag + PR0,A,

+
(F.5)

1 A A o
+ ; (Ap + ¢p8¢AP - ¢pA¢ + 5¢A¢ + ¢Z8¢AZ)

+2P0,A, +290,Ays + 0 A,

0pA, + % (Ay +04A4) + 0-A;

+2p (0.4, — 9pA;)

+ @2 (lawZ - 8ZA¢)
Jel

+pd (8pA¢ - ll? (04, — A¢)),

As expected, we see that the gradient splits nicely into a dot and curl
VA=V -A+VAA=V-A+pp2a(V xA), (F.6)

where the cylindrical representation of the divergence is seen to be
V- A= /1) o(PAp) + %6¢A¢ + 0,A,, (E7)

and the cylindrical representation of the curl is

1 )
VXA=p (—(9¢AZ - aZA¢) + (0.4, — 0,A,)
P (E.8)

+—2 (9p(pAy) — 0pAy) .

|-
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Should we want to, it is now possible to evaluate the Laplacian of A using
eq. (F.1) , which will have the following components

A 1 1
p-(V?A) =9, (Eap(pAp) + ;6¢A¢ + 8ZAZ)
1. (1
- (;a¢ (; (3p(pAg) - a¢Ap)) — 0:(0:Ap — apAZ))
1 1
= Bp (Eap(pAp)) + 6p (/—)8¢A¢) + BpZAZ

1 1
- ;aqu(pAq;) + ;a(ﬁqup + 8ZZA,D — aszZ

| . (F.9a)
= 8p (—6p(pAp)) + —2(9¢¢Ap + GZZAp
P p
! 0pAy + 16 A ! 04A 18 A
02 ¢ 0 (el 02 ¢ 0 Pp2o
=0 18 A ! O0ppA, + 0;A 2
= p;p(P o) "'; ¢pp + Oz p‘;a¢A¢
1 1 A, 2
= ;ap (00,A,) + ;%Ap + A, - T ;8¢A¢,
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) 1. (1 1
$-(V?A) = ;a¢ (;ap(pAp) + ;6¢A¢ + 6ZAZ)

U

1 1 1 1
= ;dpp(pAp) + p—26¢¢,A¢ + 56¢ZAZ - ;awAZ

1 1
+ 6ZZA¢ + 6p (;ap(pA¢)) — ap (;6¢Ap)

1 1
= ap (—ﬁp(pA¢)) + —28¢¢A¢ + GZZA¢
p /1) | (F.9b)

1 1
+ —04p(PA,) + =0y, A, — —0,4A, — 0 (—6A)
p2 ¢P(pp p¢ZZ pz¢>z pp¢p

1 1
= ap (;c’)p(pAq;)) + ;(’)¢,¢A¢ + 8ZZA¢

1 1 1 1
+ — 04, + —0ppAp + —0pA, — —0ppA
p2¢pp¢>ppp2¢ppp¢p
1 1 2
= ap ;E)p(pAq;) + ;8¢,¢A¢ + 8ZZA¢ + ;aqup

Ay

1 1 2
= /—)6,) (papA¢) + p—26¢¢A¢ + 6ZZA¢ + ;(%Ap - p—z,

X 1 1
2-(V?A) = 0. (;ap(pAp) +=0pho + (‘)ZAZ)
1 1
-3 (ap (0 (0:A0 = 9,A:)) - 0 (/—)&,,AZ - aZA¢))
1 1 1
= /—)azp(pAp) + ;6Z¢A¢ +0A, - ;ap (00:A,)
1 1 1
F.9
+ /—)(9,, (papAZ) + ;8¢¢AZ - /—)6¢ZA¢ ( C)
1 1 1
= ;a,, (00,A:) + E%AZ + A, + EaZA,,
1 1 1
+ (9ZpAp + /—)6Z¢A¢ - /_JBZAP - apZAp - ;(9¢ZA¢
1 1
= ;Bp (papAz) + E6¢¢AZ + aZZAZ.

