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PREFACE

This book contains course notes from the Spring 2015 session
of the University of Toronto Advanced Antenna Theory course
(ECE1229H), taught by Professor G. V. Eleftheriades.

Official course description: ~ “This course deals with the analysis and
design of a range of antennas. Topics addressed include: definitions
of antenna parameters; vector potentials; solutions to the inhomo-
geneous wave equation; principles of duality and reciprocity; wire
antennas; antenna arrays; phased arrays; synthesis techniques for
discrete and continuous line sources; integral equations and solu-
tions using the method of moments; field equivalence principle;
aperture antennas; antenna measurement techniques; diffraction;
horn antennas; reflector antennas; microstrip antennas; reflectar-
rays; electrically small antennas; and broadband antennas.”
Synopsis

1. Fundamental Antenna Parameters (patterns, directivity, effec-
tive aperture, input impedance, Friis transmission equation,
radar range equations, RCS)

2. Review of Maxwell’s Equations
3. Radiation from arbitrary current distributions

4. Wire and Mobile Communication Antennas: Dipoles, loops,
ground effects

5. Reciprocity; Equivalence of transmit and receive radiation
patterns

6. Phased Arrays

7. Self Impedance: Integral equations and method of moments
(MoM)

8. Mutual Impedance : Induced EMF method



xii

9. Aperture Antennas I : Equivalent current method, rectangular
apertures, horn antennas

10. Apertures Antennas II : Plane-wave expansion, slots

11. Printed and IC Antennas : Microstrip patch antennas, minia-
turized antennas

12. Metamaterial Antennas

13. Broadband Antennas : Self complementarity, spirals, log pe-
riodic, Yagi Uda

References include

e (Main Text) [5] C.A. Balanis, “Antenna Theory,” Wiley, 3rd
Edition

e (Recommended) [23] W.L. Stutzman and G. A. Thiele, “An-
tenna Theory and Design” 2nd Edition, Wiley.

e (Recommended) [9] G.V. Eleftheriades and K.G. Balmain
(Edt.) “Negative-Refraction Metamaterials”, Wiley and IEEE
Press.

This document contains:

e Personal notes exploring details that were not clear to me
from the lectures, or from the texts associated with the lecture
material.

e Assigned problems. Like anything else take these as is. I have
attempted to either correct errors or mark them as such.

This set of notes is significantly different from my notes for many
other classes. With the class taught on slides (and some of those
slides mirroring the text closely), I did not take live notes in class.
These notes fill in details that I felt deserved clarification, contain
problem sets solutions, as well as a number of loosely related mus-
ings on Geometric Algebra equivalents to some of the generalized
concepts of electromagnetic theory encountered in this class (i.e.
magnetic sources). My thanks go to Professor Eleftheriades for
teaching this course.
Peeter Joot peeterjoot@pm.me



CONTENTS

Preface xi
1 FUNDAMENTAL PARAMETERS OF ANTENNAS. 1
1.1 Poynting vector. 1
1.2 Typical far-field radiation intensity. 1
1.3 Field plots. 3
1.4 dB vs dBi. 4
1.5 Trig integrals. 4
1.6 Polarization vectors. 4
1.7 Phasor power. 8
1.8 Radar cross section examples. 9
1.9 Scattering from a sphere vs frequency. 10
1.10 EIRP. 11
1.11 Free space impedance. 12
1.12 Notation. 12
1.13 Problems. 12
2 MAXWELL'S EQUATIONS. 27
2.1 Review. 27
2.2 Constitutive relations. 29
2.3 Boundary conditions. 30
2.4 Linear time invariant. 30
2.5 Green’s functions. 30
2.6 Tangential and normal field components. 31
2.7 Energy momentum conservation. 35
2.8 Duality transformation. 40
2.9 Reciprocity theorem. 42
2.10 Notation. 45
2.11 Problems. 46
3 LINEAR WIRE ANTENNAS. 49
3.1 Magnetic Vector Potential. 49

3.2
33

Plots of infinitesimal dipole radial dependence. 49
Electric Far field for a spherical potential. 51



3.4 Magnetic Far field for a spherical potential. 53

3.5 Plane wave relations between electric and magnetic
fields. 54

3.6 Transverse only nature of the far-field fields. 54

3.7 Duality transformation of the far field fields. 55

3.8 Vertical dipole reflection coefficient. 56

3.9 Horizontal dipole reflection coefficient. 58
3.10 Field resolution w.r.t the reflecting plane. 60
3.11 Image theorem. 64

3.12 Problems. 68

ANTENNA ARRAYS. 83
4.1 Chebyscheff polynomials. 83
4.2 Problems. 93

APERATURE ANTENNAS. 117
5.1 Problems. 117

MICROSTRIP ANTENNAS. 123
6.1 Problems. 123

FIELDS AND WAVES. 127

7.1 coupled wave equation in cylindrical coordinates. 127

7.2 Impedance transformation. 128
7.3 Problems. 130

PROF. ELEFTHERIADES' HANDWRITING DECODER RING.

ELECTRIC SOURCES (GA). 135

B.1 Maxwell’s equation in GA phasor form. 135

B.2 Preliminaries. Dual magnetic form of Maxwell’s
equations. 136

B.3 Constructing a potential representation. 137

B.4 Maxwell’s equation in Four vector form. 139

B.5 Helmholtz equation directly from the GA form. 140

MAGNETIC SOURCES (GA). 143

c.1  Dual-Maxwell’s equation in GA phasor form. 143

c.2 Preliminaries. Dual magnetic form of Maxwell’s
equations. 144

133



c.3 Constructing a potential representation. 145
c.4 Maxwell’s equation in Four vector form. 147
c.5 Helmholtz equation directly from the GA form. 148

ELECTRIC AND MAGNETIC SOURCES (GA). 151
D.1 Space time split. 151

D.2 Covariant form. 152

D.3 Trial potential solution. 153

D.4 Lorentz gauge application to Helmholtz. 154
D.5 Recovering the fields. 154

RECIPROCITY THEOREM (GA). 157
RELATION TO TENSOR FORM (GA). 159

PARALLEL PROJECTION OF ELECTROMAGNETIC FIELDS
(Ga). 165

MATHEMATICA NOTEBOOKS. 169
JULIA NOTEBOOKS. 173

MATLAB NOTEBOOKS. 175

INDEX 177

BIBLIOGRAPHY 183






LIST OF FIGURES

Figure 1.1
Figure 1.2

Figure 1.3

Figure 1.4
Figure 1.5
Figure 1.6
Figure 1.7

Figure 1.8

Figure 1.9
Figure 1.10
Figure 2.1

Figure 3.1
Figure 3.2
Figure 3.3
Figure 3.4
Figure 3.5
Figure 3.6
Figure 3.7
Figure 3.8
Figure 3.9

Figure 3.10
Figure 3.11
Figure 3.12

Figure 3.13

Figure 3.14

Plot methods for fields and intensities. 3
Cosinusoidal and sinusoidal radiation in-
tensities. 3

Square sinusoidal and cosinusoidal radia-
tion intensity. 4

Square geometry for RCS example. 10
Sphere geometry for RCS example. 10
Cylinder geometry for RCS example. 10
Trihedral corner reflector geometry for RCS

example. 11

Scattering from a sphere vs frequency (from
Prof. Eleftheriades’ class notes). 11
Radiation intensity. 21

Scattering off of plane surface. 24

Pillboxes for tangential and normal field
relations 31

Radial dependence of Re Hy and Im H. 50
Radial dependence of Re E, and Im E,. 50
Radial dependence of Re Ey and Im Eg. 50
Vertical dipole configuration. 56

Electric and magnetic field directions. 57

Field components relative to reflecting plane. 60
Angle of incidence determination. 62

A corner-cube antenna. 64

Incorrect Image Theorem source placement

for corner cube. 65

Correct image source placement for the cor-

ner cube. 66

Image source placement for horizontal dipole. 66
Vertical dipole reflection geometry. 71

Electric and magnetic infinitesimal dipole
superposition, view from above. 77

Electric and magnetic infinitesimal dipole
superposition, polar plot in ZY plane. 77



Figure 3.15

Figure 3.16
Figure 3.17

Figure 4.1
Figure 4.2
Figure 4.3

Figure 4.4
Figure 4.5
Figure 4.6
Figure 4.7

Figure 4.8

Figure 4.9

Figure 4.10
Figure 4.11
Figure 4.12
Figure 4.13
Figure 4.14

Figure 4.15

Figure 4.16
Figure 4.17
Figure 4.18
Figure 5.1
Figure 5.2
Figure 5.3

Figure 6.1
Figure 7.1

Polar plot of radiation intensities for some

electric z-axis oriented dipoles. 79

Double wavelength radiation intensity. 79
Log polar plot of radiation intensities for
some electric z-axis oriented dipoles. 8o

A couple Cheybshev plots. 86

Ts(zpx) for a few different scale factors zg. 88

Tz fitting of N = 4 array in linear and dB
scales. 89

Plot with ug =0,d = A /4. 92

Plot with ug = 3.5,d = 0.4A. 93

Plot of | AF|” in XY plane with & = h1/A. 98
Polar plot of AF in XY plane for various
values of & = s/A\. 99

Polar plot of |AF|* for 6 = 0. 99
Spherical plot of |AF|* for a = 0.69. 99
Plot |AF| for ad =0, 7t/2, 7,37/2. 106
Array factor for specified zeros. 108

Five element array on z-axis. 109

Polar plot of 5 element binomial power ar-
ray factor. 110

Spherical polar plot of 5 element binomial
power array factor. 111

Zeros of five element Chebyshev and uni-
form array elements on z-domain unit cir-
cle. 114

Chebyshev and uniform power array factor
in z-x plane (dB). 114

5 element Chebyshev array power pattern
in3D. 115

Plots of 5 element Chebyshev and uniform
array power patterns for u = kdsinfcos0. 115
Electric field power pattern, o dB to -40
dB. 121

E-H-plane (power) for ¢ =0. 121
E,H-plane (power) for ¢ = 0, dBscale. 122
Im Z;, variation with m. 126

Normal reflection and transmission between
two media. 129



Figure A.1 Prof. Eleftheriades” handwriting decoder ring. 133






1

FUNDAMENTAL PARAMETERS OF ANTENNAS.

1.1 POYNTING VECTOR.

The Poynting vector was written in an unfamiliar form

W=8Exd&. (1.1)

I can roll with the use of a different symbol (i.e. not S) for the
Poynting vector, but I'm used to seeing a c/47 factor ([21] and
[16]). I remembered something like that in SI units too, so was
slightly confused not to see it here.

Per [11] that something is a j, as in

W = ié’ X B. (1.2)
Ho

Note that the use of # instead of B is what wipes out the require-
ment for the 1/p term since # = B/, assuming linear media,
and no magnetization.

1.2 TYPICAL FAR-FIELD RADIATION INTENSITY.

It was mentioned that

r2 2
ue®, ¢) = Z—W!E(n 0,¢)|

1 (1.3)
2 2
= (\Eo(f)zfl’)’ + |Eg(6,9))| )
where the intrinsic impedance of free space is
_ [Ho
=1\ e (1.4)
= 37702

(this is also eq. 2-19 in the text.) To get an understanding where this
comes from, consider the far field radial solutions to the electric
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FUNDAMENTAL PARAMETERS OF ANTENNAS.

and magnetic dipole problems, which have the respective forms
(from [11]) of

_ popow? sin 6

&= ype os (wt — kr) 8
1.5a
popow? sin 6 . (1.52)
B = —WT CcOos (wt — kr) (P
2 s
= 7‘”0:::20 sin6 os (wt — kr) ¢
1.5b
tomow? sin 6 . (1.50)
B=— P os (wt — kr) 6.

In neither case is there a component in the direction of propagation,
and in both cases (using poeg = 1/¢?)

&
7e) = 181

Hoc

= |8| < (1.6)

Ho

1

- Lig
1o

Note that the signs of & vs. B in eq. (1.5a) and eq. (1.5b) and are
determined by the far field relation E = ¢B x t (see: eq.9.19,9.39
[16]). The effect of dependency is that the Poynting vector will be
radial, which will be seen below. A superposition of the phasors
for such dipole fields, in the far field, will have the form

E- % (Eo(0, )0 + Ey(0, ))

1 ) A (1.7)
B = (Eo(6,9)0 — Eg(0,9)),
with a corresponding time averaged Poynting vector
Wy = LE x B*
2]/10
- S (Eo® + Epp) x (Eee - E¢¢) .

0 x ¢
= Zyocf’- (’E9|2+ ‘EtP‘z)

A

B 217;2 (1Es + Eg|)




1.3 FIELD PLOTS.

Figure 1.1: Plot methods for fields and intensities.

rcap = {Cos[#], Sin[#]1} & ;

scap {Sin[#1] Cos[#2], Sin[#1] Sin[#2], Cos[#11} & ;
ParametricPlot[ f[rg, 0, 0] rcap, {0, 0, Pi}]
ParametricPlot3D[ flrg, 0, ¢] scap, {6, 0, Pi}, {¢, 0, 2 Pi}]

verifying eq. (1.3) for a superposition of electric and magnetic
dipole fields. This can likely be shown for more general fields too.

1.3 FIELD PLOTS.

We can plot the fields, or intensity (or log plots in dB of these). It
is pointed out in [11] that when there is r dependence these plots
are done by considering the values of at fixed r. The field plots are
conceptually the simplest, since that vector parameterizes a surface.
Any such radial field with magnitude f(r, 6, ¢) can be plotted in
Mathematica in the ¢ = 0 plane at r = g, or in 3D (respectively,
but also at r = rp) with code like fig. 1.1 Intensity plots can use
the same code, with the only difference being the interpretation.
The surface doesn’t represent the value of a vector valued radial
function, but is the magnitude of a scalar valued function evaluated
at f(ro,0,¢).

The surfaces for U = cos 6, cos? 6 and for U = sin 6, sin? @ in the
plane are parametrically plotted in fig. 1.2, and for cosines in ?? to
compare with textbook figures. Three dimensional visualizations

o

(a) (b)

Figure 1.2: Cosinusoidal and sinusoidal radiation intensities.



FUNDAMENTAL PARAMETERS OF ANTENNAS.

Table 1.1: foﬂ/z' sin” 040 = On/z cos” 0do

nji|2 3 |4 5 6 7
1| /4 |2/3|3m/16 | 8/15 | 571/32 | 16/35

Table 1.2: ;" sin” 646

nji1/2 |3 |4 5 6 7
2| /2| 4/3 | 37/8 | 16/15 | 57/16 | 32/35

of U = sin? and U = cos? § can be found in fig. 1.3 Even for such
simple functions these look pretty cool.

(a) (b)

Figure 1.3: Square sinusoidal and cosinusoidal radiation intensity.

1.4 DB VS DBI.

Note that dBi is used to indicate that the gain is with respect to an
“isotropic” radiator. This is detailed more in [7].

1.5 TRIG INTEGRALS.
1.6 POLARIZATION VECTORS.

The text introduces polarization vectors p , but doesn’t spell out
their form. Consider a plane wave field of the form

E = Exej(Pxej(Wt_kz))’z + Eyejtpyej(“’t_kz)y' (19)



1.6 POLARIZATION VECTORS.

Table 1.3: [ cos” 6d6

nji|2 314 516 7
0|7/2|0|37/8|0]|57/16 |0

The x, y plane directionality of this phasor can be written

p = Exel® % + Eyej¢y§7, (1.10)
so that
E = pe/@t=k2), (1.11)

Separating this direction and magnitude into factors

p =|E|p, (L12)
allows the phasor to be expressed as

E = p|E|e/@!F2)., (1.13)

As an example, suppose that E; = E,, and set ¢, = 0. Then

N

p=%x+yel. (1.14)

Demonstrating the geometry. It seems worthwhile to review how a
generally polarized field phasor leads to linear, circular, and elliptic
geometries.

The most general field polarized in the x, y plane has the form

E= (f(aej“ + ybejﬁ> el (@t=Fk2)

‘ ‘ ‘ (1.15)
— (ﬁae](afﬁ)/Z +}A,be](/8704)/2) e](wtsz+(1x+‘3)/2)‘

Knowing to factor out the average phase angle above is only

because I tried initially without that and things got ugly and

messy. I guessed this would help (it does). Let & = Re E = Xx + y,

0 =wt+(a+pB)/2,and ¢ = (« — B)/2, so that

E-= (fmeﬂ’ + ybe—f¢) elt. (1.16)

5



FUNDAMENTAL PARAMETERS OF ANTENNAS.

The coordinates can now be read off

g = cos ¢ cosd — sin¢sin (1.172)
% = cos ¢ cos 0 +sin¢gsind, (1.17b)

or in matrix form
x/a| _|cos¢ —sing| |cosf ‘ (1.18)
y/b cos¢ sing | |sinf
The goal is to eliminate all the 6 (i.e. time dependence), converting
the parametric relationship into a conic form. Assuming that nei-
ther cos 6, nor sin f are zero for now (those are special cases and

lead to linear polarization), inverting the matrix will allow the 6
dependence to be eliminated

' 1 sing  sing | |x/a| _ C?SG ' (1.19)
sin (2¢) |—cos¢ cos¢| |y/b sin 6

Squaring and summing both rows of these equation gives

. x y 2 x oy 2
M))(Sln%b(a-’-b +COSZ¢<_a+b)>
X
a

S (xz + v + Z—Z (sin ¢ — cos? 4))) (1.20)
Y
b

—_
Il

a?  b?
2 2

Xy x
=——— | 5+55 —2—-cos (2 .
Sinz (24)) <El2 b2 a ( 4)))
Time to summarize and handle the special cases.

1. To have cos¢ = 0, the phase angles must satisfy « — 8 =
(1+2k) 7, k € Z. For this case eq. (1.17) reduces to

_X_Y
= (1.21)

which is just a line.



1.6 POLARIZATION VECTORS.

—[Example 1.1: Linear polarization.]

Let « = 0, B = —1, so that the phasor has the value
E = (Ra — yb) e/“*. (1.22)

For have sin ¢ = 0, the phase angles must satisfy « — 8 =
27k, k € Z. For this case eq. (1.17) reduces to

X
- , (1.23)

Y
b

also just a line.

—[Example 1.2: Elliptical polarization.}

Let « = B = 0, so that the phasor has the value
E = (Ra + yb) e/“". (1.24)

Last is the circular and elliptically polarized case. The
system is clearly elliptically polarized if cos(2¢) = 0, or
a — B =(rt/2)(1+2k),k € Z. When that is the case and
a = b also holds, the ellipse is a circle. When the cos(2¢) =
0 condition does not hold, a rotation of coordinates

A
y —sinpy cosp| |v

where

U= %tarf1 <W> , (1.26)

7
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FUNDAMENTAL PARAMETERS OF ANTENNAS.

puts the trajectory into a standard (but messy) conic
form

=u—b< cos? y+ sin y+;sin(2y+uc—/3)>
)
_b

1
( sin’ ],t+bcos y—§s1n(2y+a—ﬁ)) :
(1.27)
It isn’t obvious to me that the factors of the u?2, v? terms

are necessarily positive, which is required for the conic
to be an ellipse and not a hyperbola.

—[Example 1.3: Circular polarization.}

With a = b = Eg, « = 0, B = £7/2, all the circular
polarization conditions are met, leaving the phasor with
values

E=Ey (X +j§) e (1.28)

1.7 PHASOR POWER.

In §2.13 the phasor power is written as
I’R/2, (1.29)

where [, R are the magnitudes of phasors in the circuit.



1.8 RADAR CROSS SECTION EXAMPLES.

I vaguely recall this relation, but had to refer back to [15] for
the details. This relation expresses average power over a period
associated with the frequency of the phasor

1 to+T

t0t0+T
- T/to V| cos (wt + ¢v) |I| cos (wt + ¢r) dt 0
1 to+T
:T/t [VI||T] (cos (¢pv — ¢r) + cos (2wt + Py + ¢1)) dt

1
= SIVIlTcos (v — 1)

Introducing the impedance for this circuit element

_ Ve
- |T|e/¢r (1.31)
_ WV itov—en)
1] '
this average power can be written in phasor form
P= %\I\ZZ, (1.32)
with
P =ReP. (1.33)

Observe that we have to be careful to use the absolute value of the
current phasor I, since 12 differs in phase from |I|%. This explains
the conjugation in the [15] definition of complex power, which had
the form

*
S = VimsIims- (1.34)
1.8 RADAR CROSS SECTION EXAMPLES.

Flat plate.

47 (LW)?
Omax = % (1-35)
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W

Figure 1.4: Square geometry for RCS example.

Figure 1.5: Sphere geometry for RCS example.

Sphere.  In the optical limit the radar cross section for a sphere
Omax = 2., (1.36)

Note that this is smaller than the physical area 47172

' LW
Figure 1.6: Cylinder geometry for RCS example.

Cylinder.

27trh?
Omax = T (1.37)

Tridedral corner reflector.

4rL*
Omax = W (138)

1.9 SCATTERING FROM A SPHERE VS FREQUENCY.

Frequency dependence of spherical scattering is sketched in fig. 1.8.