Evaluating these was a fairly tedious and mechanical job, and would have
been better suited to a computer algebra system than by hand as done here.
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Explicit cylindrical Laplacian.  Let’s try this a different way. The most
obvious potential strategy is to just apply the Laplacian to the vector itself,
but we need to include the unit vectors in such an operation

VPA = V2(pA, + A, +24;). (F.10)

First we need to know the explicit form of the cylindrical Laplacian. From
the painful expansion, we can guess that it is

1 1
Vi = S0 (00ow) + 300t + O (E11)

- R A2
Let’s check that explicitly. Here I use the vector product where p> = ¢~ =
22 = 1, and these vectors anticommute when different

Vi = (pap + g% - iaz) (,aapy/ + %aw + iazw)
_ 59 (2 $, .. ¢, (. é, ..
= PO, | POy + /—)aw + 200 | + ;&ﬁ PO + /—)GW + 20,4
+ 70, (ﬁapw + fa(,,w + iazap)

= Opp¥y + p¢a ( 8¢¢) +i)26pzw + ¢3¢ (pap'vb)

-2 ("’(W) v "’—aw + 200 + f ¥ + Oz
8 " pw + 26@590 + 0.y

1 1
——5¢‘// + 3p¢¢ - ;f%p‘// + ;5&//)

b)
/_\/—\ -+—

1
—0pzp + azp‘p) + ¢Z( Opy — ;azd)w)

1
= ppl// + ;apl// + p—26¢¢lﬂ + azzlﬁ,

(F.12)
so the Laplacian operator is
1 1 2 2
veo19 pi PR ol (E.13)
pop\ dp) p*op* 07

All the bivector grades of the Laplacian operator are seen to explicitly
cancel, regardless of the grade of i, just as if we had expanded the scalar
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Laplacian as a dot product V2 = V- (V). Unlike such a scalar expansion,
this derivation is seen to be valid for any grade ». We know now that we
can trust this result when i is a scalar, a vector, a bivector, a trivector, or
even a multivector.

Vector Laplacian.  Now that we trust that the typical scalar form of the
Laplacian applies equally well to multivectors as it does to scalars, that
cylindrical coordinate operator can now be applied to a vector. Consider
the projections onto each of the directions in turn

V2 (pA,) = péap (P9Ap) + %aw (PA) + Po:A, (F.14)

Dgo (PAp) = 0y (84, + POsA,)
= —pAp + $0yA, + POsA, + PAsgAy, (F.15)
= p(0goAp — Ap) + 2044,
so this component of the vector Laplacian is
R 1 1 1 afs 1
V2 (pA,) = p(—ap (00pAp) + —BpsAp — —Ap + aZZA,,) +é (2—26¢AP)
p p p p
1 ” 2
A (o2
= p(V Ap - p_zAp) + ¢p—26¢Ap
(F.16)

The Laplacian for the projection of the vector onto the ¢ direction is
N .1 1 . N
V2 (dAy) = b0 (00,As) + ;aw (BAs) + $0-A,, (E17)

Again, since the unit vectors are ¢ dependent, the ¢ derivatives have to be
treated carefully

Do (BAg) = 0y (-PAs + BOsAy)
= —&A(I, - ﬁ6¢A¢ - [3(9¢A¢ + $8¢¢A¢ (F.18)
= —2p0sAs + $ (0ppAs — Ag).

so the Laplacian of this projection is
n A1 N 1 Ag) .2
VZ (¢A¢) = ¢ (—8p (p8PA¢) + ¢821A¢,, —28¢¢A¢ - —2) - p—28¢A¢
Y Y P P (F.19)
= &(VZA - ﬂ) —pga A
¢ pz p2 ¢p-
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Since 7 is fixed we have
V22A, = 2V?A.. (F.20)

Putting all the pieces together we have

1 2
VA = p(vZAp - ;Ap - ;%Aq;)
(E21)

. Ay 2
+¢ (V2A¢ - p—f + p—zaq,Ap) +2VA..