1.10 EIRP.

A
Figure 1.7: Trihedral corner reflector geometry for RCS example.

e Low frequency (or small particles): Rayleigh

o= () 711 (xr)*,  x=27/A. (1.39)

e Mie scattering (resonance),

Omax(A) = 4rr’ (1.40)

Omax(B) = 0.267772. (1.41)

e optical limit (r > A )

o = 1. (1.42)
UN - | M C )
‘L Rayle f\‘LL; e [ q
"\ )
S i#‘ \ 1\ U N—
me | \J.
0] | ’
0-0| J— )
Cel [ - v >
0 W0 271/ (o
YA

Figure 1.8: Scattering from a sphere vs frequency (from Prof. Eleftheri-
ades’ class notes).

FIXME: Do I have a derivation of this in my optics notes?

1.10 EIRP.

Prof. Eleftheriades introduces the term EIRP, the Effective Isotropic
Receiving Power, the product of power and gain P;G;, measured in
W.
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1.11 FREE SPACE IMPEDANCE.

In class we’ve seen

- |
expressed as 1207t ~ 377. It seemed curious to me that this was an
exact value. With

e g =8.85x 10712 C2/Nm? (number from [11])
e 1o =47 x 1077N/A? (exact),

the numeric value of /7t is 119.945 (eta.jl), which is close to 120.
It’s pointed out in [25] that this is just the consequence of using
c=3x10%m/s.

This can be seen by writing # in an alternate form

1
1= e
= ‘uoc
= (471 x 107"N/A?)(3 x 108m/s)
= 12077Nm/A%s
= 12071Q).

(1.44)

1.12 NOTATION.

e Time average. Both Prof. Eleftheriades and the text [5] use
square brackets [- - -] for time averages, not (- - -). Was that an
engineering convention?

e Bold vectors are usually phasors, with (bold) calligraphic
script used for the time domain fields. Example: E(x,y,z,t) =
8E(x,y)e/(«w=k2) &(x,y,z,t) = ReE.

1.13 PROBLEMS.



1.13 PROBLEMS. 13

Exercise 1.1 Max power density and directivity. (2015 ps1, p1)
The power radiated by a lossless antenna is 10 W. The correspond-
ing radiation intensity is given by,

U=Bycos’, 0<6<m/2,0<¢<2m. (1.45)

Calculate
a. the maximum power density at a distance of 1 km.

b. the directivity of the antenna (dimensionless and dB).

Answer for Exercise 1.1

Part a.  The radiated power density is

U By cos® 6

Wr(r, 6) = 1’72 = rz

7 W/mz/ (146)
with the maximum at 0 = 0 of
B
Wi(")|max = 7;)/ W/m2~ (1.47)

Since the average power density is

Py = # udQ

/2
=271By / cos® 6 sin 046
0

/2 3
= —anO/O cos” 6d cos 0 (1.48)

0
cos* 6

= 27‘[B0

/2
By

2
=10 (W),

the constant By = 20/7t &~ 6.37W, so the maximum power density
at 1 km is

2
Wr(1km)|max = ;0 x1070~637x107%  (W/m?). (1.49)
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Part b.  The maximum directivity of the antenna is

umax

Prad
=47_[urnax (1
Pav '50)
_ 48
7852
=8,

DQ=4:7'[

so the directivity is
D = 8cos’ 6. (1.51)
In dB the maximum directivity is

Dy = 10log,,8 = 9dB. (1.52)

Exercise 1.2 Directivity and free space loss. (2015 ps1, p2)

A satellite dish has a diameter d = 1.5m and an aperture effi-
ciency of 70%. Calculate the directivity of the dish at 12 GHz. If
the distance from a geostationary satellite is 37,000 km calculate
the corresponding free-space loss in dB.

Answer for Exercise 1.2

Ignoring any concavity in the dish (which is probably parabolic,
with physical area somewhere between nr?, and 271?), the maxi-
mum effective area is

Aem = €emAp
= 0.7710.75%
=039
=1.24 (m?).

(1.53)

The maximum directivity is

4w Aem

a2 (1.54)
2 9.-1)2 8 2

= 47 x 1.24m? x (12 x 10°s7)" /(3 x 10°m/s)

=25 x 10%
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The free-space loss factor at R = 37 x 10°m is

A2 c \2
<47TR> - (47‘[Rv)
3x108m/s (1.55)

470 (37 % 10°m) (12 x 10°57")

=29 x 1074
= —205dB.

Exercise 1.3 Approximating directivity. (2015 ps1, p3)

A beam antenna has half-power beamwidths of 30° and 35° in
orthogonal planes intersecting at the maximum of the mainbeam.
Determine the approximate maximum directivity

Answer for Exercise 1.3

47
®1V®2r
4 x 1802 (1.56)
~ 71(30)(35)
=39.3.

D()%

Exercise 1.4 Polarization power loss. (2015 ps1, p4)

Transmitting and receiving antennas operating at 1 GHz have
gains of 20 and 15 dB respectively and are separated by a distance
of 1 km. Find the power delivered to a matched load when the
input power is 150 W and when

a. both antennas are polarization matched.

b. One antenna is linearly polarized and the other is circularly
polarized.

Answer for Exercise 1.4

Part . Answering this requires an application of the Friis trans-
mission equation. First note that the gains in non-dB units are

Gy = 1020719, (1.57a)

15
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Gy = 10"/10, (1.57b)

The wavelength is

A=

_3x10°m/s (1.58)

109571
=0.3m.

<l

From the Friis equation, the receiving antenna has power

A 2
Pr = Pt <47IR> G1G2
0.3m 2103.5 (1:59)
)

= 150W <4n(103 m
= 0.27mW.

Part b.  Suppose that the linear polarization vector is

P =X, (1.60)

and the circular polarization vector is
1

0, = — (X+]¥). 1.61

pr= 75 (x+J§) (1.61)
The polarization factor is

N 1

I 'P2|2 =5 (1.62)

so the power found in eq. (1.59) must be reduced by 50 % when
there is a linear vs. circular polarization mismatch. Rotating one of
these polarization vectors, say the linear polarization vector, does
not change the result. For example, let

1
p, = ——— (ax + b¥). 1.6

The polarization factor is now

‘2 _ a + ]b
V2@ +b2)  \/2(a% + b?)
(a® +b?)

|f’1 'f’z

__ 1 (1.64)
©2(a2 + b2)
1

E/
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yielding the same factor of two reduction in power.

Exercise 1.5 Transmission power determination. (2015 ps1, p5)

A repeater link consists of a transmitter and a receiver at 10 GHz
in a line-of-sight arrangement of distance 10km. The transmitting
and receiving antennas are identical horns with gain over isotropic
equal to 15 dB. For acceptable signal-to-noise ratio, the power
received must be greater than 10 nW. Loss due to polarization
mismatch is not expected to exceed 3 dB. Determine the minimum
transmitted power that should be used.

Answer for Exercise 1.5

This is another Friis equation application. Each of the respective
gains (converted from dB) are

G =10"/10w. (1.65)
The polarization loss factor is
1D, - P> < 1073/10, (1.66)

The wavelength is

_3x10°m/s
- 1010 g1 (1.67)
=3%x10%m.

Put together we are looking for a value of P at least that of

P _10°W
P P
2 2 (1.68)
- (antorm) (1077 10700
=29 x 1071,

or

P, > 350 W. (1.69)

17
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Exercise 1.6 Radar cross section. (2015 ps1, p6)

A rectangular X-band horn, with aperture dimensions 5.5cm x
7.4cm and a gain of 16.3 dB at 10 GHz, transmits and receives
power scattered by the objects specified below. In each case,
determine the maximum scattered power delivered to the load
when the distance between the horn and scattering object is nA,
where 7 is

1. 200
2. 500.

The scattering objects to consider are a perfectly conducting
a. sphere of radius a = 57,
b. plate of dimensions 10A x 10A.

Answer for Exercise 1.6

This is an application of the Radar Cross Section equation

p_ G MY
P, 4 \ 47tn2A2
G2 1 \?

~ 4 (47‘[112/\) '

The same gain is used for transmission and reception, since both
are for the same horn. That gain (not in dB) is

(1.70)

G = 1016.3/10 (1.71)
=43.
The wavelength is
3 x108m/s
A gom 072
=0.03m.
Part a.  For the sphere the scattering area is
o=
= 71(51)2 (1.73)

= 257TA?,
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so the ratio of delivered power to the transmitted power is

P G2/ 1
I e i [
2 o7 4 (47m2/\>

_ 25(43)° (1.74)

© edm2nt
7

nt

For the n = 200, 500 cases respectively, the delivered power ratio is

1. n =200
P, 73
E = 200% (1.75)
=4.6x 1078,
2. R =500A
P, 73
Ft = 75004 (176)
=12 x 1077,

Part b.  For the plate the scattering area is

(LW)?
AZ
(100A2)? (1.77)
/\2
= 47tA% x 10%,

oc=4mr

=4

so the ratio of delivered power to the transmitted power is

P, s o 4GE 1\
— =47 10— | ——=
P AT X< 10 47t \ 4rtn2A

_ (43)* x 10* (1.78)
T 162t

1.2 x 10°
B

For the n = 200, 500 cases respectively, the delivered power ratio is

19
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1. n =200
P 12x10° (1.79)
P, 200* '
=73x107°.
2. R =500A
5
b _ L2 x10° (1.80)
Py 500*
=1.9x107°.
Exercise 1.7 Directivities for a short horizontal electrical dipole.

In [24] a field for which directivities can be calculated exactly
was used in comparisons of some directivity approximations

E = Ey (cosfcospd — sinp) . (1.81)

(Observe that an inverse radial dependence in Ey must be implied
here for this to be a valid far-field representation of the field.)
Show that Tai & Pereira’s formula gives D; = 3, and D; = 1
respectively for this field.
Calculate the exact directivity for this field.

Answer for Exercise 1.7

The field components are

Eg = Egcosft cos ¢, (1.82a)

Ep = —Epsin ¢. (1.82b)
Using eq. (1.91) from the paper, the directivities are

2
b [, cos? 0sin 66
~ 2 (1.83)
—1cos?0|]
=3,

D
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and
_ 2
[ sin6de
2 (1.84)
~ —cosd|)
=1.
To find the exact directivity, first the Poynting vector is required.
That is
|2 (;ll (cosfcos pd — sinp) x (& x (cos 6 cospd — sinpp))
0
|2c(;)4| (cosfcos 9 — sinpp) x (cosf cos P + sin ¢)
0
= |2cop|to (cos? 0 cos® ¢ +sin? ¢) ,
(1.85)
so the radiation intensity is
U, ¢) o« cos? § cos? ¢+ sin? ¢. (1.86)

The 0, and g?) contributions to this intensity, and the total intensity
are all plotted in fig. 1.9

FIXME: did I save these under the right paths? Recall thetacap
and phicap reversed.

(a) (b) (c)

Figure 1.9: Radiation intensity.

21
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Given this the total radiated power is

2 pmT
Prag = / / (cos? 0 cos? ¢ + sin® ¢) sin 0dOd¢
o Jo (1.87)
87

3
Observe that the radiation intensity U can also be decomposed
into two components, one for each component of the original E

phasor.
Uy = cos? 0 cos? o, (1.88a)
Uy = sin? ¢. (1.88b)

This decomposition allows for expression of the partial directivities
in these respective (orthogonal) directions

4
Dy = ety = §c:os2 0 cos? o, (1.89a)
Prad 2
dnly 3 .,
D, = = —sin” ¢. (1.89b)
Prad 2 ¢

The maximum of each of these partial directivities is both 3/2,
giving a maximum directivity of
Do = Dg|max + D¢|max =3, (1.90)

the exact value from the paper.

Exercise 1.8 E and H plane directivities.

In [24] directivities associated with the half power beamwidths
are given as

2
|E9 |max

b1 = / (1.91a)
1 1 [T Eg(8,0)|* sin 6d6 9

2
Dy, = |E(P‘max 5 ) (191b)
LT |Ep(8, 7t/2)| sin 6d8
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whereas [5] lists these as

L_ L e

Hl = 211’12/0 sim ’ (1.92a)
L EY b
Hz = 211‘12/0 sin . (1.92 )

Reconcile these pairs of relations.
Answer for Exercise 1.8
TODO.

Exercise 1.9 Radar cross section. (2015 psz, p1)

Consider a flat rectangular metallic plate of physical area Ap
(m?). The incident normal power density is W; (W/ m?). Now con-
sider the plate as a receiving and re-transmitting antenna having
an effective aperture equal to its physical area (the plate is electri-
cally large). Based on this idea, show that approximately the radar
scattering cross section (RCS) of the plate is given by

2
e 47‘(AP
Az

(1.93)

as we have seen in class.
Answer for Exercise 1.9

A few simplifying assumptions are required to show this result:
1. All the power received is re-radiated as if from a point source.
2. The plate is a perfectly efficient re-radiator.

3. The effective aperture A is also the maximum effective aper-
ture, so it (and the directivity) has no directional dependence.

The scattering geometry for this problem is sketched in fig. 1.10.
First note that the definition of the radar cross section ¢ is

o= 1%1_1}1 47TR2%, (1.94)
© i

where Wi; is the scattered power density, W; is the incident power
density, and R is the distance from the scattering object to the

23
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Figure 1.10: Scattering off of plane surface.

measurement point. Without the point source approximation for
the re-radiation of the incident power, this quantity would depend
on the orientation of the plate with respect to the observation.

With constant normal incident power density, the captured
power is

Pe = WiAp, (1.95)

where A, is the area of the plate. Treating all the power as radiated
as if from a point source, measured at distance R from the plate,
and assuming a perfect radiator (i.e. G = D), the scattered power
density at this point of observation is

_ PG _ P.Dy
° T 47R2 T AmR2’

(1.96)

The directivity follows from the assumption that the effective area
equals the physical area, since that means

A2Dy
Aetf = i Ap, (1.97)
SO
47tA,
Dy = o (1.98)
The scattered power density at the receiver is
P
W = D
anR (1.99)
_ WiApAmA,

C47tR2 )2
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Plugging this into eq. (1.94), and dropping the limit that becomes
irrelevant, gives
;e WiA,ATTA, 1
) ATRT A2 N,
AT A3
= AZ ’

(1.100)

as desired.

Exercise 1.10 Testing antenna gain. (2015 ps2, p2)

One way to measure the absolute gain of an antenna under test
(AUT) is to use a “standard-gain” antenna (usually a horn) which
has a known gain Ggg. Consider a two antenna setup, where port
#1 is connected to a transmitting antenna G. First, the second
antenna connected to port #2 is the standard-gain one. Then at port
#2 we connect the unknown antenna under test Gayr. Show that,

AUT

PRYT  Gaur
s ’

P, Gsg

(1.101)

where the left-hand side of the above equation represents the ratio
of the powers received by the antenna under test and the standard-
gain antenna.

Answer for Exercise 1.10

The Friis equation can be used for this measurement task. For the
respective set of antenna configurations, and for fixed transmission
power, there are two such equations

PpUT A

B - <4:7'L’R> GautGt, (1.102a)
P8 A2
%t = (m) GsgGt, (1.102b)

where the transmission power is P; and transmission antenna
gain is G;. That transmit antenna power and gain need not be
known, since dividing these equations cancels the common factors,
including those, leaving

AUT
Pyt Gaur
sg ’
P, Gsg

(1.103)

25
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as desired.

This procedure assumes that the standard gain antenna and the
antenna under test have identical polarization, and that neither is
orthogonally polarized with respect to the antenna at port #1.



2

MAXWELL’S EQUATIONS.

2.1 REVIEW.

For reasons that are yet to be seen (and justified), we work with
a generalization of Maxwell’s equations to include electric AND
magnetic charge densities.

0B
VXS——M—g (2.12)
Vxat=g+22 (2.1b)
ot
V- - =g (2.1¢)
V. B =(gn. (2.1d)

Assuming a phasor relationships of the form & = Re (E(r)e/")
for the fields and the currents, these reduce to

V XxE=—-M — jwB (2.2a)
V xH =]+ jwD (2.2b)
V-D=p (2.20)
V -B=pm. (2.2d)

In engineering the fields
e 8(x, 1) : Electric field intensity [V/m] (Volts/meter)
e F(x,t) : Magnetic field intensity [A/m] (Amperes/meter)

are designated the primary fields, whereas
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e @D(x,t) : Electric flux density (or displacement vector) [C/m]
(Coulombs/meter)

e B(x,t) : Magnetic flux density [W/m?] (Webers/square me-
ter)

are designated the induced fields. The currents and charges are

e J(x,t) : Electric current density [A/m?] (Amperes/square
meter)

e M(x,t) : Magnetic current density [V/m?] (Volts/square me-
ter)

e ge(x,t) : Electric charge density [C/m?®] (Coulombs/cubic
meter)

e gm(x,t) : Magnetic charge density [W/m?®] (Webers/cubic
meter)

Because V - (V x f) =0 for any (sufficiently continuous) vector f,
divergence relations between the currents and the charges follow
from eq. (2.2)

=—V M — jwpm,
and
=V J+jwp,
These are the phasor forms of the continuity equations
V M= —jwpm (2.5a)

V-] =—jwp. (2.5b)



2.2 CONSTITUTIVE RELATIONS.

Integral forms.  The integral forms of Maxwell’s equations follow
from Stokes’ theorem and the divergence theorems. Stokes” theo-
rem is a relation between the integral of the curl and the outwards
normal differential area element of a surface, to the boundary of
that surface, and applies to any surface with that boundary

//dA (V x f) = 7§f.d1. (2.6)

The divergence theorem, a special case of the general Stokes’ theo-
rem is

//Vv.de=//avf.dA, (2.7)

where the integral is over the surface of the volume, and the
area element of the bounding integral has an outwards normal
orientation.

See [20] for a derivation of this and various generalizations.
Applying these to eq. (2.2) gives

dl-E=— [[ dA- (M +jwB) (2.8a)
pae--

9§d1 ‘H= //dA- (J +jwD) (2.8b)
//anA-Dz// pdV (2.8¢0)
//av dA - B = // PmdV. (2.8d)

2.2 CONSTITUTIVE RELATIONS.

For linear isotropic homogeneous materials, the following constitu-
tive relations apply

e D=cE

e B=uH

29
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e J =0E, Ohm’s law.
where
e € = €€y, is the permittivity (F/m, Farads/meter ).

e 1 = ji, o, is the permeability (H/m, Henries/meter), yo =
47 x 1077,

e 0, is the conductivity (ﬁ, where 1/Q) is a Siemens.)

In AM radio, will see ferrite cores with the inductors, which intro-
duces non-unit y,. This is to increase the radiation resistance.

2.3 BOUNDARY CONDITIONS.

For good electric conductor E = 0. For good magnetic conductor
B =0.
(more on class slides)

2.4 LINEAR TIME INVARIANT.

Linear time invariant meant that the impulse response h(t, t') was
a function of just the difference in times h(t, t') = h(t — t').

2.5 GREEN’S FUNCTIONS.

For electromagnetic problems the impulse function sources 6(r — r’)
also has a direction, and can yield any of Ey, E,, E;. A tensor
impulse response is required. Some overview of an approach that
uses such tensor Green’s functions is outlined on the slides. It
gets really messy since we require four tensor Green’s functions
to handle electric and magnetic current and charges. Because of
this complexity, we don’t go down this path, and use potentials
instead.

In §3.5 [5] and the class notes, a verification of the spherical
wave form for the Helmholtz Green’s function was developed. This
was much simpler than the same verification I did in [19]. Part
of the reason for that was that I worked in Cartesian coordinates,
which made things much messier. The other part of the reason,
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for treating a neighbourhood of |r — 1’| ~ 0, I verified the convo-
lution, whereas Prof. Eleftheriades argues that a verification that

i <V2 + kz) G(r,¥')dV’ =1 is sufficient. Balanis, on the other hand,

argues that knowing the solution for k # 0 must just be the solution
for k = 0 (i.e. the Poisson solution) provided it is multiplied by the
e~* factor. Note that back when I did that derivation, I used a
different sign convention for the Green’s function, and in QM we
used a positive sign instead of the negative in e /¥

2.6 TANGENTIAL AND NORMAL FIELD COMPONENTS.

The integral forms of Maxwell’s equations can be used to derive
relations for the tangential and normal field components to the
sources. These relations were mentioned in class, but it is use-
ful to go over the derivation. This isn’t all review from first year
electromagnetism since we are now using a magnetic source modi-
fications of Maxwell’s equations. The derivation below follows that
of [3] closely, but I am trying it myself to ensure that I understand
the assumptions.

The two infinitesimally thin pillboxes of fig. 2.1 are used in the
argument. Maxwell’s equations with both magnetic and electric

@
@

¥y

() (b)

Figure 2.1: Pillboxes for tangential and normal field relations

sources are

Vxéz—f—m (2.9a)

V><5‘€z$l+aa? (2.9b)
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V- @ =pe (2.90)

V B =pn. (2.9d)

After application of Stokes” and the divergence theorems Maxwell’s
equations have the integral form

¢G-d1= —/dA- (%Q:+m> (2.10a)
%%-dl: /dA- <E§?+g> (2.10b)
/aVCD-dA:/VpedV (2.100)

/ CB-dAz/pde. (2.10d)
av 1%

Maxwell-Faraday equation.  First consider one of the loop integrals,
like eq. (2.10a). For an infinitesimal loop, that integral is

A
558 cdl~ 8WAx + 60D L g@BY _gop, @BV gAY
2 2 2 2
@ 1)
~ (gD _ g 108 108
~ (gx &t )Ax+2 S AXAY + 5

AxAy.

(2.11)

We let Ay — 0 which kills off all but the first difference term.
The RHS of eq. (2.11) is approximately

a
— /dA- (?f +m) ~ —AxAy <a£2 +mz> . (2.12)
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If the magnetic field contribution is assumed to be small in com-
parison to the magnetic current (i.e. infinite magnetic conductance),
and if a linear magnetic current source of the form is also assumed

m; = lim (M - z)zAy, (2.13)
Ay—0
then the Maxwell-Faraday equation takes the form
(g;” - 59) Ax ~ —AxM - 3. (2.14)

While 771 may have components that are not normal to the interface,
the surface current need only have a normal component, since only
that component contributes to the surface integral.

The coordinate expression of eq. (2.14) can be written as

-m,-z= <g(1) — 8(2)) (¥ x 2)

_ <<8(1) B 8(2)) . y) " (2.15)
This is satisfied when
(8(1) - g@)) X = —MM,, (2.16)

where fi is the normal between the interfaces. I'd failed to under-
stand when reading this derivation initially, how the B contribution
was killed off. i.e. If the vanishing area in the surface integral kills
off the B contribution, why do we have a M contribution left. The
key to this is understanding that this magnetic current is consid-
ered to be confined very closely to the surface getting larger as Ay
gets smaller.

Also note that the units of 1M, are volts/meter like the electric
field (not volts/squared-meter like 771.)

Ampere’s law.  As above, assume a linear electric surface current
density of the form

g, = lim (¢ - A)hAy, (2.17)
Ay—0

in units of amperes/meter (not amperes/meter-squared like ¢.)
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To apply the arguments above to Ampere’s law, only the sign
needs to be adjusted

(geﬂ) - 36(2)) xh=d,. (2.18)

Gauss's law.  Using the cylindrical pillbox surface with radius Ar,
height Ay, and top and bottom surface areas AA = 7 (Ar)?, the
LHS of Gauss’s law eq. (2.10c) expands to

A A
/ D - dA ~ DPAA + DP27arSY + P 2narS — pPaA
oy 2 2
~ (P - o) Aa.
(2.19)

As with the Stokes integrals above it is assumed that the height
is infinitesimal with respect to the radial dimension. Letting that
height Ay — 0 kills off the radially directed contributions of the
flux through the sidewalls.

The RHS expands to approximately

/ Pe dV = AAAYpe. (2.20)
v

Define a highly localized surface current density (coulombs/meter-
squared) as

O = Al;r_r}() Aype. (2.21)
Equating eq. (2.20) with eq. (2.19) gives
(2 - o) A4 = pAe, (2.22)

or

(@(2) _ Q)(D) ‘A = 0. (2.23)
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Gauss’s law for magnetism. The same argument can be applied
to the magnetic flux. Define a highly localized magnetic surface
current density (webers/meter-squared) as

Um = Alyiglo AYpm, (2.24)

yielding the boundary relation

<@(2) _ (3(1)> A= o (2.25)

2.7 ENERGY MOMENTUM CONSERVATION.

Maxwell’s equations with magnetic sources. — In this section, the form
of Maxwell’s equations to be used are expressed in terms of & and
#t, assume linear media, and do not assume a phasor representa-
tion

VXx&=-M-— yoaaie (2.26a)
Vx#H=4g+ eoaa(f (2.26b)
V.-8=p/e (2.26¢)
V - % = pm/1ho. (2.26d)

Energy momentum conservation. ~ With magnetic sources the Poynt-
ing and energy conservation relationship has to be adjusted slightly.
Let’s derive that result, starting with the divergence of the Poynting
vector

V - (& x &)

F-(V x 8 —8&-(V x %)
—3¢ - (400 +M) — & - (§ +€00:8)  (2:27)
—poFC - 013 — 6 -M — €8 - 9,8 — & - ,

or

aat(6082+y03€2)+v-(8x5‘€)=—Zf-m-éi-g. (2.28)

N —

35



36

MAXWELL’S EQUATIONS.

Momentum conservation.  The usual relationship is only modified
by one additional term. Recall from electrodynamics [18] that
eq. (2.28) (when the magnetic current density 771 is omitted) is just
one of four components of the energy momentum conservation
equation

1 .
9, TH = —EF”A]A. (2.29)

Note that eq. (2.29) was likely not in SI units. The next task is to
generalize this classical relationship to incorporate the magnetic
sources used in antenna theory. With an eye towards the relativistic
nature of the energy momentum tensor, it is natural to assume
that the remainder of the energy momentum tensor conservation
relation can be found by taking the time derivatives of the Poynting
vector.

%(8x3€)=a—8x3€+8xaﬂ

?t ot 1 (2.30)
=—(VXH-—J)xH+—EX(—-VxE-M),
€0 Ho

or
10
szg(gxge)w(,gxgheogxm
= —updt x (V x ) (2.31)
— €8 x (V x8).

The pod x # = ¢ x B is a portion of the Lorentz force equation
in its density form. To put eq. (2.31) into the desired form, the
remainder of the Lorentz force force equation p& = €9V - € must
be added to both sides. To extend the magnetic current term to its
full dual (magnetic) Lorentz force structure, the quantity to add to
both sides is pm# = po#'V - #. Performing these manipulations
gives

10

C—zg(é—;><3€)+pE+y0g><5‘€+pm<7€+eoé’><m (2.32)

=g (HV -FH —FH x (VxH))+€)(EV - -8 x (V x §).
It seems slightly surprising the sign of the magnetic equivalent
of the Lorentz force terms have an alternation of sign. This is,
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however, consistent with the duality transformations outlined in
([5] table 3.2)

P = Pm (2.33a)
g—-m (2.33b)
Ho — €0 (2.33¢)
& — (2.33d)
H — —§€, (2.33€)

for
PE+ 10 X 3 — pmH+e0M X (—8) = pmH + €08 x M. (2.34)

Comfortable that the LHS has the desired structure, the RHS can
expressed as a divergence. Just expanding one of the differences of
vector products on the RHS does not obviously show that this is
possible, for example

e, - (6V -8 —E X (V X 6)) = EuabEb — eubCEbecrsarEs
= EdpEp — 0y EydrEs  (255)
= Eq0pEp — Ep (02Ep — 9pEn)
= EaabEb — EbaaEb + EhabEu.

This happens to equal

1 1
V- ((EuEb — 2(5ab€2> eb> = ab (EuEb — 255,;,82)

1
= EbabEa + EaabEb — E(SabZEcabEc

= EbabEa + EaabEb — EbaaEb.
(2.36)

This allows a final formulation of the remaining energy momentum
conservation equation in its divergence form. Let

1

1
T% = ¢, <EaEb — Zéabéz) + Ho (Hqu — Zaabgez) , (237)
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so that the remaining energy momentum conservation equation,
extended to both electric and magnetic sources , is

%i(é’ X ) + (0E + pog x 7€)
c? ot (2.38)
+ (pm# + €08 x M) = ¢,V - (T“beb> .

On the LHS we have the rate of change of momentum density, the
electric Lorentz force density terms, the dual (magnetic) Lorentz
force density terms, and on the RHS the the momentum flux terms.

In the frequency domain. ~ With frequency domain fields & = Re Ee/“!
and #¢ = Re He/!. Using the electric field dot product as an exam-
ple, note that we can write

1 . .
i jwt * ,—jwt
& 2<Ee +E%e ) (2.39)

SO

1 (Eej“’t + E*e’j“’t> 1 (Eef“’t + E*e’j“’t>

2 2

i (B2 + E- B+ E" - B+ (E') e %) (2.40)

1

e (E-E"+ E2%").
Similarly, for the cross product

1 . |

Ex = (E x He¥“! + E x H* + E* x H+ (E* x H*)e*ﬂvt)
= %Re (E % H" + E x Heszf) .

(2.41)

Given phasor representations of the sources M1 = Mel¢t, g = Jelwt,
eq. (2.28) can be recast into (a messy) phasor form

19 . ‘

— Re 53 (eOE - E* + uoH - H* + ¢gE%e%! + yOHZeZJ“’t>
1 ‘

+-ReV- (E « H* +E x Hezf“’t) (2.42)

Z%Re(_H-M*—E-]*—H-Mezj“’t—E-]ezj“’t)_
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All the time dependence has been moved into the exponential
factors, so the €yE - E* + yoH - H* terms are killed by the time
derivative operator. Averaging over one period kills the rest of the
oscillatory terms, leaving just

0=V-(ExH")+H-M"+E-J" (2.43)

Comparison to the reciprocity theorem result. — The reciprocity the-
orem had a striking similarity to the Poynting theorem above,
which isn’t suprising since both were derived by calculating the
divergence of a Poynting like quantity. Here’s a repetition of the
reciprocity divergence calculation without the single frequency
(phasor) assumption

v. (g(ﬂ) « 70® _ g « gg(ﬂ))
— 7¢0) . (V % g(a)) _ g, (V % gg(b))
_ . (v v g(b)> +8b . (V " ggw)
70N (l/loatgg(ﬂ) + m<“>> _ g (g(b) + eoatg(b)>
+ F@ (‘uoatgg(b) + m(b)) Lgb . ( g 4 eoatsw)
- <g(b) 9,80 _ g . até;(b)) + 1o (ggm) - 0,3¢® _ g0) . atgg(ﬂ))
L 7@ .m0 — 360 . M@ 4 g® . gl _gla) . g®
(2.44)
What do these time derivative terms look like in the frequency
domain?
&V . 9,6 = 31 (Ew)ejwt + E(b)*efjwt> -9 (E(u)ejwt + E(u)*eﬂ'wt>
_ ij (E(b)ejwt N E(b)*efjwt) . (E(mejwt _ E(u)*effwt)
- % <]-E<a) CEO _ JE® . E@" 4 E@ . Ot _ jE@”
. E(b)*e—zf'wt>
_ %Re (jwB® - EO" 4 jwE® . EOr)
(2.45)
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Permuting indexes and taking the difference kills all the time
dependentent terms, even without averaging

&0 . 5,80 _ g@ . 5,80
- %Re (]-w (E(a) RO _ g . g@* L g@ . g®) 20t _ gO) . E(a)ezf'wt>>
= —wIm <E<a) . E(b)*) )

(2.46)
so we have

0=V -Re (E® x H®" — E® x HO")

+ wIm (€0E<a> CEO 4 ygH® - H<b>*)
+ Re (—H(“) MO L HO . MO _ g0 . j@* | g@ . J<b>*) .
(2.47)
Followup Questions. ~ FIXME: TODO.

1. What do the energy momentum conservation equations look
like in geometric algebra form with magnetic sources?

2. What do the energy momentum conservation equations look
like in tensor form with magnetic sources?

2.8 DUALITY TRANSFORMATION.

In a discussion of Dirac’s monopoles, [16] §6.12 introduces a duality
transformation, forming electric and magnetic fields by forming
a rotation that combines a different pair of electric and magnetic
fields. In SI units that transformation becomes

[ & cosf sinf g
- (2.48a)
e —sinf cosf| |nde’
_ ' /
D _ | cos 6 sin6 D , (2.48b)
(B/n —sinf cosf| |B'/y
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where 7 = \/ip/€o. It is left as an exercise to the reader to show
that application of these to Maxwell’s equations

V- &=pe/e (2.492)
V-3 = pm/ o (2.49b)
-V x&€—-0B=9, (2.49¢)
Vx#H—-0D=Y¢,, (2.49d)

determine a similar relation between the sources. That transforma-
tion of Maxwell’s equation is

V - (cos 08’ +sinOy#') = pe/€o (2.50a)

V - (—sin0&' /1 +cos0H') = pm /1o (2.50b)

—V X (cos 08 +sinOndt’) — oy (—sinfy®D’ +cosB') = §
(2.50¢)

V x (—sinb8&' /i +cos 0F¢") — 9; (cos 0D +sin 6B’ /1) = G ..

(2.50d)
A bit of rearranging gives
- ' /
Hoe| _ | cosf sinf| |70, (2.512)
| Om —sin® cosf| | i

_”ge] _ [COSQ sin9] [qg;] | (251b)

—sinf cos@| | g,
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For example, with p, = ¢, =0, and 6 = 77/2, the transformation
of sources is

e =0

gi=0

A (2.52)
Pm = 1Pe
g;n = Wgef

and Maxwell’s equations then have only magnetic sources

V.-&=0 (2.53)
VvV -#' =0/t (2.53b)
-V x& -8 =9 (2.53¢)
V x ' —0;D' = 0. (2.53d)

Of this relation Jackson points out that “The invariance of the
equations of electrodynamics under duality transformations shows
that it is a matter of convention to speak of a particle possessing
an electric charge, but not magnetic charge.” This is an interesting
comment, and worth some additional thought.

2.9 RECIPROCITY THEOREM.

The class slides presented a derivation of the reciprocity theorem,
a theorem that contained the integral of

/ (E(a) « H® — E® « H(ﬂ)) .dS=-... (2.54)

over a surface, where the RHS was a volume integral involving
the fields and (electric and magnetic) current sources. The idea
was to consider two different source loading configurations of the
same system, and to show that the fields and sources in the two
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configurations can be related. To derive the result in question, a
simple way to start is to look at the divergence of the difference of
cross products above. This will require the phasor form of the two
cross product Maxwell’s equations

V X E=—-(M+ jwuoH) (2.55a)

V x H =]+ jweoE, (2.55b)
so the divergence is
\vl <E(a> « H® — E® « H(a))
TON (V % E(a)) _E@ . (V X H(b))
~HO. (V xE?) + BV (V x HO) (2.56)
_ _gO . (M@ + jwyoH(“)) _g® . (Jw) + jweOE(b))
+H® . <M<b> + jwyoH(b)> +EO . <J<a> + jweoEm)) ,
The non-source terms cancel, leaving

v. (E(a) < H® _ E® « H(a))

(2.57)
- _HO® . M@ _ @ .JO L HO . MO L EO) . J@

Should we be surprised to have a relation of this form? Probably
not, given that the energy momentum relationship between the
tields and currents of a single source has the form

J €

) (8% +*B%) +V - ;0(5 xB)=—-8-¢. (2.58)

(this is without magnetic sources ). This initially suggests that
the reciprocity theorem can be expressed more generally in terms
of the energy-momentum tensor. However, there are some subtle
differences since the time domain products lead to averages in
terms of the real parts of conjugate pairs such as & x 8 — E x B,
and 8- ¢ - E-J*.
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Far field integral form.  Employing the divergence theorem over a
sphere the identity above takes the form

/ <E<“> x H® — E® x H(”)) - 1dS
S (2.59)
- / <_H<b> MO _ E® . JO L 5O . p® 4 O ]@) qv
1%

In the far field, the cross products are strictly radial. That surface
integral can be written as

/ (E(”’) x HO — E® x H(“>) . 3dS
S

_ ;410 <E(“) X (f: x E(b)> —E® x <f X E<“>)) S (5 60)
S

_ ;0 (Ew) CE® _ g0 . E(u)) S
S

=0.

The above expansions used eq. (2.64) to expand the terms of the
form

(Ax(#xC) -i=A-C—(A-1)(C- 1), (2.61)

in which only the first dot product survives due to the transverse
nature of the fields. So in the far field we have a direct relation
between the fields and sources of two source configurations of the
same system of the form

/ (H@ MO 4 E® .J<u>) qV = / (Hw) M@ 4 E@ ,J<b>> qv
|4 1%

(2.62)

Application to antenna theory.  This is the underlying reason that
we are able to pose the problem of what an antenna can receive,
in terms of what the antenna can transmit. Prof. Eleftheriades
explained the the send-receive equivalence using the concepts of
a two-port network ([15], [22]). An alternate, and very intuitive,
explanation can be found in appendix A.1 [6], that directly related
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the current density sources and scalar current to the voltages in
those regions using an integral representation of the reciprocity
theorem.

Identities.

Lemma 2.1: Divergence of a cross product

V- (AxB)=B(VxA)—A(V xB).

Proof.

V. (A X B) = aaeabcAbBc
= €4pc(0aAp)Be — €pac Ap(0aBe) (2.63)
=B-(V xA)—B-(V xA).

Lemma 2.2: Triple cross product dotted

(Ax(BxC)) -D=(A-C)(B-D)— (A-B)(C-D).

Proof.

(A X (B x C))-D = €ucAp€rseByCs D,
= (5[rgb]AbBrC5Da
= AsB,CsD, — A,B,CsDq
=(A-C)(B-D)—(A-B)(C-D).

(2.64)

2.10 NOTATION.

Some notes on notation for this chapter and the coverage of this
material in class:

e Phasor frequency terms are written as el“t not e /%! as done
in physics. I didn’t recall that this was always the case in
physics, and wouldn’t have assumed it. This is the case in
both [17] and [12]. The latter however, also uses cos(wt — kr)
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for spherical waves possibly implying an alternate phasor
sign convention in that content, so I'd be wary about trust-
ing any absolute “engineering” vs. physics sign convention
without checking carefully.

e In Green’s functions G(r, r'), r is the point of observation, and
r’ is the point in the convolution integration space.

e Both M and J,, are used for magnetic current sources in the
class notes.

2.11 PROBLEMS.

Exercise 2.1 Far field electric field. (2015 ps2, p3)

Show that in a region of space where there are no sources, the
electric field derived from the magnetic vector potential is given
by the expression:

E=- ! V x(V x A). (2.65)
]weoyo

Answer for Exercise 2.1
First consider the expansion of the curls

V X (V x A) = €/51€,05€1p:0p Ac
= 61le, 9.9, A (2.66)
= e,0; (arAs - asAT) 7

SO
V x(V xA) =V (V-A)— V3A. (2.67)

This supplies a strong hint of how to proceed. The electric field can
be expanded utilizing this relation and the Helmholtz equation
relating A and J

) o1

= —jwA — ] (V x(V xA4)+V?A) (2.68)

wepHo

- —jwA —j (V % (V x A) = (PA+po)) -

weoyg
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However,
k? w?/c?
weopo  w(l/c?) w (269)
leaving
E=—j ! Vx(VxA)+'L] (2.70)
B ]weoyo ]weo ' 7

Since J = 0 in a region of space where there are no sources, the
electric field in such a region is given by eq. (2.65) as stated.
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3.1 MAGNETIC VECTOR POTENTIAL.

The symbol A has been referred to as the Magnetic Vector Potential
in class and in the problem set. My recollection was that we called
this the Vector Potential. Prefixing this with magnetic seemed
counter intuitive to me since it is generated by electric sources
(charges and currents). This terminology can be justified due to
the fact that A generates the magnetic field by its curl. Some
mention of this can be found in [26], which also points out that the
Electric Potential refers to the scalar ¢. Prof. Eleftheriades points
out that Electric Vector Potential refers to the vector potential F
generated by magnetic sources (because in that case the electric
tield is generated by the curl of F.)

3.2 PLOTS OF INFINITESIMAL DIPOLE RADIAL DEPENDENCE.

In §4.2 of [5] are some discussions of the kr < 1, kr = 1, and
kr > 1 radial dependence of the fields and power of a solution
to an infinitesimal dipole system. Here are some plots of those kr
dependence, along with the kr = 1 contour as a reference. All the 6
dependence and any scaling is left out.

The CDF notebook visualizeDipoleFields.cdf is available to inter-
actively plot these, rotate the plots and change the ranges of what
is plotted.

Plots of the real and imaginary parts of

_ Tk e (1 T
Hy = r ¢ <1 kr>
1 ] —jkr
El’ = rfz 1-— E e (31)

k(1L e
Ee_r<1 kr k2r2>e !

can be found in fig. 3.1, fig. 3.2, and fig. 3.3 respectively.
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(@ (b)

Figure 3.1: Radial dependence of Re Hy and Im Hy.

Figure 3.2: Radial dependence of Re E; and Im E,.

(@) (b)

Figure 3.3: Radial dependence of Re Ey and Im E,.