This matches the result eq. (F.9) from the painful expansion of V (V - A) —
Vx(VxA).
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Unit vectors. Two of the spherical unit vectors we can immediately
write by inspection.

f =e;sinfcos¢ +e;sinfsing + ez cosd G.1)
(}S = —e; sinf + e; cos ¢. )

We can compute 8 by utilizing the right hand triplet property

A

¢ Xt

€1 € €3

6

=1-S4 Cy 0 (G.2)
SoCy SoSg¢ Co

=€ (CoCy) + €2 (CoSy) + €3 (=S o (S5 + C3))

= e cosfcos ¢ + e cosfsing — ez sinb.

Here I've used Cy = c0s6,S4 = sing,--- as a convenient shorthand.
Observe that with i = e;e;, these unit vectors admit a small factorization
that makes further manipulation easier

f=ee?sind+e;cosd
8 = cos e, e’ — sin Ge; (G.3)
€i¢.

S
Il
(¢

(3]

It should also be the case that f’9$ = I, where I = e;eze3 = ej23 is the R?
pseudoscalar, which is straightforward to check

f'@(} = (elei¢ sin 6 + e3 cos 6) (cos e e'® — sin 9e3) e e
= (sin 6 cos — cosfsinf + e3lei¢ (cos2 0 + sin’ 9)) ey’ (G.4)
= 63162€_i¢€i¢

= €123.

This property could also have been used to compute 8.
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Gradient.  To compute the gradient, note that the coordinate vectors for
the spherical parameterization are

or (G.5a)

= I’% (Sgele’¢ + C9e3) (G.5b)

= r(% (C961€i¢ - S9e3)

A

=10,

oGt)
Xp = a¢
P .
o i
=% (Soere + Coes) (G.5¢)
=rS 9626i¢
= rsin 6¢.

Since these are all normal, the dual vectors defined by x/-x; = 6%, can be
obtained by inspection

x' =f
1.
6
x'=—6 (G.6)
X = —
rsin 6

The gradient follows immediately

V=xr£+x—+x— (G.7)
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or

d 09 é 0
v-2 .22 <
Yor T 700 rsm0og

(G.8)

More information on this general dual-vector technique of computing the
gradient in curvilinear coordinate systems can be found in [9].

Partials.  To compute the divergence, curl and Laplacian, we’ll need

the partials of each of the unit vectors d¢/96, Ot /d¢, 90/30, 38/ ¢, 0/ dp.

The 8 partials are

09 0
Coere? - S
30 (99( geLe 963) G.9)

= —Sgele”” - C9e3
= —f,

o o
i
b 96 (Corre® =S oe3) (G.10)
:C9e2ei¢
= Cyo.

The ¢ partials are

‘Z_"’ - a%e2ei¢ (G.11)
-0

o _ 0, it

96 06"
= —ee i¢
= —i(fere) - B(Beie) — p(pere®) (G.12)

- _f<(elei¢59 + e3C0)e1ei¢> - 9<(C961€i¢ - S963) elei¢>
= —#(e7S ge™*) — B(Coe ™)
= _fSG - 9C9.
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The F partials are were computed as a side effect of evaluating X4, and x4,
and are

or .
— =86, G.13
% (G.13)
ot N
— = Sp. G.14
99 09 (G.14)
In summary

Ot = 0

gk = Sop

30 = -

A N (G.15)

8¢0 = C9¢

0o =0

Opd = —£S 9 — 0Co.

Divergence and curl.  The divergence and curl can be computed from
the vector product of the spherical coordinate gradient and the spherical
representation of a vector. That is

VA=V -A+VAA=V-A+IVXA. (G.16)
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That gradient vector product is

VA = (far + ?ae + %aqj) (BA, + B4y + pA,)
= £, (A, + BAg + §A,)
+ gae (BA, + 04y + pA,)

é . .. . .
+ =50 (BA, + 84y + pA,)
= (9,A, + £00,Aq + £40,A,)
+ = (B@o)A, + B(068)Ag + B(Dd)Ag + BEO9A, + DoAg + BPIpA,)
r
s (BOsR)A, + B(O90)Ag + P(OyB)Ay + PEIGA, + BBOGAG + DpAy)
= (0,A, + #0049 + £40,A,)
+ = (B@®)A, + B(-D)Ag + BO)Ay + BRDA, + DpAg + BDoA,)
r
+ E(‘P(Se(b)Ar + @P(CoP)Ag — P(£S g + 0Cy)Ay

+ $f8¢Ar + &98¢A9 + 0¢A¢) .