3.3 ELECTRIC FAR FIELD FOR A SPHERICAL POTENTIAL.

3.3 ELECTRIC FAR FIELD FOR A SPHERICAL POTENTIAL.

It is interesting to look at the far electric field associated with an
arbitrary spherical magnetic vector potential, assuming all of the
radial dependence is in the spherical envelope. That is

—jkr
e
A=

(tar (0, 9) +Bag (6,) + pay (6,9)) . (3-2)

The electric field is

r

= —jwA

The divergence and gradient in spherical coordinates are

or (A + rsin 6 06 (A081 9)+ sinf d¢ (3.42)

_ oy oy ¢ 9y
Vl/"ra 1’89+rsin0%' (3.40)

For the assumed potential, the divergence is

—jkr —jkr —jkr 9
V-A:”’a<r2€ >+ ! = aae(sin(?ag)+ L%

12 or r r sin 6 rsinf r ¢
; 1 1 1 i O
— —jkr [ = _ a2 = ke E
ae <r2 ]kr> + 2 sinGe % (sin Bay)
1 . .0a
—jkr ¢
T 7sing’ P

a .
~ it p—jkr
jk e
(3.5)

The last approximation dropped all the 1/7% terms that will be

small compared to 1/r contribution that dominates when r — oo,

the far field.
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The gradient can now be computed

V(V-A)~ —]kv(’—fkf)
AN Y
]k< or r80+rsm98¢> 7 ¢

: 9 (1 _; 0 4,00, 4 @ Oa
- _ &, 2| = —jkr Y —jkr Y81 jkr “ur
Ik <mfar (re ) TR 90 T Psine 84))

_ g _A& 7% (i) % —jkr
B ]k< " (1 jhr) + r2 00 rzsinf)a(p)e

(3-6)

Again, a far field approximation has been used to kill all the 1/7?
terms. The far field approximation of the electric field is now
possible

= —jwA —]

V(V-A)
WHoEQ

(2a, (6, ) + Bag (6, 9) + Pay (6,9)) + j—— K5Ik

WHEQ r

r
—jkr . R 2 2 -
= " (Gl + 0ag (0,0) + bag (0,9)) +15 (LY T

e tkr .
(Bag (6, ¢) + dpay (6,9)) .

e—jkr

= —](,(]

= —jw
(3.7)

Observe the perfect, somewhat miraculous seeming, cancellation
of all the radial components of the field. If At is the non-radial
projection of A, the electric far field is just

Eff = —ijT. (38)
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3.4 MAGNETIC FAR FIELD FOR A SPHERICAL POTENTIAL.

Application of the same assumed representation for the magnetic
tield gives
B = V X A

= dg (Apsind) + f <

sin 0

sin 9 a(pA,» — 8, (TA4;)>

2 0,080 - 20

£ efjkr
= 0 assin6
rsinf ¢ < ro 7 >

A

0 1 e—jkr e—jkr
7 (o (o) o ()
4 —jkr —jkr
R
r r r

—jk D ik .
= r e (El(p sin 9) + g < 1 ¢’ ra¢ai’ - a (eijkr) a‘P)

rsinf r sinf r

) ‘ ~jkr
+% (ar <e*]kr) g — & - agar>

]kr
~ jk (6a¢ — ¢a9)
—jkr
= —jkt x (Bag + ¢a¢) ¢
1
- EEff.

The approximation above drops the 1/r? terms. Since

,uic *\/Voo \/> (3.10)

the magnetic far field can be expressed in terms of the electric far
field as

H=-#xE. (3.11)
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3.5 PLANE WAVE RELATIONS BETWEEN ELECTRIC AND MAG-
NETIC FIELDS.

I recalled an identity of the form eq. (3.11) in [16], but didn’t think
that it required a far field approximation. The reason for this was
because the Jackson identity assumed a plane wave representation
of the field, something that the far field assumptions also locally
require.

Assuming a plane wave representation for both fields

8(x, t) = Ee/(@!-kx) (3.12a)

B(x, t) = Bel Wk, (3.12b)

The cross product relation between the fields follows from the
Maxwell-Faraday law of induction

)
0=Vx6+a—?, (3.13)

or

O=e, X Earej(wtfk.x) _}_]‘wBej(wtfk-x)
= —jerkr X Eej(a)t—k-x) +]‘wB€]'(wt—k~x) (314)
= (_k X E + wB)]'ej(wt—k.x),

or

H-= kaE

kepo (3.15)

11A<><E

n

which also finds eq. (3.11), but with much less work and less mess.

36 TRANSVERSE ONLY NATURE OF THE FAR-FIELD FIELDS.

Also observe that its possible to tell that the far field fields have
only transverse components using the same argument that they are
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locally plane waves at that distance. The plane waves must satisfy
the zero divergence Maxwell’s equations

V- -8=0 (3.16a)

V- -8=0, (3.16b)
so by the same logic

k-E=0 (3.17a)

k-B=0. (3.17b)

In the far field the electric field must equal its transverse projection

1
WHo€o

E = Proj; <—ij —J V (V. A)) . (3.18)

Since by eq. (3.6) the scalar potential term has only a radial compo-
nent, that leaves

E = —jwProj; A, (3.19)
which provides eq. (3.8) with slightly less work.
3.7 DUALITY TRANSFORMATION OF THE FAR FIELD FIELDS.

We’ve seen that the far field electric and magnetic fields associated
with a magnetic vector potential were

E = —jwProjr A, (3.20a)
1.
H= %k X E. (3.20b)

What does H look like in terms of A? Expanding the rejection of
the radial component answers that

H:—];uf(x (A— (A-R) R). (3.21)
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The k crossed terms are killed, leaving

H= —]:7012 X A. (3.22)

It’s worth a quick note that the duality transformation for this,
referring to [5] tab. 3.2, is

H = —jwProj; F (3.23a)

E =7k x H = junk x F. (3.23b)

These show explicitly that neither the electric or magnetic far field
have any radial component, matching with intuition for transverse
propagation of the fields.

38 VERTICAL DIPOLE REFLECTION COEFFICIENT.

In class a ground reflection scenario was covered for a horizontal
dipole. Reading the text I was surprised to see what looked like the
same sort of treatment §4.7.2, but ending up with a quite different
result. It turns out the difference is because the text was treating
the vertical dipole configuration, whereas Prof. Eleftheriades was
treating a horizontal dipole configuration, which have different
reflection coefficients. These differing reflection coefficients are due
to differences in the polarization of the field.

To understand these differences in reflection coefficients, con-
sider first the field due to a vertical dipole as sketched in fig. 3.4,
with a wave vector directed from the transmission point down-
wards in the z-y plane. The wave vector has direction

Figure 3.4: Vertical dipole configuration.
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k = 2629 = 2cos 0 + ysin6. (3.24)

Suppose that the (magnetic) vector potential is that of an infinitesi-
mal dipole

Il .
A= 2%e—1kh (3.25)

The electric field, in the far field, can be computed by computing
the normal projection to the wave vector direction

E=—jw (A/\f() &
= —jw VOO (z/\(zcos(9+y81n9))(zcos(9+ysm9)

= —jwy 7;’ (zy sin0) (z cos 6 + ¥ sin 0) (3.26)

Ipl
= —jw———sinf (—ycosf + Zsin 0
jw - sin (—ycost +2sin0)
Holo!
4rr

This is directed in the z-y plane rotated an additional 77/2 past k.
The magnetic field must then be directed into the page, along the
x axis. This is sketched in fig. 3.5. Referring to [13] (eq. 4.40) for the

= jw sin g2,

£

Figure 3.5: Electric and magnetic field directions.

coefficient of reflection component

ns cos 0; — n; cos

B n;jcos; + nycos; (3-27)
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This is the Fresnel equation for the case when that corresponds to E
lies in the plane of incidence, and the magnetic field is completely
parallel to the plane of reflection). For the no transmission case,
allowing v; — 0, the index of refraction is n; = ¢/v; — oo, and the
reflection coefficient is 1 as claimed in §4.7.2 of [5]. Because of the
symmetry of this dipole configuration, the azimuthal angle that
the wave vector is directed along does not matter.

3.9 HORIZONTAL DIPOLE REFLECTION COEFFICIENT.

In the class notes, a horizontal dipole coming out of the page
is indicated. With the page representing the z-y plane, this is a
magnetic vector potential directed along the x-axis direction

Il
A= f(%e’]kr. (3.28)

For a wave vector directed in the z-y plane as in eq. (3.24), the
electric far field is directed along

(f(/\f()-f(zf(—(i(-f()f(

=% — (% (2cost+ysing) ) k (5-29)

The electric far field lies completely in the plane of reflection. From
[13] (eq. 4.34), the Fresnel reflection coefficients is

n; cos 0; — n; cos s

R = , .
n; cos 0; + n; cos 6; (3-30)

which approaches —1 when n; — co. This is consistent with the
image theorem summation that Prof. Eleftheriades used in class.

Azimuthal angle dependency of the reflection coefficient. ~Now con-
sider a horizontal dipole directed along the y-axis. For the same
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wave vector direction as above, the electric far field is now directed
along

(y7K) k=g (3k)k
=§,_(§,.(QCOSG+§ISin9))f<

<>

=y —ksinf
=y —sinf (Zcos0 + ysin0) (331)
= § cos? § — sin 6 cos 02
= cos 0 (y cos 0 — sin 62)

= cos 0y,
That is

Il _; 0
E= —jwyoi(;e_]kr cos 0§eX?. (3.32)

4
This far field electric field lies in the plane of incidence (a direction
of 8 rotated by 7r/2), not in the plane of reflection. The correspond-
ing magnetic field should be directed along the plane of reflection,
which is easily confirmed by calculation

A

k x (ycosO —sinfz) = (Zcos 8 + ysinf) x (y cosf — sinH2)
= —%cos?f — Xsin? 6
= —X.

(3:33)

The far field magnetic field is seen to be
H= 'wﬂe’jk’ cos 0% (334)
Ay ! 3-34

so a reflection coefficient of 1 is required to calculate the power
loss after a single ground reflection signal bounce for this relative
orientation of antenna to the target. I fail to see how the horizontal
dipole treatment in §4.7.5 can use a single reflection coefficient
without taking into account the azimuthal dependency of that
reflection coefficient.

Reflecting on this (no pun intended), made me realize that the
no transmission case has some interesting aspects. One of these
is that radiation momentum must be transferred to the reflecting
surface in some fashion since the direction of the incident radiation
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changes. Perhaps this is why the use of Image theory seems to
be careful to state that the reflecting plane is a perfect electrical
conductor. Study of reflection off of conducting surfaces is clearly
in order to understand how this differs from normal reflection in
transmitting media.

3.10 FIELD RESOLUTION W.R.T THE REFLECTING PLANE.

In order to apply the Fresnel equations, the field components have
to be resolved into components where either the electric field or the
magnetic field is parallel to the plane of reflection. The geometry of
this, with the wave vector direction k and the electric and magnetic
field phasors perpendicular to that direction is sketched in fig. 3.6.
If the incident wave is a plane wave, or equivalently a far field

>)

\ AR

<D

Figure 3.6: Field components relative to reflecting plane.

spherical wave, it will have the form

1 ~
H=—k xE, (3-35)
Ho

with the field directions and wave vector directions satisfying

ExH=k (3.36a)

E-k=0 (3.36b)
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A

H-k=0. (3.36¢)

The key to resolving the fields into components parallel to the
plane of reflection lies in the observation that the cross product of
the plane normal i and the incident wave vector direction k lies in
that plane. With

N k x fi
P=1 (3-372)
k xf
q=kxp, (3-37b)
the field directions can be resolved into components
E=(E-p)p+(E-q)q=Ep+E.q (3.38a)
H=MH-p)p+(H-q9)q=Hp+H.q (3.38b)

This subdivides the fields into two pairs, one with the electric field
parallel to the reflection plane

Ei=(E-p)p=E|p

A\ A . (3-39)
Hi=(H-q)q=H.4q,

and one with the magnetic field parallel to the reflection plane

Hy=(H-p)p=Hp

o ) (3.40)
E;=(E-q)q=E.4.

This is most of what we need to proceed with the reflection and
transmission analysis. The only task remaining is to determine the
reflection angle. Using a pencil with the tip on the table I was able
to convince myself by observation that there is always a normal
plane of incidence regardless of any oblique angle that the ray hits
the reflecting surface. This was, for some reason, not intuitively
obvious to me. Having done that, the geometry must be reduced to
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GZ\ R
— K% ﬁ_([: Vo

-
o

Figure 3.7: Angle of incidence determination.

what is sketched in fig. 3.7. Once a p’ = p x fi has been determined,
regardless of it’s orientation in the reflection plane, the component
of k that is normal, directed towards, the plane of reflection is

k—(k-p')p, (3-41)
with (squared) length
(k= (kop) ) =10 (kop) 2 (kop)
-1- (12 : p’)z.

The angle of incidence, relative to the normal to the reflection
plane, follows from

' A 2
\/1— (k-p/ (3.43)

(3-42)

S k- ((kxn)xa), (3-44)
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where

k- ((f( X ﬁ) X ﬁ) = ky€rst (f( X ﬁ)snt
= krerstesabkanbnt
= —k, 8N mym (3-45)
= _krnt (kr”t - ktnr)

=—1+(R-ﬁ)2.

That gives

1— (k : ﬁ)z (3.46)

or

(3-47)

This surprisingly simple result makes so much sense, it is an awful
admission of stupidity that I went through all the vector algebra to
get it instead of just writing it down directly.

The end result is the reflection angle is given by

A

6=cos 'k-n, (3.48)

where the reflection plane normal should off the back surface to
get the sign right. The only detail left is the vector direction of
the reflected ray (as well as the direction for the transmitted ray if
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that is of interest). The reflected ray direction flips the sign of the
normal component of the ray

A
ﬁ-ﬁ)ﬁ+f<— (nk> A (3-49)
2

Here the sign of the normal doesn’t matter since it only occurs
quadratically. This now supplies everything needed for the ap-
plication of the Fresnel equations to determine the reflected ray
characteristics of an arbitrarily polarized incident field.

3.11 IMAGE THEOREM.

In the last problem set we examined the array factor for a corner
cube configuration, shown in fig. 3.8.

X

Figure 3.8: A corner-cube antenna.

Motivation.  This is a horizontal dipole antenna placed next to a
metallic corner. The radiation at points in the interior of the cube
have contributions due to the line of sight field from the antenna
as well as reflections. We looked at an approximation of ground
reflections using the Image Theorem, modeling the ground as a
perfectly conducting surface. I completely misunderstood that the-
orem and how it should be applied. As presented it seemed like
a simple way to figure out the reflection characteristics. This con-
fused me since it did not seem consistent with Fresnel reflection
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theory. I did try to reconcile to the two, but that reconciliation only
appeared to work for certain dipole orientations, and that orienta-
tion dependence remained an open question. It turns out that the
idea of the Image Theorem is to find a source configuration that
contains the specified source, but contains enough other sources
that the tangential component of the electric field superposition
is zero on the conducting surface, as required by Maxwell’s equa-
tions. This allows the boundary to be completely removed from the
problem. Thinking of the corner cube configuration as a reflection
problem, I positioned sources as in fig. 3.9. Because of the horizon-

/o

Figure 3.9: Incorrect Image Theorem source placement for corner cube.

tal orientation of the dipole, I argued that the reflection coefficient
should be -1. The reflection point is a bit messy to calculate, and it
turns out to zeroth order in 1/r the sin @ magnitude scaling of the
reflected (far-field) field is present for both reflected rays. I though
that this was probably because the observation point lays at the
same altitude for both the line of sight ray and the reflected ray.
Attempting this problem as a reflection problem makes it much
more difficult than it needs to be. It turns out that the correct image
source placement for this problem is that of fig. 3.10. This wasn’t
at all obvious to me. The key is understanding that the goal of the
image source placement isn’t to figure out how the reflection will
occur, but to manufacture a source configuration for which the
tangential component of the electric field is zero on the conducting
surface.

Image placement for infinite conducting plane. ~ Before thinking about
the corner cube configuration, consider a horizontal dipole next to
an infinite conducting plane. This, and the correct image source
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S X

Figure 3.10: Correct image source placement for the corner cube.

placement is illustrated in fig. 3.11. I'll now verify that this is

Sy

V)

Figure 3.11: Image source placement for horizontal dipole.

the correct image source. This is basically a calculation that the
tangential components of the electric fields from both sources sum

to zero.
Let,

r=|s—rol, (3.50)

so that the magnetic vector potential for the first quadrant dipole
has the form

Ay

= ﬁe‘fkri. (3.51)

With

=
Il

s (3.52)

(eald

1l

N>

|

S

N>

=
N—
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the far-field electric field at the point s on the plane is
. AO i
— ]k}’E .
E=—jw e VE. (3-53)

If the normal to the plane is fi the tangential component of this
field is the projection of E on the direction

 kxna
p=1—". (3.54)
kxnh
That tangential component is directed along
NN . S N k x A
(E‘p)p=<( —(z-k)k)-(kxn))ﬁ. (3.55)
k x fi

Because the triple product k - (f( X ﬁ) =0, the tangential compo-
nent of the electric field, provided k-A#0,is

E = —jw%e‘jkri- (R X ﬁ) 1_12(;(1)2 (3.56)

Now the wave vector direction for the second quadrant ray on the
plane is required. Both k’ and s’ are reflections across the plane.
Any such reflection has the value

x' = (x AA)A — (x - A) A
= —(AAX+h-X)A (3:57)
= —fxA.

This multivector product nicely encapsulates the reflection opera-
tion. Consider a reflection against the y-z plane with normal e; to
verify that this works

—e|Xep = —eq (xe1 +yez + ze3) e
= — (x —yezeq + ze3e1) eq (3.58)
= — (xe; — ye + ze3)
= —Xxe1 +yer + zes.

This has the x component flipped in sign and the rest left un-
touched as desired for a reflection in the y-z plane.
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The second quadrant field will have k' x fi terms in place of
all the k x fi terms of eq. (3.56). We want to know how the two
compare. This calculation is simply done using the dual form of
the cross product temporarily

2 (3-59)

So, provided the image source in the second quadrant is oppositely
oriented (sign inversion), the tangential components of the two
will sum to zero on that surface.

Thinking back to the corner cube, it is clear that an image source
opposite to the source across from one of the walls will result in
a zero tangential electric field along this boundary as is the case
here (say the y-z plane). A second pair of sources opposite from
each other anywhere else also about the y-z plane will not change
that zero tangential electric field on this surface, but if the signs
of the sources is alternated as in fig. 3.10 it will also result in zero
tangential electric field on the z-x plane, which has the desired
boundary value effects for both surfaces of the corner cube. Once
the image sources are placed, the problem can be tackled with the
boundary removed.

3.12 PROBLEMS.

Exercise 3.1 Infinitesimal electric dipole. (2015 psz, p4)

Show that in the near field kr — 0, the electric field of an in-
finitesimal electrical dipole of length [ and current I = IZ can be
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derived from the field of an electric dipole moment p = q/2. The
electrostatic field of a dipole moment is given by,

_3(p-Bi—p
E= Ireor® (3.60)

Answer for Exercise 3.1

To write the electrostatic field in spherical coordinates, first note
that

12+ (cos ¢ sinf, sin ¢ sin 6, cos b) (3.61)

so the electrostatic dipole field is

3cos bt — Z
E=g—2" = )
l 47egrd (3.62)

To calculate the radial component of this field, note that

(3cosbt —2)-t=3cosf —2 -t (3.63)
=2cos0,
SO
cos 0
E, = q127'[€01‘3 : (3-64)

For the 6 component, noting that 8 = (cos 6 cos ¢, cos 8 sin ¢, — sin 6),

(3cosft —2) -6 = —2- 0 (3.65)
=sin6,
SO
sin 6
EQ = ql47‘[€01’3 . (366)

Finally the E, component of this electrostatic field is zero since
(3cosbt —2)- ¢ =0, (3.67)

because t and ¢ are orthonormal, and ¢ lies in the x-y plane,
always perpendicular to 2.
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Current for the dipole configuration. A set of equal magnitude
oscillating charges +4(t) separated by distance /, have the phasor
representation

q(t) = gel". (3.68)

The dipole moment associated with such a charge distribution is

! -1 ;
p(t) = <+q2 +(—q) <2>> ez (3.60)
= glel“!3.

This has the desired dipole moment magnitude p = g/z. The current
for this dipole configuration is

dq(t)
dt (3.70)
= jwqe”,

I(t) =

allowing a phasor identification for the current magnitude
Iy = jwq. (3.71)

Near field equivalence.  The near field electric field equations de-
rived from the magnetic vector potential are expressed in terms of
Iy, not g. Since the ratio of charge to permittivity is

a_ I
€ Jjweo
1
= —7[——
ke (3-72)
. v/ Ho€o
=l k€0
_ . h
- ]IO k/

the electric field components eq. (3.64) and eq. (3.66) calculated
from the dipole moment take the form

. cosf
E = —]UIOZW (3.73a)
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. sinf
Eo = —jnlol 5 (3.73b)

Ey =0. (3.730)

This reproduces the near field electric field equations for a vertical
infinitesimal dipole (4.20a,b) from the text [5] in the limit kr — 0.

Exercise 3.2 Mobile power reception. (2015 ps2, p5)

A mobile is located 5 km from a base station and uses a vertical
wire antenna of gain 2.55 dB to receive cellular radio signals. The
carrier frequency used is 9oo MHz and the EIRP of the base station
is 30 mW. If the base station and mobile are located 50 m and 1.5
m above ground respectively, calculate the power level received at
the mobile.

Answer for Exercise 3.2

The mobile in a transmitting geometry is sketched in fig. 3.12.
For a vertical dipole the magnetic vector potential has the form

\‘z’ - L
E’ %y 7=
)

Dn

d

b
}/ J J=5 kn

%)

Figure 3.12: Vertical dipole reflection geometry.

Ao
A=2—e ", (3.74)

where Ag = polol /4. The far field electric field is
E-= —ijT
A0 i (s (s £\ (3.75)
= —jo e KT _ .
jw . e (z (z k> k) ,

where all the radial (non-transverse) components of the magnetic
vector potential have been subtracted out.
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Reflection coefficient.  To determine the sign of the reflection coef-
ficient for a vertical dipole configuration, consider a wave vector
directed in the z-y plane at an angle 6 from the pole

k =2¢"% = 2cos0 + ysin6. (3.76)

The far field electric field that propagates along this direction, has
direction

- (zk> k=2— (2 (2cos0+§sind) k
=2 — cos Ok
=2 —cosf(Zcosf + ysin0) (3.77)
= 2sin® @ — sin § cos Oy
= —sin 0 (cos 0y — sin 02) .

When there is reflection, the electric (far) field is directed entirely
in the plane of incidence (with the magnetic field entirely parallel
to the reflecting interface). The Fresnel reflection coefficient ([13]
eq. 4.40) for such a polarization is

n¢ cos 0; — n; cos 0,

R= : .78
1; cos 6; + 11 cos (3.78)

For no transmission the transmitted speed of the radiation v — 0,
and the the index of refraction of the ground approaches n; =
c¢/vy — oo. This shows that the reflection coefficient for the vertical
dipole configuration is +1. Because of the symmetry of this dipole’s
orientation the sign of the reflection coefficient has no azimuthal
dependency.

Effects of ground reflection.  Let

aref = arctan 55/5000 (3.79a)

s = arctan45,/5000 (3.79b)
Tref = V552 + 50002 (3-79¢)

Tlos = V452 + 50002 (3.79d)
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A

kref = 5\’ COS pef + 2 SIN Kpef (3'796)

12105 = ¥ COS (jps + Z SiN . (3.79f)

Summing the line of sight and reflected (image source contribution)
gives

1 .
E = jwA E ;e_]k” cos a; (sina;§ — cos a;Z)
i€{los,ref} " (3.80)

1 .
~ jwAgcosfa (sin0ay —cosOaz) = Y e,
ie{los,ref}

where an average distance r = \/hZ +d2 = v/502 + 50002, the dis-
tance from the origin to the base station has been factored out in
the denominator.

The sum of the phase terms is

oI\t hE | i/ P =2MhethE o o= jkn/ 420l | p—jkn/rP =2l
— e—jkr\/1+2hthr/72+e—jkr\/1—2hthr/72
~ oIk (e—jkhthr/r + ejkhthr/r>

= 28_]k7’ COS <khthr> 7

r

(3.81)

so after reflection the far field electric field has the form
E = jwAgcosfa (sinfay — cosa2) %Ze_jkr cos (kh;hr) . (3.82)
This differs from the line of sight field by a factor of 2 cos (khh, /7).

Numerical results.  The wavelength is

3 x 108m/s
A=clv=——""""> =033m, 8
/ 900 x 106s~! (3.83)

so the cosine argument is

27t x 50 x 1.5
khthr/f’ = m = 028, (384)
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and the cosine adjustment to the field strength is

20s0.28 = 1.92. (3-85)
The mobile gain is
G = 10>%dB/10 = 1 8. (3.86)

Noting that EIRP = P,G, the Friis transmission equation, after
adjusting for the reflection effects, provides the power at the mobile

P, = A 2PGG1922
r—rm (tt)r(-)

(3-87)

0.33 2 _3 .
= | Tr500025 ) (80 % 1077) x 1.8 x (1.92)°'W

=56 x 107 2W.

The total power received is just 5.6 pW, assuming no polarization
losses (we know the polarization at the mobile, but not for the base
station.) In an attempt to avoid calculator errors for this problem I
scripted the numerical calculations in ps2ps.jl. That wasn’t entirely
successful on submission, since I used 5 m instead of 1.5 m!

Exercise 3.3 Dipole superposition. (2015 ps3, p1)

An infinitesimal electric dipole of electric current strength I, is
oriented along the x-axis. With this there is also an infinitesimal
magnetic dipole of magnetic current strength I, but oriented
along the y-axis.

a. Write down an expression for the total electric field radiated
in the far zone.

b. Assume now that Ioo/Imo = 1o = 12071Q2. Simplify the elec-
tric field expression found part a.

c. Plot in polar co-ordinates the normalized magnitude of the
electric field in the zy plane and for 0 < 6 < 27t (far zone).

Answer for Exercise 3.3
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Part a.  The far field electric field induced by the electric current
can be calculated with the transverse projection

Ee = —jw Proj; A (5.88)
=—W(A—m.m@,

where

Lol
Azk@;ﬂﬂﬁ (3.89)

To simplify this, note that the Cartesian to spherical coordinates
mapping is

X = sin 6 cos ¢k + cos  cos ¢ — sin P (3.90a)
¥ = sin @ sin pk + cos 0 sin pO + cos P (3.90b)
2 = cos 0k — sin 60, (3.90¢)
SO
. i . ~ VOIGOZ —ikr
Ec = —jw (cos 6 cos p0 — sin p) T I, (3.91)

For the magnetic current, first note that the far field magnetic
field for an electric current can also be expressed in terms of the
magnetic vector potential

H=1RxE
1

= —j Sk x (A - (A RK) (3.92)
U
= %k x A.
n

Duality provides the far field electric field given an electric vector
potential

Em = jwyk x F. (3.93)
For the y-axis oriented magnetic current, the vector potential is

F=v €leol

— oV mo” —jkr )
Yy € (3-94)
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The electric field will be directed along

kxy=kx (sin@sinqbf(+Cosesin¢é+C05¢‘i’>

- (3-95)
= cos 0 sin ¢ — cos ¢0,
so
E. =i . N o\ €0Imol —jkr
m = jwn (cos O sin g — cos ¢0) el (3.96)
Summing eq. (3.91), and eq. (3.96) gives
l H N A
— —jkr - .
E jo e neo ((— cosBcos P + sinpp) 17leo (3.97)

+ (cos Osin ¢ — cos pB) Ino) -
Part b.  When 7leo = Imo, this reduces to
E=i Holeol ik, N i g
= jw e (1+ cos6) (— cos ¢ + sinpg) . (3.98)

A view of this vector function are plotted in fig. 3.13 showing the
electric and magnetic far field vector directions on the surface of
the electric field magnitude. See electricAndMagneticDipoleSuper-
positionStandalone.cdf for an interactive view of these plots, with
6, ¢ controls available for the wave vector position.

Part c. In the zy plane, ¢ = 71/2, and the electric field has only a
¢ component

Ieol _; .
E= jwMe’]kr (1+cosb)¢. (3.99)
The magnitude of the 6 variation in the [0, 277] interval is plotted

in fig. 3.14.
Exercise 3.4 Long thin wire dipoles. (2015 ps3, p2)
a. On a single diagram, plot the polar patterns for I = 0.5, =
1.0A,1 =1.25A and I = 2.0A long thin wire dipole antennas.

b. Use numerical integration to calculate the maximum direc-
tivity for each dipole. Make a table with your results. Which
length corresponds to the highest directivity?
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Figure 3.13: Electric and magnetic infinitesimal dipole superposition,
view from above.

Figure 3.14: Electric and magnetic infinitesimal dipole superposition,
polar plot in ZY plane.



78

LINEAR WIRE ANTENNAS.

c. Use numerical integration to calculate the radiation resisis-
tance of the = 1.25A dipole. Do you expect this dipole to
be capacitive or inductive?

Answer for Exercise 3.4

Part a.  Assuming a 2 oriented dipole, in the far field, the electric
field is

_ TpeJkr [ cos (% cos 9) — cos (%)
Eo~ il 27tr

sin (3-100)

Writing | = aA, and noting that the magnetic field is Hy ~ Eg/7,
the radiation intensity U = r2W,y is

u

) 2
y |Io| <cos(7m cos0) — COS(”“)) _ (3.101)

' 8m2 sin 6
In fig. 3.15 F(0) = 872U /1|Io|* is plotted for a € {0.5,1,1.25,2.0}.
For a = 1.25 some very small side lobes are just barely visible.
For a = 2 the single lobe directivity is lost, and a significant split
of the radiation field along two different directions can be ob-
served. These individual features can be explored more easily
in longDipolesWithLengthControl.cdf which provides a Manipu-
late based interactive control for varying the I /A ratio. It is much
more satisfactory to view these in a three dimensional plot as in
ps3:longDipolelnteractiveLength.nb, and fig. 3.16, but such a visu-
alization does not work well for overlaid intensity patterns. The
side lobes for the & = 1.25 case do not show up very well in the
plot above. The log polar plot of fig. 3.17 shows this detail better.

Part b.  The directivity is given by

. 471 F(0)| max
27t [  F(6) sinfd6’

(3.102)

These values, calculated in ps3:directivityLongDipole.nb using the
Mathematica functions NMaximize and NIntegrate, are The largest
directivity for these specific values of I is found at [ = 1.25A.
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.
4

Figure 3.15: Polar plot of radiation intensities for some electric z-axis
oriented dipoles.

Dp = 3.02959

Figure 3.16: Double wavelength radiation intensity.

Table 3.1: Directivities.

0.5

1.25

2

Dy

1.64092

2.411

3.28248

2.52856
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180°

Figure 3.17: Log polar plot of radiation intensities for some electric z-axis
oriented dipoles.

Part c.  The radiation resistance is implicitly defined by

Praq = /Ud() = %]IO|2Rr, (3.103)
or, with # = 1207t(),
R, = iz / udQ

| ol

27 T . 2
_ 1207_[1/ d‘l’/ cos (7ta cos 0) — cos (7ti) sin 040
47'[2 0 0

sin 0

T . 2
=60/ (cos(mxcos?) cos (7tw)) 0.
0 sin 6

(3.104)

See ps3:longDipolesSelectedLengths.nb for the numerical integra-
tion using the the lengths in this problem. The half-wavelength
number calculated matches the value quoted in [5] eq. 4-93.

For the reactance, without calculating, I don’t know an intuitive
way to determine whether it would be positive or negative for any
given length. The graph of [5] fig.8.17 appears to show that the



Table 3.2: Radiation resistances.

14

0.5

1

1.25

2

R,

73.1296

199.088

106.537

259.634

reactance is roughly positive (inductive) in the [0.5, 1]A interval
and negative (capacitive) in the [1, 1.5]A interval.
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ANTENNA ARRAYS.

4.1 CHEBYSCHEFF POLYNOMIALS.

In ancient times (i.e. 2nd year undergrad) I recall being very im-
pressed with Chebyscheff polynomials for designing lowpass filters.
I'd used Chebyscheff filters for the hardware we used for a speech
recognition system our group built in the design lab. One of the
benefits of these polynomials is that the oscillation in the |x| < 1
interval is strictly bounded. This same property, as well as the
unbounded nature outside of the [—1, 1] interval turns out to have
applications to antenna array design.
The Chebyscheff polynomials are defined by

Ty (x) = cos (m cos™! x) , Ix] <1 (4.1a)

Ty (x) = cosh (m cosh ™! x) , x> 1. (4.1b)

Range restrictions and hyperbolic form. — Prof. Eleftheriades’s notes
made a point to point out the definition in the |x| > 1 interval, but
that can also be viewed as a consequence instead of a definition if
the range restriction is removed. For example, suppose x = 7, and
let

cos 17=9, (4.2)
SO
7 = cosf
j0 4 o—if
_ete” (4.3)
2
= cosh(%j6),
or

Fjcosh 17 =6. (4-4)
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T (7) = cos(Fmj cosh™17)
= cosh(m cosh™1 7).

(4.5)

The same argument clearly applies to any other value outside of
the |x| < 1 range, so without any restrictions, these polynomials

can be defined as just

T(x) = cos (m cos ! x) .

(4.6)

Polynomial nature. ~ Equation (4.6) does not obviously look like a
polynomial. Let’s proceed to verify the polynomial nature for the

first couple values of m.

e m=20.

To(x) = cos(0cos ™! x)
= cos(0)

=1.

o m=1.

Ti(x) = cos(1cos™ ! x)
= x.

o m=2.

To(x) = cos(2 cos ™! x)
=2cos?cos H(x) — 1
=2x% — 1.

(4-8)
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To examine the general case

Tyu(x) = cos(m cos ™!

= Re ejmcos’1
= Re (ejcos’1 x)m

X)

m
= Re (cos cos 1 x + jsincos ™! x)

=Re (x+j\/1 — x2>m
—re (e ()i (=) ()2 (-2

(- ()t

(4.10)

This expansion was a bit cavalier with the signs of the sin cos lx=

V1 — x2 terms, since the negative sign should be picked for the

root when x € [—1,0]. However, that doesn’t matter in the end

since the real part operation selects only powers of two of this root.
The final result of the expansion above can be written

Tm(x) = LmZ/ZZJ <m> (—1)f ™2 (1 - x2)k (4.11)
m - 2k . .
k=0

This clearly shows the polynomial nature of these functions, and is
also perfectly well defined for any value of x. The even and odd
alternation with m is also clear in this explicit expansion.

Some plots.  The first couple polynomials are plotted in fig. 4.1.

Properties.  In [1] a few properties can be found for these polyno-
mials

Tm(x) =2xTy—1 — T2, (4~12a)
0=(1-x%) d];;nx(x) + mxTy(x) — mT,_1(x), (4.12b)
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1.0

1.5

— T1(X)

Ta(x)
= Ts(x)
= T4(x)

Figure 4.1: A couple Cheybshev plots.
d?T, aT,
0=(1-2x%) dZZ(x) —x Zx(x) + m2 T (x), (4.120)
0 ifm=#n

1
1
—Tu(x)Ty(x)dx = i =n= .12d
/2 ifm=n,m#O0.

—[Example 4.1: Cheybshev antenna design.}

In our text [5] is a design procedure that applies Cheybshev
polynomials to the selection of current magnitudes for an
evenly spaced array of identical antennas placed along the
Z-axis.

For an even number 2M of identical antennas placed at
positions 1, = (d/2) (2m — 1) e3, the array factor is

N 1.
AF= Y Lo/t (4.13)
m=—N
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Assuming the currents are symmetric I_,, = [,, with =
(sinf cos ¢, sin O sin ¢, cos §), and u = ”7‘1 cos 0, this is

N
AF = Z [me].k(d/z)(szl)cos()
m=—N
N
=2, Iycos (k(d/2)(2m — 1) cos ) (4.14)
=

N
=2 Iycos((2m — 1u).
m=1

This is a sum of only odd cosines, and can be expanded as
a sum that includes all the odd powers of cos u. Suppose for
example that this is a four element array with N = 2. In this
case the array factor has the form

AF=2(Lcosu+L (4cos’u —3cosu))

(4.15)
=2 ((I) — 3L) cosu + 4, cos® u) .

The design procedure in the text sets cosu = z/zp, and then
equates this to T3(z) = 473 — 37 to determine the current am-
plitudes I,,. That is

2 — 6L %23 _
Z0 ZO

[11] _ lz/zO —6/zo] - [—3]
I 0 8/z 4 (4.17)
2 [3(23 _ 1)] |

7 2
Zy

—3z + 423, (4.16)

or

The currents in the array factor are fully determined up to a
scale factor, reducing the array factor to

AF = 428 cos® u — 3zg cos u. (4.18)
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The zeros of this array factor are located at the zeros of

T3(z cos 1) = cos(3 cos ! (zg cos 1)), (4.19)

which are at 3cos ™! (zgcosu) = /2 + mm = 7t (m + %)

cosu = lCos i m+1
a 20 3 2
- {0, e } :
220
showing that the scaling factor zj effects the locations of the
zeros. It also allows the values at the extremes cosu = +1, to

increase past the £1 non-scaled limit values. These effects can
be explored in http://goo.gl/KPqcjX, but can also be seen in

fig. 4.2.

(4.20)

— T5(1x)
T3(1.1 %)
T5(1.2x) 2f

/‘ ~~_ | x
ED) 05 \Vo.y 1o

4L

Figure 4.2: T3(zox) for a few different scale factors z.

The scale factor can be fixed for a desired maximum power
gain. For RdB, that will be when

20log;, cosh(3 cosh™ ! zg) = RdB, (4.21)

or

1
zp = cosh (3 cosh™! (102%)> . (4.22)
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4.1 CHEBYSCHEFF POLYNOMIALS.

For R =30 dB (say), we have zg = 2.1, and

AF = 40 cos® (%d cos 9) — 6.4 cos <%d cos 9) . (4.23)

These are plotted in fig. 4.3 for a couple values of d/A.

(a)

(b)

Figure 4.3: T3 fitting of N = 4 array in linear and dB scales.

A Manipulate for exploring the d/A dependence is available
in http://goo.gl/8FhUuC.

Dolph-Cheybshev design procedure from class notes.  Prof. Eleftheri-
ades described a Cheybshev antenna array design method that
looks different than the one of the text [5]. Portions of that proce-
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dure are like that of the text. For example, if a side lobe level of
201log;, R is desired, a scaling factor

1
Xo = cosh (m cosh™! R) , (4-24)

is used. Given N elements in the array, a Cheybshev polynomial of
degree m = N — 1 is used. That is

Tu(x) = cos (m cos~! x) . (4.25)

Observe that the roots xj, of this polynomial lie where

mcos x| = g + ntn, (4.26)

or
7T
X!, = cos <% 2n + 1)) : (4.27)

The class notes use the negative sign, and number n =1,2,---,m.
It is noted that the roots are symmetric with x} = —x/,, which can
be seen by direct expansion

X}y_, = COS (% m —r) — 1))
= Cos (7‘( — % 2r + 1))

= —Cos (% r+ 1)) (4.28)
= —cos (% Q@ +1) — 1))
= _x:'+1' O
The next step in the procedure is the identification
x/
ul, =2cos ! <”>
X0 (4.29)

Zp = elitn,

This has a factor of two that does not appear in the Balanis design
method. It seems plausible that this factor of two was introduced
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so that the roots of the array factor z, are conjugate pairs. Since
cos 1(—z) = T — cos~! z, this choice leads to such conjugate pairs

exp (juy,_,) = exp <]2cos ! (JC;;:))
<]2 cos™ < Yra1 >/) (4.30)
_eXp<< < —cos™ (;;1>>)

= exp (—jurs) -

Because of this, the array factor can be written

AF=(z—z1)(z—22) - (2 — Zm—-1)(Z — Zm)

(z—z1)(z—2z])(z —22)(z — 23) - -

(z2 —z(z1+27) +1) (22 —2(zp +25) + 1) --

ERRARIEY T A

<z2 22 cos (zcos2 1 (Z)) +1> (431
TR

on o) ) )

When m is even, there will only be such conjugate pairs of roots.

When m is odd, the remaining factor will be
z— ¥ (0/00) o g UM/2 2 g oM =741, (4.32)

However, with this factor of two included, the connection between
the final array factor polynomial eq. (4.31), and the Cheybshev
polynomial T, is not clear to me. How does this scaling impact the
roots?

Example 4.2: Expand AF for N = 4.]
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The roots of Ts3(x) are

X e {O,i\f},

so the array factor is

AF = <z2+z<z—32> +1> z+1)
*0

1 1
=z’ +32% <1—2) +3z (1—2) +1.
*0 *0

With 20log,, R = 30dB, xo = 2.1, so this is
AF = 2% + 2.33089z% + 2.33089z + 1.
With

7 = ej(u+uo)

— e]'kd cos 0+jkug
the array factor takes the form

AF = ej3kd cos 0+]3kug + 2.33089€j2kd cos 0+j2kug
+2.33089e/k cosO+jkuo 11

(4.33)

(4-34)

(4-35)

(4.36)

(4-37)

This array function is highly phase dependent, plotted for

ug = 0 in fig. 4.4.

Figure 4.4: Plot with 1y =0,d = A /4.
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This can be directed along a single direction (z-axis) with
higher phase choices as illustrated in fig. 4.5.

Figure 4.5: Plot with uy = 3.5,d = 0.4A.

See ChebychevSecondMethod.nb for an interactive exploration
of the parameters.

4.2 PROBLEMS.

Exercise 4.1 Corner cube antenna. (2015 ps3, p3)
Consider the symmetrically placed horizontal dipole antenna of
fig. 3.80.2 , next to a metallic corner cube.

a. Calculate the array factor of the antenna in fig. 3.8.

b. Estimate the directivity enhancement of the antenna in
tig. 3.8 compared to the isolated antenna.

c. Estimate the radiation resistance of the antenna in fig. 3.8
compared to the isolated antenna.

d. Plot the array-factor directivity pattern in the x-y plane for
0< ¢ <2m.

e. By using numerical integration calculate the directivity of
the array factor for i = (1/8)A, h = (1/4)A and h = (1/2)A.

Answer for Exercise 4.1
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Part a.  This problem can be tackled with the image theorem,
which requires placement of sources as in fig. 3.10. The sources are
located one in each quadrant

s1=h(1,1,0)

sp =h(—1,1,0)

(4-38)

S3 = h (—1, —1, 0)

S4 = h (1, —1,0) P
and the point of measurement at r = rt = r(sin 6 cos ¢, sin 0 sin ¢, cos 6).