(G.17)
The scalar component of this is the divergence
Voa=a4+ 24 Lo+ (Sod, + Colg + DgA4)
— Uray r ’ 6410 rSg 0r 6416 028 0)
=0,A +2&+18A +LCA +L8A (G.18)
rir r r99rS9€€rS9¢¢

A 1 1 1
=0,A, +2— + —0gAg + — CoAg + —04A
FAr -+ ~0pAg rSgce o+ 5,04

which can be factored as

1 1 1
V- A= —08,(rPA,) + —05(SgAg) + —04A4. G.19
2 H(r r)+rS0 (S 6 9)+rSg pAgp ( )
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The bivector grade of VA is the bivector curl
N A 1, A A
V AA = (280,40 + £$0,As) + = (B(—)Ag + BE0pA, + BPsA,)
r

| A . .
+ —— (~B@S o+ BCAy + PEO,A, + $BOsA,)

rSe

N N 1 " . o
= (#00,A0 — $£0,A4) + ~ (10Ag — #0054, + 030sA,)

r
1, ., . . »
*— (—£S 04y + BPCoAy + PdsA, — 80,4A0)
e

(G.20)
This gives
VXA=t 16(SA) 1(9A
=r|— — ——
rSy 6o 6% rSgy 9%
+0 laA—la(A) (G.21)
rSe Uy rirfie )
A1 1
+ ¢ =8,(rAg) — ~3pA, |.
r r

This and the divergence result above both check against the back cover of

[8].
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Laplacian.  Using the divergence and curl it’s possible to compute the
Laplacian from those, but we saw in cylindrical coordinates that it was
much harder to do it that way than to do it directly.

A

b é . \(. 0 ¢
20 — el il A
Vo = (r&, + rag + FS98¢) (l‘arlﬂ + raglﬂ + rseaqﬂﬂ)
A 1 a1 1
= 0,y + 160, (—691,0) +tp—0, (—8¢¢)
r Sq r
o, . 0. 0. (9
+ =09 (R0,0) + -0 (Bo0w) + S0 (S—eaqﬁw)
¢ . ¢ . (s ¢ . (a
= 0,0 + 100 la + f&ia la
- rr'ﬁ r ’ Hw Se r r (/)w

o 1 0¢ 1

+ —rae (0,9) + —2399',[’ + —fae (—5¢9’/)
¢ p0
¢ 8¢,J/ + ¢ 8¢91// + 6¢¢(//

252

o9 <aer>arw + —<aeo>aew " —(59¢) ¢ o

A A

+ i(a(ﬁr)arlﬁ + ¢ (6¢0)891ﬁ + i2(6¢$)6¢¢
6
= 3,0 + 00, (;agw) + f&S—ear (;aw)

or 1 0 1
+ —rae (0) + —(999',0 + —fae (—@W)

Lo LI 90

5’¢9¢’ + ——50pp¥

. 0 . é
+ ;(O)Brw + 5 (=P + r—z(O)S—eéw

252

A

¢ 4 ¢ . ¢
+ E(S 0®)0, Y + rZ—SH(C9¢)30¢’ + @(—1’59 —0Cg)0p¥.
(G.22)
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All the bivector factors are expected to cancel out, but this should be
checked. Those with an #8 factor are

1 1 1
Or (;%lﬁ) - ;(%rlﬂ + —250%”

1 1 G.23
= —ﬁaglﬁ + ;ar(;lﬁ - 89rlﬂ + 89& ( )
=0,

and those with a ¢ factor are
1 1 1 1
ﬁa(.) (—&W) - 2S (9¢g¢/ + ZSg Cga¢),0
_1G 1 1 (G.24)
= 2 S > 8¢¢/ (99¢l,// S96¢gz,l/ + 2S2 C98¢l//
=0,
and those with a ¢# factor are
1 1
_S—a 8(,,;0 8¢,w 2S2598¢w
11 1 1 (G.25)
S 1”2 ¢¢’ r¢¢’ 8¢r‘/’ VZS '/’
=0.