If r,, = r — s, is the distance from the mth source to the observation
point, then the squared distance is

= (r*+s3, —2r-sy)

2 N 1/2
=r(1+sr’;—2:-sm>

1s3 ¢
%r(l 2’;—1/-5,,1)

1/2

(4-39)

Those distances are

t-s1 = hsinf (cos¢+sing) = V2hsinf cos (¢ — 77/4) (4.40a)

-

-8y = hsinf (— cos ¢ +sin¢) = —v/2hsinf cos (¢ + 71/4) (4.40b)

-

-83 = —hsin@ (cos ¢ +sin¢) = —v/2hsinf cos (¢ — 77/4) (4.40¢)

t-s4 = hsin (cos¢ — sinp) = v2hsincos (¢ + 7/4) . (4.40d)

Suppose the magnetic vector potential has the structure of an
infinitesimal dipole

_ polo

A
" 4y,

22 pikrmg, (4-41)
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In the far field, the direction vectors for all the fields will be
approximately

2 — (2 - %)t = cos 0 — sin 88 — cos Ot (4-42)
= — sin 08.

The far field electric field for each image source is approximately
Em = —ijT
= jewt00 = sin g
BT (4-43)
oo s
— v JKTm
];7k4nre sin 0.

Writing s = v/2h for the distance from the origin to each of the
image sources, the superposition of all the image sources is

E-= jqk%eﬂkr sin 6 (ejks sin® cos(¢p—7/4) _ ,—jkssin®cos(¢+7/4)
(4-44)
+ efjkssin9cos(¢*ﬂ/4) o ejkssin9c05(¢+n/4)> é

or

T (R .
E= 2]17k4—7(t)re 1% sin @ (cos (ks sin 6 cos (¢ — 7/4)) (4.45)
— cos (kssinf cos (¢ + 71/4))) .

The array factor can be picked off by inspection

AF =21 (cos (kssin 6 cos (¢ —71/4)) —cos (ks sinf cos (¢p+71/4))) .

(4.46)
Part b.  The radiation intensity is
1 (k>
u= S <472> sin? | AF) = By sin® 0| AF|%. (4-47)

This holds for both isolated antenna with AF =1, and the corner
cube with |AF|* given by eq. (4.46).
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For the isolated antenna, the radiation intensity is maximized at
6 =rm/2,s0

4t x 1
27 [, sin® 6460
_ 2 (4-48)
4/3
3

>

D 0,iso =

For the corner cube the maximization problem is trickier. As a first
approximation, if ks is assumed to be small, then all the cosines in
eq. (4.46) are close to unity, and the array factor is zero. The next
order in ks expansion of the cosines is required

AF=2], (1 — ("5512“9)2 cos?(¢p— 7z/4)—1+(k5512]“9)2 cos?(¢+ n/4)>
= ZIO(kSSizne)2 (= cos®(¢ — 7t/4) + cos*(¢ + 7/4))
= —Iy(ks sin 8)* sin(2¢),
(4-49)
so for small ks
U = By(ks)* sin® 0 sin(2¢). (4.50)

The radiation intensity is clearly maximized at ¢ = 77/4,6 = 71/2,
S0

Uy = By(ks)*. (4.51)

The radiated power, again for small ks, is

/2 T
Prada = Bo / d¢ / d0 sin OU(6, ¢)
0 0

/2 T
~ By(ks)* / d¢ sin2(24)) / dfsin’ 0
0 0

cnaot (3) (2

2
= Bo(ks)447r£.

(4.52)
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The approximate directivity of the corner cube is

471 x By(ks)* 35
Do,ccube = M = 5 ~ 17.5. (4.53)

almost 12 times greater than the directivity of the isolated radiator.
The posted solution omits the sin® § contribution from the ele-
ment factor. That results in

/2 T
Praq ~ Bo(ks)* d¢ sin®(2¢) dfsin’ 0
0 ¢ ¢ 0

= Bo(ks)* <g> X <1§> (4.54)

1
_ 4
= By(ks) 471—15,

and

47 x By(ks)* _

Bo(ks )47 (4.55)

D 0,ccube ~

Note that the baseline directivity without the sin  element factor
is unity, since

7T
47'[/271/ sinfd6 =1, (4.56)
0

so such a relative approximation is still correct for the dipole up to
an order of magnitude.

Part c.  The radiation resistance was defined implicitly by the
relation

1
Prad = E’IO‘ZRD (457)

so the ratio of radiation resistance will just be the ratio of the
radiated powers

Rr,ccube Prad,ccube 87T(k5)4/35 _ 3(k5)4

= = = .58
Ry iso Prad,iso 87 / 3 35 (4.58)
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Partd. The x-y plane is found at 6 = 71/2 where the array factor
is

AF =2 (cos (271% cos (¢ — 7r/4)) — cos (271% cos (¢ + 71/4))) :
(4-59)

This is plotted against both & = s/A = v/2h/A, and ¢ in fig. 4.6,
which shows that there are generally four lobes for any value of
s, except for the smallest values where the pattern is near zero.
This is also plotted in fig. 4.7 for a few selected values of a. To

Figure 4.6: Plot of |AF|? in XY plane with a = /1/A.

plot the squared array factor, the physically significant range ¢
[0, 7t/2] can be used, because all of the negative sign contributions
from quadrant III will be flipped into quadrant I. It's more fun to
visualize this in 3D as in, and a manipulate control for visualizing
|AF|2 is available at cornerCubeArrayFactorSq.cdf . This is plotted
in fig. 4.9 for a = 0.69.

Part e. The code for the numerical calculations can be found in
ps3:ps3Q3plotsCorrected.nb. The results are

Dolh = A/8] =17.1

Dolh = A/4] = 15.9 (4.60)
Dolh = A/2] = 14.3.
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(a) (b)

Figure 4.7: Polar plot of AF in XY plane for various values of « = s/A.

¢

1
—hiA=%
1
—hA=}%

1
s

Figure 4.8: Polar plot of |AF|* for 6 = 0.

Figure 4.9: Spherical plot of |AF|2 for & = 0.69.
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If the sin” @ contribution of the element factor is omitted (as the
posted solution does in the directivity approximation), the direc-

tivities are all slightly less
Dolh = A/8] =14.6
Dolh = A/4] =13.2
Do[h =A/2] =15.1.

Exercise 4.2 Chebyscheff Recurrence relation.

Prove eq. (4.12a).
Answer for Exercise 4.2
To show this, let

x =cosb,

(4.61)

(4.62)

2xTy—1 — Ti—2 = 2cos B cos((m — 1)8) — cos((m — 2)0). (4.63)

Recall the cosine addition formulas

cos(a + b) = Re @+
= Reel"elt
=Re (cosa +jsina) (cosb + jsinb)
=cosacosb — sinasinb.

Applying this gives

2xTy 1 — Tyy—2 =2cosB (cos(m@) cos 6 + sin(m#f) sin 9)
— (Cos(mf)) cos(20) + sin(m0) sin(29)>

=2cosf (cos(m@) cos 6 + sin(m#@) sin 9))

— (cos(m@)(cos2 0 — sin® )

+ 2 sin(mf) sin 6 cos 9)

= cos(m®) (cos® 0 +sin” 0)
~T,(x). O

(4.64)
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Exercise 4.3 Chebyscheff first order LDE relation.
Prove eq. (4.12b).

Answer for Exercise 4.3

To show this, again, let
X = cos?f. (4.66)

Observe that

. d0
1= —sin Ga, (4.67)
SO
@ _dod
dx  dxdo 68
14 o
sinfdo’

Plugging this in gives

(1—x%) %Tm(x) +mxTy(x) — mTy_1(x)

1 d
— i _ el
= sin”6 < sin9d9>

(cos(m@) + m cos 0 cos(m6) — m cos((m — 1)9))

= — sin 0(—m sin(m0)) + m cos 0 cos(mB) — m cos((m — 1)0).

(4.69)

Applying the cosine addition formula eq. (4.64) gives

m (sin 0 sin(m6) + cos 6 cos(mb))

.70
— m (cos(m@) cos 0 + sin(mB) sin @) = 0. O (4-70)

Exercise 4.4 Chebyscheff second order LDE relation.

Prove eq. (4.12¢).
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Answer for Exercise 4.4

This follows the same way. The first derivative was

dTn(x) 1
dx ~  sinfdo cos(m6)
1 . (
=—— (- 4.71)
sin 9( m) sin(m6)
1 .
= msin@ sin(m#),

so the second derivative is

d?T,(x) 1 1 .
A2 "sin@dfsind sin(m®) (4.72)
1 cos 0

_ 1
=—m <_.29 sin(m6) + sing™ cos(m9)> .

sin 0 sin

Putting all the pieces together gives

d?T,,(x) dTy(x)
2 m . m
(1-x%) dx? ix

cosf .
=m (sin() sin(m6) — m cos(m@))

+ M2 Tp(x)

(4.73)
— Cos Qm,L sin(m0) + m? cos(m6)
sin 6
=0. O

Exercise 4.5 Chebyscheff orthogonality relation.
Prove eq. (4.12d).

Answer for Exercise 4.5

First consider the 0,0 inner product, making an x = cos 6, so that
dx = —sin6df, and

1
1
To, T =/ ——dx
(To, To) (1)

0
=/ <_311119> — sin 640 (474)
— 7T

=0—(—n)

= TT.
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Note that since the [—7, 0] interval was chosen, the negative root
of sin? 6 = 1 — x2 was chosen, since sin 6 is negative in that interval.
The m,m inner product with m #0 is

1 1 ’
<Tszm> :/—1(1—362)1/2(TM(X)) dx

0 1 ) )
= /7T <_sm(9> cos“(mb) — sin 0d0

0
= / cos>(m6)do 475)

7T

0
= ;/ (cos(2mB) + 1) do

—7T
—
2'

So far so good. For m # n the inner product is

0
(T, Ton) :/_ cos(mb) cos(nf)do

= 1/0 <ejm9 + e‘jme) (ejne + e_j”9> do
-7

I . . ,
= / <e](H1+n)9 4 o J(mmb o pj(m—n)0 +e](—m+n)9> a0
4 —TT
1 0
=5 | (cos((rn+mp) +cos((m — m)e)) do
—7T
_ 1 (sin((m + n)6) .\ sin((m — n)0)\ |°
2 m+n m—n .
=0. 0
(4.76)
Exercise 4.6 Schelkunoff z-axis array, binary array. (2015 ps4, p1)

A three-element array is placed along the z-axis. Assume that the
spacing between the elements is d = A /2 and the relative amplitude
excitationsare Iy = Iz =1and I, =2

Use the Schelkunoff method to

a. Determine the angles of the nulls when the corresponding
progressive phase shifts ad are 0, 7t/2, 7, 371/2. Do this for
each case.
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b. For each case plot the corresponding array factor

Answer for Exercise 4.6

Part . With the array elements placed at r,, = mdz,m € [0, 2],
the array factor is

AF=1 x (ej(kdcos9+ud)>0 +2 % (ej(kdcos9+ad))1 +1 x (ej(kdcosemd))z‘

(4.77)
With z = ef(kdcosb+ad) thig g
AF=1+2z+2% = (1+2)%. (4.78)
This is a binary array with nulls located at z = —1. The angles
where that is the case are
kdcosf+ad = (2N + 1), (4-79)
which is, for the separation of this problem,
A cosB+ad =(2N + 1), (4.80)
A2
or
d
6 = cos™? <2N +1- ”;) . (4.81)
1. Case I: ad = 0. Here
0 =cos ' (2N +1), (4.82)
which has solutions at N =0, —1 of
0=cos'1=0 (4.83)
6 = cos }(—1) = 7T = 180°. +
2. Case II: ad = 77/2. Here
1 1
6 = cos 2N+1-— 5] (4.84)

which has solutions at N = 0 of

0 =cos 1(1/2) = /3 = 60°. (4.85)
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3. Case III: ad = 7r. Here

0 =cos ! (2N), (4.86)
which has solutions at N = 0 of
6 =cos 10=rm/2=90° (4.87)
4. Case IV: ad = 371/2. Here
0 = cos™! (ZN — ;) , (4.88)
which has solutions at N = 0 of
0 =cos }(—1/2) =2m/3 = 120°. (4.89)

Part b.  These are plotted in fig. 4.10.

Exercise 4.7 Schelkunoff z-axis, zero phase shifts. (2015 ps4, p2)

Use the Schelkunoff method to design a linear array of isotropic
elements placed along the z-axis such that the zeros of the array
factor are located at 6 = 0°,60°,120°. The inter-element spacing is
d = A/2 and the progressive phase shift is zero degrees.

a. What is the required number of the elements?

b. Determine the corresponding current excitation coefficients
c. Find the array factor

d. Plot the corresponding array factor

Answer for Exercise 4.7

Parta.  With d = A/2, we write z = /7058 The zeros of the array
factor occur at

tcos0 =11
mtcos(mt/3) = 1t/2 (4.90)
mteos(2/3) = —1t/2,

so the array factor is

AF = (z — ej”) (Z — ej”/z) (Z _ e—jn/Z)

=(z+1)(z—j) (z+])) (4.91)
=(z+1) (22— %)
=22+1+2%+z
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120 60
150 30
180
210 330
240 300
270
(a)
0
120 60
0.8
0.6
150 30
0.4
.2
180
210 330
240 300
270
(c)

150

180

210

150

180

210

240

120

240

270

(b)

90

270

(d)

0.6
0.4
0.2

300

60

300

Figure 4.10: Plot |AF| for ad =0, 7t/2, 7t,37/2.
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Normalized this is
1
AF(z) = 1 (1+z+22+2°). (4.92)
Four elements are required.

Part b.  The currents at positions r,, = mdz, m € {0,1,2,3} are

1
Ih==
0~ %
1
L ==
17y
1 (4.93)
12—1
1
Iy = .
374

Part c. A phase term may be factored out of the array factor to
put it in real form

3/2
AF = ZT <z‘3/2 +27 1245124 23/2> : (4.94)
Substituting z = ¢/7°°%?, and discarding the leading z*/? term, the
array factor is

1 7T 3
AF = 5 <cos (E Ccos 9) + Cos <2 cos 9>>

_ 1sin (27 cos )
" 4sin (% cosb)

(4.95)

Part d.  This is plotted in fig. 4.11, which also clearly shows the
zeros at 0 = 0,60°,120° as desired.
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(@) (b)

Figure 4.11: Array factor for specified zeros.

Exercise 4.8 Binomial array. (2015 ps4, p3)

Five antenna elements are placed symmetrically along the z-axis.
The distance between the elements is kd = 57t/4. For a binomial
array, find

a. the excitation coefficients (currents)

b. an expression for the array factor

c. the normalized power pattern (for the array factor)
d

. the angles in degrees where the nulls (if any) occur.
Plot the power array factor with a tool like Matlab to verify
your predictions.

Answer for Exercise 4.8

Part a.  The array geometry assuming is illustrated in fig. 4.12.
With r,, = mdz, m € [-2,2], the array factor is

2

Z Imejkrm.f

m=—2
) (4.96)
— E Imejkdm cos 6

m=—2

AF

Recall that the binomial expansion for N = 4 is

(z+1)*=1+4z+622+42° + 24, (4.97)
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Figure 4.12: Five element array on z-axis.

so the currents are

I ,=1

[ =4
Iy=6 (4.98)
L =4
L =1.

Partb.  With z = /*4<%89 e can assume a binomial representation
of the form

2
4 .
AF = Z <m . 2> e]kdm cos @

m=—2

4 2 /oy (4.99)
= <2> +2 Z (m +2> cos (kdm cos 6)

m=1

=6+ 2 (4 cos (kd cos 0) + cos (2kd cos 0)) .

Part c.  Normalizing so that AF =1 at () = kd cos — 0, gives

1
AF = 3 (3+4cosu +cos2u)
= cos*(u/2),

(4.100)

where © = 571 cos 0/4. The substitution u = —jInz, puts the array
factor in explicit polynomial form

AF(z) = ﬁ (1+2)*. (4.101)
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The leading 1/z? factor, which introduces negative power polyno-
mial terms but does not change the roots, is because the expansion
eq. (4.99) effectively factored out a pure phase term. This does not
impact the power array factor |AF|2. Had the array elements not
been placed symmetrically about the origin, instead being located
atr, = mdz,m € {0,1,2,3,5}, this factor would have been elimi-
nated. A leading zN factor in AF(z) is seen to be associated with
the location of the origin of the coordinate system.

Part d.  Solutions for the nulls are found for integer N solutions
of

5
T” cos0 = (1 + 2N), (4.102)

Two solutions in the visible range can be found
0 =cos ! (+4/5), (4.103)

or

6 € {143.1°,36.9°} . (4.104)

The power array factor is plotted in fig. 4.13, and fig. 4.14.

(a) (b)

Figure 4.13: Polar plot of 5 element binomial power array factor.

Exercise 4.9 Dolph-Chebyshev. (2015 ps4, p4)
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Figure 4.14: Spherical polar plot of 5 element binomial power array factor.

Design a five-element, —40dB sidelobe level Dolph-Chebyshev
array of isotropic elements. The elements are placed along the
x-axis with an inter-element spacing d = A/2. Determine,

a.

0 op T

the normalized amplitude coefficients
the array factor
Use numerical integration to calculate the directivity

and the null-to-null beamwidth

. Repeat part a-c for a uniform broadside array of the same

spacing

. Plot the power array-factor patterns for the two arrays on

the same plot.

Answer for Exercise 4.9

Part a.

or

The 40dB level is equivalent to
20log;, R = 40, (4.105)
R =10 = 100. (4.106)

The Chebyshev scaling factor for a five element array is

1
Xo = cosh (4 cosh™? R) =2.01. (4.107)
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With x = xq cos(u/2), the unnormalized array factor is

AF(U) = T4(x)
= Ta(xo cos(u/2)) (4.108)
= 8x§ cos*(u/2) — 8x5 cos*(u/2) + 1.

Since

cos?(u/2) = % (cos(u)+1)
1 (4.109)
cos*(u/2) = 3 (cos(2u) + 4 cos(u) +3),

the array factor can be expanded in cos(mu), as

AF(u) = xé (cos(2u) + 4 cos(u) + 3) — 4x(% (cos(u)+1)+1
(4.110)

= x§ cos(2u) + (4x3 - 4x5) cos(u) + 3xg — 4x3 + 1.

After normalization this is
AF(u) = acos(2u) + B cos(u) + v
4
X
R e
8xy — 8xg+1
f = 4x} — 4x3 (4.111)
8xg — 8x3+1
3 3x61 — 4x% +1

_8x3—8x%+1'

The array coefficients are found to have the values

o
I, = 5= 0.082
I = g =0.25
Io=7v7=0.34 (4.112)
P_
LI = 5= 0.25
o
I = 5= 0.082

Partb.  The array factor is defined by eq. (4.111), eq. (4.112), where
u = 7rsin 0 cos ¢.
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Part c.  The directivity is found to be 3.97 (5.98 dB ).

Part d.  The zeros of the array factor occur where the argument of
Tn(x0 cos(u/2)) = cos(m cos ™" (xg cos(u/2))), (4.113)

equals —7t/2+nr, or

1
u=2cos ! (xo cos (%(Zn - 1))) . (4.114)

Compare this to the zeros of the uniform array factor, which was

N-1 N N/2 _ ,—N/2
1—2z _ z z
AF(z) = ZO S = T - LN 1)/2m, (4.115)
n=

so with z = ¢/, the absolute array factor is

1 [sin (Nu/2)|

AFu)| = ——-—-—"——. 116
| ( )’ N ‘sin (u/2)| (4 )
This has zeros where
2
u= %, n#0eZ. (4.117)

These two sets of zeros are plotted on the unit circle in the z-
domain in fig. 4.15. The Chebyshev and uniform array factors are
plotted the z-x plane for u = kd sin 6 cos(0) in dB in fig. 4.16. For the
Chebyshev array the zeros are found to be at {44°,61°,119°,136°},
so the null to null beamwidth is 88°. The 3 dB beamwidth for the
main lobe is found to be 28°.

For the uniform array the zeros are found at {24°,53°,127°,156° }
so that arrays’ null to null beamwidth is 48°.

Part e. The normalized uniform array amplitude coefficients are
1/5. The array factor is given by eq. (4.116). The directivity for the
linear array is found numerically to be 5.0 (6.99 dB ).

Part f.  This array configuration has a donut shaped power pat-
tern, as shown in fig. 4.17. The two array factor power patterns
(normalized) are plotted in fig. 4.18.
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90°

150°

180°

—-150° -30°

-@° T4(x(cos(u/2))

-90° o 3 eni

Figure 4.15: Zeros of five element Chebyshev and uniform array elements
on z-domain unit circle.

10 logso(|AF(6,0) | 2)

(a)

10 logso(|AF(6,0) | )

o
30° 60° 90° 120° 150° 180°

(b)

Figure 4.16: Chebyshev and uniform power array factor in z-x plane (dB).
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Figure 4.17: 5 element Chebyshev array power pattern in 3D.

— Ti(zgeon(u/2))

— L

(@ (b)

Figure 4.18: Plots of 5 element Chebyshev and uniform array power
patterns for u = kd sin 6 cos 0.






APERATURE ANTENNAS.

5.1 PROBLEMS.

Exercise 5.1 Aperture antenna. (2015 ps5, p1)

A rectangular aperture lies along the x-y plane and has dimensions
a X b. Let the electric field aperture distribution be given by,

Eap =y cos (%x) . (5.1)

The aperture is cut out of an infinite perfectly electric conductor.
The origin of the coordinate system is at the center of the aperture.