This leaves

Vzl// ('),,t,l/+ 8rl//+ aggl/l+ S Cgaglll+ 23 28¢¢l// (G.26)
H

This factors nicely as

&p) 1 ( a¢) 1 62_¢

1
S ( ar) " 7singaa\"" " 00) " 2 sin? 0 99

(G.27)

which checks against the back cover of Jackson. Here it has been demon-
strated explicitly that this operator expression is valid for multivector fields
Y as well as scalar fields .
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For a vector A in spherical coordinates, let’s compute the Laplacian
V2A, (H.1)

to see the form of the wave equation. The spherical vector representation
has a curvilinear basis

A = A, + 04y + pAy, (H.2)
and the spherical Laplacian has been found to have the representation

Y= r 51,0 + ! sin 08—1// ! 82_(,//
B r2 (')r or) " 2sing 80 r2 sin2 0 0¢?

50 . (H.3)

Evaluating the Laplacian will require the following curvilinear basis deriva-
tives

Ot = 0
90 = —#
99 =0
9(’; ; (H.4)
= 9
9 = Cyo
¢$ = —I‘Sg - 9C9

We’ll need to evaluate a number of derivatives. Starting with the # compo-
nents

3, (0, (&) = 20, (P0,) (H.52)

0o (S 609 (£0)) = 0 (S 0By + £3g))
= Co(By + 20g0) + S 005(BY + £9g)
= Co(0y + £Ig) + S g0((360)Y + (96T)Iet))
+ S 90p(00gY + Tdeet)) X X
= Co(Oy +20g) + S o((=T) + (0)Fgt) + S 9(00 + Tdeet))
= £ (CoOoy — So + Se0aay) + 0 (Cotfr + 28 9Ogifr)
(H.5b)
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Dy (B9) = Oy ((OpR)W + RO4)
=0y ((S 0P + f‘3¢l//)
= Sp0s(B) + 0, (040 (H.50)
= Se(Dy + Sg&ﬁaw + @Dy + Pyl
= Sg(=Sof — CoO) + S o0t + (S 9P)Ogh + £ gsty
= £ (=520 + 0s0) + B (=S oCow) + B (25 o)

This gives

. (1 1
V2(fA,) = f (—za, (70,A,) + < (CodoAr — S oA, + S 4DapA,)
r r*Sy

+
262
rSG

1
(— (CQA + 2S989Ar) - S ——S9ChA, )

(-S54, + 6¢¢,A,))

52
+¢( S Sgaqu)

2 b(cC 2
_afv2 0
= I'(V A, — ﬁAr) + — 2 (S A + 25914 CgA ) ¢ 2S68¢Ar.
(H.6)
Next, let’s compute the derivatives of the 8 projection.
o, (0, (8w)) = 80, (o) (H.7a)

g (S 009 (W’)) e (S 0 ((599)111 + 93951’))

9o (So ((—)w + 809w))

Co (~£u+8000) +S 4 (~(Bat )~ 2090 +(948) 00w +8000
Co (—tw +809w) + S o (~B)ws — £ + (~2)3gwr + B0t

0
(=Cotr — 28 gOg) + ?(+C939¢’ — So¥ + S 6000)
(=Coyfr — 28 gOgy) + 0 (+09(S 0py) — S o)

(!
Lor ML

(H.7b)
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Do (00) = 04 (OB + BO4)
= 0y ((Copy + 8040)
= Caa«ﬁ@lﬂ) + 3«5(?%1#) ) ) (H.70)
= Co(DpW + Codpdyty + (340)Dgts + 00 50
= Co(—£S g — BCo)y + Coddst + (Co$)dgy + 80510
= —£CoS ot + B (=CoCot + Dggr) + 26Codgp,
which gives

V2(0Ap)

1 1
= | 5 (~CoAg — 28 40pAg) — ——CoS oA
(7‘2S9( 0416 000 6) 7‘255 9 6 9]

N3 5 1
+ e(r—zar (20,46) + 5, (F06S0dsAo) — SoAs)

1
+ Sl (—CgCgAg + (9¢¢A9))
r°Sg (H.8)

+¢( S 2C93¢,A9)

1 . 1 1
- —2rﬁag(5 0Ag) + 0[V2A9 - ﬁAe 2S2C2A9)

+2¢( S C93¢,A9]

Finally, we can compute the derivatives of the ¢ projection.

0y (r28r (W’)) = é\bar (rzar'yb) (H.9a)
39 (S 000 (1)) = $30 (S 00at)) (H.9b)

Do (BW) = 04 (Gl + dOg)
= 0y (-89 — BCo)w + Po4v)
= —((048)S 6 + (0s8)Co)r — (S g + BCo)Dgr + (DOt + POyt
= —((Se)S g+ (CoP)Coly — (£S g + BCy)gy + (—£S g — 8Co)dptyr
+ GOy
= 288 g0yt — 20Co0g + $ (Dgotr — V).
(H.9¢)
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which gives

V2 (¢Ay) = —2r—c’)¢A¢, 20 cga¢A¢

+ $ ( (I’ 0 A¢) + —Sag (S 989A¢) ((9¢¢A¢ A¢))

1

= —21'—8¢A¢ 20 S C90¢A¢ + ¢(V A¢ — —A¢)
0

(H.10)

The vector Laplacian resolves into three augmented scalar wave equations,
all highly coupled

#- (VZA) = V%4, - %Ar - rz—iaag(s(,Ae) - rz—igaqﬁA,,,
R 1C 2 1
b-(V2A) = r_ZS_ZA’ + 5004, = = Cod,
VA - LA, ——C2Ag — 2——Cad4A (D
2 sz ° Sa 90
&-(VZA)ziaA b2 Cobphg+ VA, — A,
r259 ¢r rZSg 00¢10 é 2 é

I’d guess one way to decouple these equations would be to impose a con-
straint that allows all the non-wave equation terms in one of the component
equations to be killed, and then substitute that constraint into the remaining
equations. Let’s try one such constraint

1 1
Ay = ——00(S 6Ag) — —BsAy. (H.12)
Se Se
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This gives
£-(V2A) = V24,
N 1Cy 2 1 1 1
0-(V°A) == =2+ S0s— = Co||——006(S6Ap) — — DA
( ) (}’259 20— 3 9)( s, (S 0Ag) 5,0 ¢)
1 1
2 2
+V Ag - ﬁAH 2S2C A(.) 2S2C96¢A¢
. 5 (H.13)
¢- (V A) = g (9¢( ag(SgAg) + —8¢A¢)
2 1
+ ——CydsAg+ V? Ay — —A
r2S§ 6%¢5% o
2 2 ) 1
= —rz—SHagAg—ma¢¢A9+v A¢—r—2A¢.
0

It looks like some additional cancellations may be had in the @ projection
of this constrained vector Laplacian. I’'m not inclined to try to take this
reduction any further without a thorough check of all the algebra (using
Mathematica to do so would make sense). I also guessing that such a
solution might be how the TE" and TM" modes were defined, but that
doesn’t appear to be the case according to [2]. There the wave equation is
formulated in terms of the vector potentials (picking one to be zero and
the other to be radial only). The solution obtained from such a potential
wave equation then directly defines the TE" and TM” modes. It would be
interesting to see how the modes derived in that analysis transform with
application of the vector Laplacian derived above.
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TRANSVERSE GAUGE.

Jackson [8] has an interesting presentation of the transverse gauge. I'd
like to walk through the details of this, but first want to translate the
preliminaries to SI units (if I had the 3rd edition I’d not have to do this
translation step).