Using the theory of radiation from apertures based on the equiv-
alence principle, calculate:

1. An expression for Ey(0, ¢).
2. An expression for Ey(0, ¢).

3. Consider an aperture of dimensions a4 = b = 10cm at f =
9.8GHz.

a. Plot the E-plane and H-plane patterns (power).

b. Calculate the positions of the first nulls in the E and H
planes.

c. From the plot determine the levels of the first sidelobe in
the E and H planes.

d. From the plot determine the 3dB beamwidth of the main
lobe in the E and H planes.
Answer for Exercise 5.1

Following the transformation procedure of [5] fig. 12.5, the equiv-
alent source for this electric field is a magnetic current

M, = —22 X § cos (%x) — 2% cos (%x) : (5.2)
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producing an electric vector potential that is approximately

€ : ot
s dx / d /M e—]k(r—r~r)
" 4 —a)2 b/2 Yy

_]k“/ dx’' / dy’ cos )ejkf'r/
a/2 b/2

€ a/2 b/2 o L ,
]krA/ dx’ / dy COS )e]ksm()(cosq)x +sin¢y’)
a/2 b/2

a/
- € kg dx/ (ejksin9cos¢x’+jr(x//a+ejksin9cosqu’fjnx//u) >
4rtr a/2

b2
/ dy elksinbsingy’
s

(5.3)

A symmetric interval around the origin has been chosen to avoid
the introduction of complex phases. Each of these integrals is of

the form
. ,1c/2 . . )
c/2 joz jac/2 _ ,—jac/2 2
/ dz el = & g - = (“;/ ) (5-4)
/2 A ja a/
With
X =ksin6 cos ¢ (5.5a)
Y = ksinfsing, (5.5b)
the electric vector potential is
_ € jkresin(YD/2)
P2t X vyp ~
sin (X + 7t/a)a/2) N sin (X — t/a)a/2)
(X+7/a)/2 (X —1m/a)/2
_ € e_]'krﬁsin (Yb/2)
27tr Y/2
(X —m/a)sin (Xa/2+ 7/2) + (X + 1t/a)sin (Xa/2 — 7r/2)
X2 — (1t/a)?

(5.6)
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Since

sin(z + 71/2) +sin(z — 7/2) = 0 (5.7a)

sin(z + 71/2) — sin(z — 71/2) = 2cos z, (5.7b)

this reduces to

Fo _ibe*jkﬁ cos (Xa/2)  sin (Yb/2)

1 ¢ X(Xa/2r — (/22 Yb)2

The far field magnetic field is

H = —ijT
cos (Xa/2) sin(Yb/2)

Coeab o
]kc e k- (x-D)E )a2X2/4—(7T/2)2 Yb/2 (5.9)

Xa/2 in (Yb/2
]kabe (&~ (& 9)1) cos (Xa/2)  sin(Yb/2)
4ry (Xa/2)? — (/2)>  Yb/2
Since
X = sin 6 cos ¢t + cos 6 cos PO — sin o, (5.10)

the far field magnetic field is
cos (Xa/2)  sin(Yb/2)
(Xa/2)? — (/2> Yb/2
(5.11)

]kab
dry

L—e /" (cos 0 cos pB — sin p¢p)

This can be related to the electric field noting that that the dual of
the far field relationship

H, = 1i‘ X Epz, (5.12)
U
is
—Er =7t x Hf, (5.13)
so the far field electric field is

E=—nixH
jkab . o cOS (Xa/2)  sin(Yb/2) (5.14)
4r (Xa/2)? — (7t/2)> Yb)2
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That electric field direction is

t X X = cos 0 cos pt X O — sin pt x P

R (5.15)
= cos 0 cos ¢¢p + sin ¢0,

so the electric field is

_ jkab

E= ?e_jkr (COS 6 cos ¢ +sin 4)(:)) cos (Xa/z) sin (Yb/z)

(Xa/2)2 — (/2> Yb/2
(5.16)

Note that the electric and magnetic fields are perpendicular, as
expected.

1. The polar coordinate of the electric field is

cos (Xa/2) sin(Yb/2)

jkab
T4 (Xaj22 —(nj22 Yoz =~ 07

E, =
0 4r

e I sin ¢

2. The azimuthal coordinate of the electric field is

ikab _;
Eyp= —%e‘f’“ c059c034>(X

cos (Xa/2) sin(Yb/2)
a/22 — (/22 Ybj2
(5.18)

3. Now for the plots and numeric values requested for the given
aperture size and source frequency.

The electric field power pattern for an aperture of dimensions
a=>b=10cm at f = 9.8GHz is plotted in dB scale from o dB
down to 40 dB in fig. 5.1.

Part a.  The maximum field is found at 6 = 0. The value of ¢ is
inconsequential, so we have an infinite number of E-plane surfaces,
and can pick the 6 = ¢ = 0 wave vector direction for simplicity. For
such a wave vector direction E = v, H = &, and the corresponding
E-plane and H-plane power fields are plotted in fig. 5.2. These
fields are also plotted on a log scale in fig. 5.3 , from o dB down to
-50 dB.
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Figure 5.1: Electric field power pattern, o dB to -40 dB.

1
09F / 09 \ /
08F | osr | |
07f / 07 ‘\‘ ‘J‘
06 06 \ “\“
05 051 | |
04f / 04 ‘\ |
03F [ ost | /
02r / 02 \ a\ |
01r / 01 “\ / \ /\ |
: / o \/
0 0 -
0 nl4 nl2 3a/4 0 14 nl2 37/ n
0 0
(@) (b)

Figure 5.2: E-H-plane (power) for ¢ = 0.
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0 , 90 ,
120 60 120 60
10 10
-20 20
150 30 150 30
-30 ﬂo
Y Zam SNy
180 0 180 4 N 0
210 330 210 330
240 300 240 300
270 270

(@) (b)

Figure 5.3: E,H-plane (power) for ¢ = 0, dB scale.

Part b.  For the E-plane the zeros are found at 27°, 50°, 90°, 130°,
and 153°.

For the H-plane the zeros are found at 18°, 38°, 67°, 113°, 142°,
162°.

These were determined numerically, but these can also be visu-
ally verified against the dB power plots above, which are marked
in degrees.

Part c.  For the E-plane the sidelobe peaks are found at 35°, 60°,
120°, 145°, with respective levels (dB) of -25, -37, -37, -25.

For the H-plane the sidelobe peaks are found at 26°, 49°, 90°,
131°, 154°, with respective levels (dB) of -13.2666, -17.8436, -22.8361,
-17.8436, -13.2666.

These were also calculated numerically, but can also be visually
verified against the dB power plots above.

Part d. The -3 dB point of the main lobe is found where |E| =
103/20, For the E-plane this is at 10°, and for the H-plane this is
found at 8°.



MICROSTRIP ANTENNAS.

6.1

PROBLEMS.

Exercise 6.1 Patch antenna. (2015 ps5, p2)

A microstrip patch antenna is printed on a substrate with h =
0.1588cm, €, = 2.2 at fy = 10GHz. Give your length answers in cm.
Using the transmission-line model :

a.
b.

C.

d.

Calculate the width W.
Calculate the effective relative permittivity €.

Calculate the length of the patch L if no fringing-field
effects are accounted for.

Calculate the corrected length L = Ly — mAL where m = 2
and AL is the correction due to the fringing fields.

Estimate the admittance of each radiating slot Ys = G + jB.

. Now transform Y of the second slot (right) to the plane of

the first slot (left) using the impedance transformation,

Zs+jZptan(BL)
70 + jZs tan(BL)’

Ziny = (6.1)
where B = ko, /€eff is the effective propagation constant,
and use Zy = 26Q) as the characteristic impedance of the
microstrip line. What is the value of Zjy; and Yinp = 1/Zinp.

Based on the above, calculate the total input impedance of
the patch antenna Z;, at the terminals of the first slot.

If the imaginary part of Z;, is not zero, adjust the length
parameter m (in part d) between 0 < 3 < m to make the
patch resonant (i.e. make the imaginary part of Z;, vanish).
What is the new input impedance in this case?

Answer for Exercise 6.1
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Part a.

W= 1 vfz
Zfo\/m €r+1
c 2
"2 V22+1

_ 3 x10°m/s x 100cm/m 2

(2)10 x 1095~ ! 22+1
= 1.186¢cm.

Part b.

Ceff = 75 2 W

=1.9716.

e+l e—1 <1+12h>_1/2

W
% — 0412 Eoff + 0.3 ot 0.264
h €off — 0258 W +0.8

h
=0.5108,

AL = 0.5108h
= 0.081cm,

L=Ly—2AL
= 0.9061cm.



Part e.

/\0=C/f0

= 3cm,

o
=3,
=2.0944cm ™.

ko

The constraint for the calculation of G requires

h 1
pre 0.053 < 107

which is satisfied, so

— W 1 2
= 0 (1 = 24 (koh) )

= 0.00330,

W
= Ta0x; (1~ 063610 (koh)

= 0.00560,

B

Y, =G +jB
= (0.0033 +0.00567) U
= 0.00649/60°0,

Zs = (78 — 133j) O
= 154/-59°Q).
Part f.

Zin2 = (19 + 71]) @)
=73/75°Q),

Yin2 = (0.0036 — 0.0131) U
= 0.0136/—75°0.

6.1 PROBLEMS.

6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.15)

(6.16)
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Part g.

1
Zin =
Ys + Yin2 (6_17)
= (66 +73j) O
= 98/48°Q).

Part h.  The imaginary part of Z;, is plotted in fig. 6.1. The zero

80

60 -

40 [

20 [

Imz,)

oF

-20 [

40+

-60

-80

Figure 6.1: Im Z;,, variation with m.

is found at
m = 1.22097, (6.18)

at which point the new impedance is

Zin = 152.300. (6.19)



FIELDS AND WAVES.

7.1 COUPLED WAVE EQUATION IN CYLINDRICAL COORDINATES.

In [2], for a sourceless configuration, it is noted that the electric
field equations V?E = —B2E have the form

E, 2 0E

V2E, — T 2 = —B%E, (7.1a)
E, 20E
V2E, — pl * an = —B’E, (7.1b)
V2E, = —B%E,, (7.1¢)
where
2 10 ( 9y 1% &y
Ve = 03p Pap + 7 9g? toa (7.2)

He applies separation of variables to the last equation, ending up
with the usual Bessel function solution, but the first two coupled
equations are dismissed as coupled and difficult. It looks like
separation of variables works for this too, but we have to prep the
system slightly by writing ¢ = E, + jE,, which gives

Y 2j0¢

V2¢—;+pf2$=—ﬁ2¢, (7.3)
or

19 [ oy 1% %y ¢ 2oy )

pap<9ap>+p2a4>2*azz‘p* pop = PP W

With a separation of variables substitution ¢ = f(p)g(¢)h(z) this
gives

1a(af>+182g 19°h 1 2j og

- v - - = 2
pf dp g2 zo2 2 p2gag . @)
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Assuming a solution for the function / of

19%h 2
292 - —as, (7.6)

the PDE is reduced to an equation in two functions

10 ( 8f> d 1
—— == |+ 5= +2jg) +B—a®— 5 =0, (7.7
or
8f> ; 2 .2y 2
+ +2j9) + — =1. (7.8)
fap (p % ga¢( jg) + (B" —a%)p
With the term in ¢ having only ¢ dependence, we can assume
10
S 7 (g+2ig) =17 (7.9)
2o (8728)
for
8f> 22y 2
'y + —u =0. (7.10)
f ER (p (" —a%)p

I'm not sure off hand if these can be solved in known special
functions, especially since the constants in the mix are complex.

7.2 IMPEDANCE TRANSFORMATION.

In our final problem set we used the impedance transformation
for calculations related to a microslot antenna. This transformation
wasn’t familiar to me, and is apparently covered in the third year
ECE fields class. I found a derivation of this in [4], but the idea is
really simple and follows from the reflection coefficient calculation
for a normal reflection configuration. Consider a normal field
reflection between two interfaces, as sketched in fig. 7.1. The fields
are

E' = REge /17 (7.11a)

H = yEO —fkz (7.11b)
M
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Figure 7.1: Normal reflection and transmission between two medjia.

E' = RTEyelf1? (7.110)
H' = —yrifef"ﬂ (7.11d)
E' = REoTe /%* (7.11€)
H'= yli;:fTe_jkzz. (7.11f)

The field orientations have been picked so that the tangential
component of the electric field is X oriented for all of the incident,
reflected, and transmitted components. Requiring equality of the
tangential field components at the interface gives

1+T'=T (7.12a)
1 r T

- == .12b
noomom (7.12b)

Solving for the transmission coefficient gives

2

1+
;L 12 (7.13)
12

Tt
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and for the reflection coefficient

I'=T-1
_ 2=
M2+ 1M (7.14)
_2—m
2+
The total fields in medium 1 at the point z = —I are
E +E = XE, (e—fk1<—l) + refk1<—’)) (7.150)
H +H = y@ (e_fkl(_l) — Fejkl(_l)) . (7.15b)
m

The ratio of the electric field strength to the magnetic field strength
is defined as the input impedance

E'+E
Hi+ H*

Zin = (7.16)

z=—1

That is

ol 4 Tkl
Zin = M7 o il
=1 (11 +12) e + (32 — 1) e (7.17)
() e = (2 — ) e TR
_ cos(kql) + 11 sin(kq1)
T aisin(l) + 171 cos(kl)’

or

o 2 + jip tan(kql)
m 1+ ji2 tan(kq 1)

(7.18)

7.3 PROBLEMS.



7.3 PROBLEMS.

Exercise 7.1 X oriented plane wave electric field. ([2] ex. 4.1)
A uniform plane wave having only an x component of the electric
field is traveling in the +z direction in an unbounded lossless,
source-ofree region. Using Maxwell’s equations write expressions
for the electric and corresponding magnetic field intensities.
Answer for Exercise 7.1

The phasor form of Maxwell’s equations for a source free region
are

V xE = —jwB (7.19a)
V x H = jwD (7.19b)
V.D-=0 (7.19¢)
V-B=0. (7.19d)

Since E = XE(z), the magnetic field follows from eq. (7.19a)

—jwB =V x E
X y z
= |9, ay 9, (7.20)
E 0 O
= 9:E(2) — 20, E2),
or
1
B = —j;aZE. (7.21)

This is constrained by eq. (7.19b)

JweXE = ;V x B

1 X ¥y z
= _WT dr Oy 0. (7.22)
0 dE 0
b

e (—%9..E + 20,0,E) .
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Since 9,0;E = 0, (04E) = aZ%V -D = 9,0, this means
d..E = —wzeyE = —K’E. (7.23)

This is the usual starting place that we use to show that the plane
wave has an exponential form

E(z) = % (E+e’jk2 + E_ejkz) . (7.24)

The magnetic field from eq. (7.21) is

Bl (— JKE e % + jkE_eka)

iﬂ’ (7-25)
= —jkz _ jkz
c <E+e E_e ) ,
or
1 —ijkz ikz
H=—<E+e ke _E el )
He (7.26)

= 117 (EJ,e*jkZ — E_ejkz> .

A solution requires zero divergence for the magnetic field, but that
can be seen to be the case by inspection.



PROF. ELEFTHERIADES” HANDWRITIN
DECODER RING.

I found Prof. Eleftheriades” handwriting tricky to decode in a
number of cases. Here’s a handy dandy codex should anybody
else have the same troubles

(a) Greek letter ) is written as a circle floating above a face up
square bracket.

(b) Greek letter ¢ is written like a number 6, slightly tipped.
(c) J looks like pi with a tail.
(d) Greek letter A looks like a mirror image of his 'h’.

(e) Greek letter i can look like an M.

S Y

(a) (b) () (d) (e)

Figure A.1: Prof. Eleftheriades” handwriting decoder ring.






ELECTRIC SOURCES (GA).

In [5] §3.2 is a demonstration of the required (curl) form for the
magnetic field, and potential form for the electric field.

I was wondering how this derivation would proceed using the
Geometric Algebra (GA) formalism.

B.1 MAXWELL’S EQUATION IN GA PHASOR FORM.

Maxwell’s equations, omitting magnetic charges and currents, are

v xgz—zf (B.1a)
V><<7€=g+aaitb (B.1b)
V- -D=p (B.10)
V.B-=0. (B.1d)

Assuming linear media B = uo#, D = €p€, and phasor relation-
ships of the form & = Re (E(r)ej“’t) for the fields and the currents,
these reduce to

V x E = —jwB (B.2a)
V x B = o] + jweouoE (B.2b)
V-E=p/e (B.2¢c)
V-B=0. (B.2d)

These four equations can be assembled into a single equation form
using the GA identities

fg=f-g+fAg=f-g+Ifxg. (B.3a)
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I = %y2. (B.3b)
The electric and magnetic field equations, respectively, are

VE =p/ey — jkcBI (B.4a)

VB = i] + jKEI, (B.4b)
€pC

where w = kc,and 1 = czeoyo have also been used to eliminate some
of the mess of constants. Summing these (first scaling eq. (B.4b) by
I), gives Maxwell’s equation in its GA phasor form

(V+K) (E+cBI) = (c0 - J). (B.5)

B.2 PRELIMINARIES. DUAL MAGNETIC FORM OF MAXWELL’S
EQUATIONS.

The arguments of the text showing that a potential representation
for the electric and magnetic fields is possible easily translates into
GA. To perform this translation, some duality lemmas are required

First consider the cross product of two vectors x,y and the
right handed dual —yI of y, a bivector, of one of these vectors.
Noting that the Euclidean pseudoscalar I commutes with all grade
multivectors in a Euclidean geometric algebra space, the cross
product can be written

(xxy)=—-I(xAYy)

1
= IIZ (xy — yx) (B.6)
=5 (x(=yD) — (=yDx)
=x-(=yD).

The last step makes use of the fact that the wedge product of a
vector and vector is antisymmetric, whereas the dot product (vector
grade selection) of a vector and bivector is antisymmetric. Details
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on grade selection operators and how to characterize symmetric
and antisymmetric products of vectors with blades as either dot or
wedge products can be found in [14], [8].

Similarly, the dual of the dot product can be written as

1
—I(x-y)= —15 (xy + yx)

= &y D+ (-yI)

=x A (—yl).

These duality transformations are motivated by the observation
that in the GA form of Maxwell’s equation the magnetic field
shows up in its dual form, a bivector. Spelled out in terms of the
dual magnetic field, those equations are

V NE = —jwBI (B.8a)
V - (=BI) = poJ + jweguoE (B.8b)
V-E=p/e (B.8¢)
V A (—BI) =0. (B.8d)

B.3 CONSTRUCTING A POTENTIAL REPRESENTATION.

The starting point of the argument in the text was the observa-
tion that the triple product V - (V x x) = 0 for any (sufficiently
continuous) vector x. This triple product is a completely antisym-
metric sum, and the equivalent statement in GAis VAV Ax =0
for any vector x. This follows from a A a = 0, true for any vector
a, including the gradient operator V, provided those gradients
are acting on a sufficiently continuous blade. In the absence of
magnetic charges, eq. (B.8d) shows that the divergence of the dual
magnetic field is zero. It it therefore possible to find a potential A
such that

Bl =V AA. (B.9)
Substituting this into Maxwell-Faraday eq. (B.8a) gives
V A (E+jwA) =0. (B.10)
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This relation is a bivector identity with zero, so will be satisfied if
E+jwA=-V¢, (B.11)

for some scalar ¢. Unlike the BI = V A A solution to eq. (B.8d),
the grade of ¢ is fixed by the requirement that E + jwA is unity (a
vector), so a E+ jwA = V A ¢, for a higher grade blade 1 would
not work, despite satisfying the condition VAV A ¢ = 0.
Substitution of eq. (B.11) and eq. (B.9) into Ampere’s law eq. (B.8b)

gives
—V - (VAA) =) + jweopo (—V§ — jwA) (B.12)
~V?’A-V (V-A)= '
Rearranging gives
VA +KPA = —p] — V <V A +jlz¢> . (B.13)

The fields A and ¢ are assumed to be phasors, say A = Re Ae/c*
and ¢ = Re ¢pe/*. Grouping the scalar and vector potentials into
the standard four vector form A* = (¢/c, A), and expanding the
Lorentz gauge condition

0 =29, <A?‘efkd>
: 19 (¢
— a ,jkct YT ket
a”(Ae >+c8t<ce ) (B.14)
=V - Adt 4 % jkepelket
= (V- A+jkp/c) e,

shows that in eq. (B.13) the quantity in braces is in fact the Lorentz
gauge condition, so in the Lorentz gauge, the vector potential
satisfies a non-homogeneous Helmholtz equation.

VZA + KA = —yg). (B.15)
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B.4 MAXWELL’S EQUATION IN FOUR VECTOR FORM.