Gauge freedom.  The starting point is noting that V - B = 0 the magnetic
field can be expressed as a curl

B=VxA. (1.1)

Faraday’s law now takes the form

0=VXE+ B
ot
0
=V><E+E(V><A) (1.2)
0A
=VX|E+—].
=5
Because this curl is zero, the interior sum can be expressed as a gradient
0A
E+—=-Vo. L3
Y (1.3)
This can now be substituted into the remaining two Maxwell’s equations.
V-D=p,
D (1.4)
VxH=J+ 6_
ot

For Gauss’s law, in simple media, we have

py =€V -E

=€V (—vq> - %). @5)
ot

For simple media again, the Ampere-Maxwell equation is
0 0A

1
;VX(VXA)—J'FGE(—V@—E). (16)
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Expanding V x (Vx A) = -V?A + V (V- A) gives

9’A 0P
2 uJ — euV— (L.7)

~V?A+V(V-A)+eu o

Maxwell’s equations are now reduced to

0P d9’A
VA-V(V-A+eu— |- eu— = —ulJ
av-A '
R I
ot €
There are two obvious constraints that we can impose
0P
V-A-eu— =0, 1.9
eH— (1.9)
or
V-A=0. (1.10)

The first constraint is the Lorentz gauge, which I've played with previously.
It happens to be really nice in a relativistic context since, in vacuum
with a four-vector potential A = (®/c, A), that is a requirement that the
four-divergence of the four-potential vanishes (9,A* = 0).

Transverse gauge.  Jackson identifies the latter constraint as the trans-
verse gauge, which I'm less familiar with. With this gauge selection, we
have

9? 0P
2 _ .
V-A - Eﬂﬁ =—uJ+ EMVE (I.11a)
V2o = -2 (L11b)
€

What’s not obvious is the fact that the irrotational (zero curl) contribution
due to @ in eq. (I.11a) cancels the corresponding irrotational term from
the current. Jackson uses a transverse and longitudinal decomposition
of the current, related to the Helmholtz theorem to allude to this. That
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decomposition follows from expanding V>J/R in two ways using the delta
function —476(x —x’) = V21/R representation, as well as directly

—4J(x) = vaJ(_X’)Cﬁ
x — x|

v [ e [on t
Ix — x’| |x —XI
—VfJ( oK V’ Px +V- (V/\f I&) d3x’)
x| Ix — x’|

_vaf. J(x ), B +V maﬁ

[x — x| x — x|
-V x fo J&) .
Ix — x’|

The first term can be converted to a surface integral

—VfV'-LX/)aﬁx’ :—VfdA’- J&) (1.13)

Ix — x’| Ix — x’|

(1.12)

so provided the currents are either localized or |J|/R — O on an infinite
sphere, we can make the identification

J0 =2 [YI s wwvx L (3% s o4,
4 |x — x’| 4r | —x’|

(1.14)

where V X J; = 0 (irrotational, or longitudinal), whereas V- J, = 0
(solenoidal or transverse). The irrotational property is clear from inspec-
tion, and the transverse property can be verified readily

V- (Vx(VXX)) =-V-(V-(VAX))
—V-(VZX—V(V.X))
= -V (V’X)+ V*(V-X)
= 0.

(1.15)

Since

pv(X', 1)
47re [x — x|

d(x, 1) = 3y, (1.16)
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we have
oo 1 opv(X',1) 5,
—=—V | ———d
ot 4re f X — x/| x
R N AET (1.17)
dre [x — x|
_
-
This means that the Ampere-Maxwell equation takes the form
A
VIA - e = —pd i = (L.18)

This justifies the “transverse” in the label transverse gauge.



MATHEMATICA NOTEBOOKS.

These Mathematica notebooks, some just trivial ones used to generate
figures, others more elaborate, and perhaps some even polished, can be
found in
https://github.com/peeterjoot/mathematica/tree/master/ece1228-emtj/.
The free Wolfram CDF player, is capable of read-only viewing these
notebooks to some extent.

e Oct 21, 2016 ps5/ps5.nb
Plots of index of refraction and relative permittivity for passive and
active media.

e Nov 4, 2016 ps6alphaPlusBetaSquareFactorization.nb

A verification of the hand calculated result.

e Nov 5, 2016 quadropoleVerificationJacksonChapter4.nb

Quadropole expansion comparison attempt.

e Dec 4, 2016 ps9/ps9p1Eigenvalues.nb

ps9, pl, Slab transfer matrix eigenvalues.

e Dec 4, 2016 ps9/ps9p2Plots.nb

Problem set 9, problem 2. Plots of transmission magnitude and phase
for a one dimensional photonic crystal. Plots assume: y; =y =1,
normal incidence, and use the Fresnel reflection coefficient p;; for
the TE mode polarization.

e Dec 13, 2016 BrewstersAngle.nb

Total internal reflection critical angle.


https://github.com/peeterjoot/mathematica/tree/master/ece1228-emt/
http://www.wolfram.com/cdf-player/
https://raw.githubusercontent.com/peeterjoot/mathematica/master/ece1228-emt/ps5/ps5.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/ece1228-emt/ps6alphaPlusBetaSquareFactorization.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/ece1228-emt/quadropoleVerificationJacksonChapter4.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/ece1228-emt/ps9/ps9p1Eigenvalues.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/ece1228-emt/ps9/ps9p2Plots.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/ece1228-emt/BrewstersAngle.nb




INDEX

anisotropic, 7

Biot-Savart, 34, 41
bivector, 141
bound charge, 23
boundary, 5
boundary conditions, 43
electric field, 47
tangential magnetic field, 47
breakdown voltage, 6

capacitor, 6, 23
conducting sheet, 15
conductivity, 33
conductor
charge dissipation, 48
constitutive relationships, 6, 33
continuity equation, 48
curl, 113, 149
cylindrical coordinates, 141
spherical coordinates, 149
curl of curl, 113
current loop, 41

De-Broglie relation, 9
delta function
Laplacian, 113, 126
dielectric, 23
boundary conditions, 47
dipole
electric, 21, 26
elemental, 24
potential, 28
dipole moment density, 26

divergence, 149
cylindrical coordinates, 141
spherical coordinates, 149
divergence free, 12
divergence theorem, 5
doppler shift, 51
duality theorem, 52

electric energy density, 50
electric field
direction vector, 19
spherical shell, 11
electrostatic energy, 123
electrostatics, 19
energy
torque, 32

Faraday’s law, 5

field lines
electric, 15

force, 129

Gauss’s law
matter, 25
geometric algebra, 11, 115, 141,
149
grade one selection, 115
gradient, 20, 149
cylindrical coordinates, 17,
141
radial functions, 113
spherical coordinates, 149
Green’s function
Laplacian representation, 48



Helmholtz’s theorem, 9, 15

index of refraction, 8, 51
irrotational, 15

Laplacian, 149
cylindrical coordinates, 141
decomposition, 113
Green’s function, 48
spherical coordinates, 149

LC circuit, 51

line charge, 16

Lorentz force, 129

macroscopic, 6
magnetic energy density, 50
magnetic field, 40
magnetic flux, 6
magnetic moment, 31, 37, 40
magnetic polarization, 32
magnetic surface charge density,
43

magnetization, 7, 19, 32
magnetostatics, 129
Mathematica, 167
Maxwell’s equations

point charge, 17

time domain, 1
moment

magnetic, 31

non-solenoidal, 12

normal component, 115
normal field component, 43
number density, 23

Ohm’s law, 33

permeability, 6
permittivity
relative, 8

vacuum, 8
phasor, 52
photon

angular momentum, 9

momentum, 9
point charge, 17, 19
polarization, 7, 19, 23
potential

electric, 20

electric dipole, 26, 28
potential energy, 123
Poynting theorem, 49
Poynting vector, 49

frequency domain, 56
projection, 116
pseudoscalar, 11, 149

rejection, 116

scalar, 141
self energy, 123
solenoidal, 12, 15
spherical coordinates, 149
rotation matrix, 22
Stokes’ theorem, 5
stored electric energy, 50
stored magnetic energy, 50
superposition, 19
supplied power density, 49
surface charge density, 20

tangential component, 115
tangential field component, 43
time harmonics, 53

torque, 32, 129

triple cross product, 40, 115

unit
ampere, 3
candela, 3



coulomb, 3

kelvin, 3

mole, 3
units, 2

vector potential, 37

waveguide, 16
wedge product, 149
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