The four vector form of Maxwell’s equation follows from eq. (B.5)
after pre-multiplying by °. With

A=Aty = (¢p/c,A) (B.16a)
F=VAA= % (E +cBI) (B.16b)
V =949, =9° (V +jk) (B.16¢)
] =T vu=(co,]), (B.16d)

Maxwell’s equation is

| VP=m] | (B.17)

Here {’yy} is used as the basis of the four vector Minkowski
space, with 7% = =92 =1 (i.e. ¥ - 7, = 6",), and 7,79 = 0, where
{0,} is the Pauli basic (i.e. standard basis vectors for IR®). Let’s
demonstrate this, one piece at a time. Observe that the action of the
spacetime gradient on a phasor, assuming that all time dependence
is in the exponential, is

,Yyay (lpejkct) — (,)/aaa + ')’Oact) (l[]EjkCt)
=50 (707"9a + jk) (sbejk“) (B.18)
= 70 (020, + jk) et
=70 (V + jk) pel*,

This allows the operator identification of eq. (B.16¢). The four
current portion of the equation comes from

co —J =0 (Yocp — Y0Yav0J")
=70 (vocp + 7aJ") (B.19)
=70 ('Y;JV)
=0].
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Taking the curl of the four potential gives

V AA= (79, + vojk) A (')/ocp/c + ')/bAb>
= —0,0a0/c + 7" A 10, A" — jkoy, A
= —0,0,0/c + 04 N 030, A” — jkoy, AP (B.20)
1

=E(—V<p—ij+cV/\A)

1
:E(E+CBI).

Substituting all of these into Maxwell’s eq. (B.5) gives

1
YoVcF = $’YOI/ (B.21)

which recovers eq. (B.17) as desired.

B.5 HELMHOLTZ EQUATION DIRECTLY FROM THE GA FORM.

It is easier to find eq. (B.15) from the GA form of Maxwell’s
eq. (B.17) than the traditional curl and divergence equations. Note
that

VE=V (VA A)
=V -(VAA)+VANAA) (B.22)
=VZA -V (V-A),

however, the Lorentz gauge condition d,A" = V - A = 0 kills the
latter term above. This leaves

VF =V?A
=70 (V +jk) 70 (V +jk) A
=75 (= V +jk) (V +jk) A (B.23)
=— (VZ +k2) A
= Ho].

The timelike component of this gives

(V2 + k2> ¢ =—p/eo, (B.24)
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and the spacelike components give

(V2 + k2) A= —ugJ, (B.25)

recovering eq. (B.15) as desired.






MAGNETIC SOURCES (GA).

In [5] §3.3, treating magnetic charges and currents, and no electric
charges and currents, is a demonstration of the required (curl) form
for the electric field, and potential form for the electric field. Not
knowing what to name this, I'll call the associated equations the
dual-Maxwell’s equations. I was wondering how this derivation
would proceed using the Geometric Algebra (GA) formalism.

C.1 DUAL-MAXWELL’S EQUATION IN GA PHASOR FORM.

The dual-Maxwell’s equations, omitting electric charges and cur-
rents, are

0B

Vx8=—Z- M (C.1a)
D

Voxdt = (C.1b)

V. -®=0 (C.10)

V- B =pn (C.1d)

Assuming linear media B = uo#, D = €9&, and phasor relation-
ships of the form & = Re (E(r)e/*") for the fields and the currents,
these reduce to

V XE=—jwB-M (C.2a)
V x B = jweouoE (C.2b)
V-E=0 (C.20)

V B =pn. (C.2d)
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These four equations can be assembled into a single equation form
using the GA identities

fg=f-g+fAg=f-g+Ifxg. (C.3a)
I =%y2. (C.3b)
The electric and magnetic field equations, respectively, are

VE = — (M+jkcB) I (C.4a)

VB = com + jKEI, (C.4b)

where w = k¢, and 1 = c%¢ o have also been used to eliminate some
of the mess of constants. Summing these (first scaling eq. (C.4b) by
I), gives Maxwell’s equation in its GA phasor form

(V +jk) (E+cBI) = (com — M) L. (C.5)

C.2 PRELIMINARIES. DUAL MAGNETIC FORM OF MAXWELL’S
EQUATIONS.

The arguments of the text showing that a potential representation
for the electric and magnetic fields is possible easily translates into
GA. To perform this translation, some duality lemmas are required

First consider the cross product of two vectors x,y and the
right handed dual —yI of y, a bivector, of one of these vectors.
Noting that the Euclidean pseudoscalar I commutes with all grade
multivectors in a Euclidean geometric algebra space, the cross
product can be written

(xxy)=—I(xAy)

1
—IIZ(XY_YX) (C.6)
= E(X(—YI) — (=yDx)
=x-(=yl).

The last step makes use of the fact that the wedge product of a
vector and vector is antisymmetric, whereas the dot product (vector



C3 CONSTRUCTING A POTENTIAL REPRESENTATION.

grade selection) of a vector and bivector is antisymmetric. Details
on grade selection operators and how to characterize symmetric
and antisymmetric products of vectors with blades as either dot or
wedge products can be found in [14], [8].

Similarly, the dual of the dot product can be written as

Ixy) = T3 (xy + )

= 2 Gy D)+ (~y DY

=x A (=yl).

(C.7)

These duality transformations are motivated by the observation
that in the GA form of Maxwell’s equation the magnetic field
shows up in its dual form, a bivector. Spelled out in terms of the
dual magnetic field, those equations are

V - (-El) = —jwB - M (C.8a)
V AH = jweEl (C.8b)
V A(—EI)=0 (C.8¢)
V- B =pn. (C.8d)

C.3 CONSTRUCTING A POTENTIAL REPRESENTATION.

The starting point of the argument in the text was the observation
that the triple product V - (V x x) = 0 for any (sufficiently contin-
uous) vector x. This triple product is a completely antisymmetric
sum, and the equivalent statement in GA is VAV Ax = 0 for
any vector x. This follows from a A a = 0, true for any vector a,
including the gradient operator V, provided those gradients are
acting on a sufficiently continuous blade.

In the absence of electric charges, eq. (C.8c) shows that the
divergence of the dual electric field is zero. It it therefore possible
to find a potential F such that

—egEl = V AF. (C.9)
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Substituting this eq. (C.8b) gives
V A (H +ij) =0. (C.10)
This relation is a bivector identity with zero, so will be satisfied if

H + jwF = =V ¢, (C.11)

for some scalar ¢,,. Unlike the —epEI = V A F solution to eq. (C.8¢),
the grade of ¢, is fixed by the requirement that E + jwF is unity
(a vector), so a E + jwF = V A4, for a higher grade blade i would
not work, despite satisfying the condition VAV Ay = 0.
Substitution of eq. (C.11) and eq. (C.9) into eq. (C.8b) gives

V - (V AF) = —eoM — jweopio (—Vn — jwF)

Ci2

V-V (V-F)= )
Rearranging gives

V?F +K*F = —eM + V (v : F+j’;<pm>. (C.13)

The fields F and ¢, are assumed to be phasors, say A = Re Fe/kt

and ¢ = Re ¢,,¢/**. Grouping the scalar and vector potentials into
the standard four vector form F* = (¢,,/c, F), and expanding the
Lorentz gauge condition

0=, (Frei)

. 19 (m
— a jkct =Y [ ¥Ym jket
% (Fe) + cot < ¢’ ) (C.14)

=V . Felkt & %jkquejk“
= (V - F + jkdm/c) &,
shows that in eq. (C.13) the quantity in braces is in fact the Lorentz

gauge condition, so in the Lorentz gauge, the vector potential
satisfies a non-homogeneous Helmholtz equation.

V2F + kK*F = —¢gM. (C.15)
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C.4 MAXWELL’S EQUATION IN FOUR VECTOR FORM.

The four vector form of Maxwell’s equation follows from eq. (C.5)
after pre-multiplying by °. With

F =F'y, = (¢um/c,F) (C.16a)
G=VAF=—e(E+cBI)I (C.16b)
V =919, =" (V +jk) (C.16¢)
M = My, = (com, M), (C.16d)

Maxwell’s equation is

| VG=—-eM. | (C.17)

Here {7, } is used as the basis of the four vector Minkowski space,
with 7§ = =92 =1 (i.e. v - 7, = 6")), and 7,7y0 = 0, where {0, } is
the Pauli basic (i.e. standard basis vectors for R3).

Let’s demonstrate this, one piece at a time. Observe that the
action of the spacetime gradient on a phasor, assuming that all
time dependence is in the exponential, is

79y (#}eﬂ‘”) = (7"9a + Y00ct) (lIJE"k“)

=70 (707" + jk) (weﬂ“t> (C.18)
= 70 (020, + jk) et
=70 (V +jk) pe/*.

This allows the operator identification of eq. (C.16c). The four
current portion of the equation comes from

— M = 79 (Y0cPm — Y0720 M")
=70 (')’Ocpm + ')’aMu) (C.19)
=0 (WM”)
= oM
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Taking the curl of the four potential gives

V AF = (7"9q + Yojk) A ('y()cpm/c + 'ybe>
= —0,00¢0m/c+ Y N 'ybaan — ijbe

= —0,00¢0m/Cc+ 07 A 0,0,F0 — jkabe

= % (=V¢m — jwF+cV AF)

=€g(cB — EI)
=—€eo(E+cBI)I.
Substituting all of these into Maxwell’s eq. (C.5) gives
—EVG = ’)/oM,
€0

which recovers eq. (C.17) as desired.

(C.20)

(C.21)

C.5 HELMHOLTZ EQUATION DIRECTLY FROM THE GA FORM.

It is easier to find eq. (C.15) from the GA form of Maxwell’s
eg. (C.17) than the traditional curl and divergence equations. Note

that

VG=V(VAF)
=V - (VAF)+VYA(IAE)
=V?F-V (V- F),

(C.22)

however, the Lorentz gauge condition d,F# = V - F = 0 kills the

latter term above. This leaves

VG = V?F
=7 (V +jk) v (V +jk) F
=15 (=V +jk) (V+jk) F
- (V2+k2) F
= —¢yM.

The timelike component of this gives

(Vz + k2> ¢Pm = —€0CPm,

(C.23)

(C.24)
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and the spacelike components give
(V2 + k2) F=—cM, (C.25)

recovering eq. (C.15) as desired.






ELECTRIC AND MAGNETIC SOURCES (

Separate examinations of the phasor form of Maxwell’s equa-
tion (with electric charges and current densities), and the Dual
Maxwell’s equation (i.e. allowing magnetic charges and currents)
were just performed. Here the structure of these equations with
both electric and magnetic charges and currents will be examined.

D.1 SPACE TIME SPLIT.

The vector curl and divergence form of Maxwell’s equations are

ngz—a—@—m (D.1a)
ot

anze=g+a§ (D.1b)

V- D=p (D.10)

V- ®B=pn. (D.1d)

In phasor form these are

V X E=—jkcB —M (D.2a)
V xH =]+ jkcD (D.2b)
V-D=p (D.2¢)
V B =pn. (D.2d)

Switching to E = D/ep, B = yoH fields (even though these aren’t
the primary fields in engineering), gives

V X E = —jk(cB) - M (D.3a)
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J

V x (cB) = — +jkE (D.3b)
€pC
V -E=p/e (D.30)
V - (cB) = cpm. (D.3d)
Finally, using
fg=f-g+Ifxg, (D.4)

the divergence and curl contributions of each of the fields can be
grouped

VE =p/eo — (jk(cB) + M) I (D.5a)
V(cBI) = cpmI — <€]C +jkE> , (D.sb)
0
or
V (E+cBI) =p/eo— (jk(cB) + M) I +cpmI — (ejc +jkE> . (D.6)
0

Regrouping gives Maxwell’s equation including both electric and
magnetic sources

(V +K) (E+cBI) = (c0~)) + (om = M) L. | (D)

D.2 COVARIANT FORM.

It was observed that these can be put into a tidy four vector form
by premultiplying by 7, where

J=vu]" = (co,]) (D.8a)
M = vy M" = (cpm, M) (D.8b)
V =7 (V +jk) = 70 + jkyo, (D.8¢)
That gives
V(E+CBI)=L+M1. (D.9)
€oC




D3 TRIAL POTENTIAL SOLUTION.

D.3 TRIAL POTENTIAL SOLUTION.

When there were only electric sources, it was observed that poten-
tial solutions were of the form E + ¢BI « V A A, whereas when
there was only magnetic sources it was observed that potential
solutions were of the form E + ¢BI « (V A F)I. It seems reasonable
to attempt a trial solution that contains both such contributions,

say
E+cBI=VAAe+(VAAR) L (D.10)

Without any loss of generality Lorentz gauge conditions can be
imposed on the four-vector fields A., Am. Those conditions are

V-Ae=V- A, =0. (D.11)

Since VX = V- X+ V A X, for any four vector X, the trial solution
eq. (D.10) is reduced to

E+cBl=VA.+ VAL (D.12)

Maxwell’s equation is now

J o mr=v? (Ae + Anl)

€pC
=70 (V +jk) Yo (V +jk) (Ae + AmI) (D.13)
= (=V +jk) (V +jk) (Ae + An])
- (v2 + kz) (Ae + Anl).

Notice how tidily this separates into vector and trivector compo-
nents. Those are

(V248 A= eofc (D.142)
- (V2 + kz) Am = M. (D.14b)

The result is a single Helmholtz equation for each of the electric
and magnetic four-potentials, and both can be solved completely
independently. This was claimed in class, but now the underlying
reason is clear.
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D.4 LORENTZ GAUGE APPLICATION TO HELMHOLTZ.

Because a single frequency phasor relationship was implied the
scalar components of each of these four potentials is determined
by the Lorentz gauge condition. For example

0=V_. (Aeejk“>

- (70iaat v aak) ' <7°Agejkd trmAe ejkd> (D.15)
- (e ) -y
= (jkA2+ V - A.) e,
SO
A = ZV - Ae. (D.16)

k
The same sort of relationship will apply to the magnetic potential
too. This means that the Helmholtz equations can be solved in the
three vector space as

(Vz + k2> Ae = _eic (D.17a)
(V2 + k2> Am = —M. (D.17b)

D.5 RECOVERING THE FIELDS.

Relative to the observer frame implicitly specified by 7o, here’s an
expansion of the curl of the electric four potential

VA Ae = = (VAo — AV
(70 (W +7k) 70 (Ad = Ae) — 70 (AL — Ae) 70 (V +jk))
(—V +jk) (Al = Ae) — (AL + Ae) (V + k)

—2V AL+ kAT — AT+ VAe — AV — 2jkA,)
VAL +jkAe) + V A Ae.

| NM—\I\)\»—\I\)\HN [

AA/-\

(D.18)



D5 RECOVERING THE FIELDS.

In the above expansion when the gradients appeared on the right of
the field components, they are acting from the right (i.e. implicitly
using the Hestenes dot convention.)

The electric and magnetic fields can be picked off directly from
above, and in the units implied by this choice of four-potential are

Ee = — (VAQ+jkA,) = —j (,iVV -Ae +kAe> (D.192)

cB. =V x A.. (D.19b)
For the fields due to the magnetic potentials
(VAA)I=— (VAL+jkA) [ — V x A, (D.20)

so the fields are

B = — (VAR +jkAm) = —j (ivv ‘An +kAm) (D.212)

En=-V xAn. (D.21b)

Including both electric and magnetic sources the fields are

E=-VXxA,—j <11CVV~Ae+kAe) (D.22a)
cB=V XA —j <]1CVV -An +kAm> . (D.22b)

Observe that the alternation of signs is exactly that of a superposi-
tion of electric dipole and magnetic dipole fields. This is consistent
with the fact that the dual form of Maxwell’s equations has been
designed explicitly to model infinitesimal current loops as sources.
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RECIPROCITY THEOREM (GA).

The reciprocity theorem involves a Poynting like antisymmetric
difference of the following form

E@ x H® — g® x H®. (E.1)

This smells like something that can probably be related to a com-
bined electromagnetic field multivectors in some sort of structured
fashion. Guessing that this is related to the antisymmetric sum of
two electromagnetic field multivectors turns out to be correct. Let

@ = E@ 4+ cB@W] (E.2a)

FO = g® 4+ (BOT. (E.2b)

Now form the antisymmetric sum

% (P(ﬂ) £ _ £ p(a)) _ % (Ew) + cB® 1) <E<b> + cB® I)
- % (E(b) + cB(b)I> (E(‘” + cB(“)I)
_ % (E(”)E(b) _ E(b)E(ﬂ)>

LI (E(“)B(b) _ B(b)E(ﬂ))
2

LI (B(”)E(b) _ E(b)B(ﬂ))
2

CZ
o <B(b)B(a) _ B(“)B(b))

= E@ ANE® + 2 (B(b> A B(“))

(E.3)

+Ic (E(“) AB® + B@ A E<b>)
= [E® x E® 4 2] (B(b) x B(”)>

—c (E(”) x B® + B® x E(b)> .
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This has two components, the first is a bivector (pseudoscalar times
vector) that includes all the non-mixed products, and the second
is a vector that includes all the mixed terms. We can therefore
write the antisymmetric difference of the reciprocity theorem by
extracting just the grade one terms of the antisymmetric sum of
the combined electromagnetic field

E@ x H® — E® x H® = N <<F(”)F(b) - F(b)F("))> . (E.g)
2cup 1

Observing that the antisymmetrization used in the reciprocity
theorem is only one portion of the larger electromagnetic field
antisymmetrization, introduces two new questions

1. How would the reciprocity theorem be derived directly in
terms of F@WF®) — FOF@?

2. What is the significance of the other portion of this antisym-
metrization E@ x E® — czy% (H(ﬂ) % H(b)) ?



RELATION TO TENSOR FORM (GA).

Following the principle that one should always relate new for-
malisms to things previously learned, I'd like to know what Maxwell’s
equations look like in tensor form when magnetic sources are in-
cluded. As a verification that the previous Geometric Algebra form
of Maxwell’s equation that includes magnetic sources is correct,
I'll start with the GA form of Maxwell’s equation, find the tensor
form, and then verify that the vector form of Maxwell’s equations
can be recovered from the tensor form.

Tensor form.  With four-vector potential A, and bivector electro-
magnetic field F = V A A, the GA form of Maxwell’s equation
is

VF = I + MI. (E1)

€oC
The left hand side can be unpacked into vector and trivector terms
VF =V . -F+V AF, which happens to also separate the sources

nicely as a side effect

V-F= J (F.2a)
€pC

V AF=MI. (F.2b)
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RELATION TO TENSOR FORM (GA).

The electric source equation can be unpacked into tensor form by
dotting with the four vector basis vectors. With the usual definition
FP = 98 AP — 9B A%, that is

Y- (V-F)y=9"-(V-(VAA))
= (')/Vav : (wa“ A v,sA’S))
=" (7" (v« Ayp)) 00" AP
= %’r” (1" (ra A vp)) O FF (F3)

— 15’/!4

= 5°%pl
Lo Ly e
= 9, FVH.

9, [P

So the first tensor equation is

1
d,F"F = —JH, E
v C€0] (F-4)

To unpack the magnetic source portion of Maxwell’s equation, put
it first into dual form, so that it has four vectors on each side

M=—(VAPI
1
=——(VF+FV)I
g( HEY) (Es)
=~ (VFI = FIV)

=—-V . (FI).
Dotting with # gives
MF =4 (V- (=FI))
= <,yvav ) (_;,},zx A ’YﬁIFa/s>> (F6)

_ _%@’* - (7” : (v"‘ A 7ﬁ1)>>avFaﬂ-



RELATION TO TENSOR FORM (GA).

This scalar grade selection is a complete antisymmetrization of the
indexes

(- (o (1))
= <’r" : (7" - (v“vﬁ“ro’mm)»

= (romm2737"7" ")

_ ghvap
= 03210

— epu/txﬁ,

(E7)

so the magnetic source portion of Maxwell’s equation, in tensor
form, is

1
Eev"‘ﬁ#aﬁw = M. (E.8)

Relating the tensor to the fields. The electromagnetic field has been
identified with the electric and magnetic fields by

F =8+ cupdtl, (F9)
or in coordinates

1

57 A B = EMayo + cpoH" ayol. (F.10)

By forming the dot product sequence F*# = of . (% . F), the elec-
tric and magnetic field components can be related to the tensor
components. The electric field components follow by inspection
and are

B =y (o F) (F1)

The magnetic field relation to the tensor components follow from

FVS — Frs
=Y - (')’r . (c],[OHa’)fa’YQI))
= cpoH" (vs7rYa0l)
= cioH (" Py 100
- —cpoHoE"
= cpuoH €54

(F.12)
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Expanding this for each pair of spacelike coordinates gives

F'2 = cugH?€p13 = —cpoH® (F.13a)
F? = cugH' e = —cpoH' (F13b)
sl = cy0H2€132 = —cyon, (F.13¢)
or
El _ FlO
E2 _ [_'20
E3 = p80
1
1 23
==t (E.14)
H2 LF:’J
CHo
H3 LF12.
C}lo

Recover the vector equations from the tensor equations.  Starting with
the non-dual Maxwell tensor equation, expanding the timelike
index gives

A1
CEQ €0 (F15)
— BVFVO

= 811-"10 + 821-"20 + 83F30.

This is Gauss’s law

V-8 =p/ep. (F.16)




RELATION TO TENSOR FORM (GA).

For a spacelike index, any one is representative. Expanding index
1 gives

i]l — avpl/l
ceo

1
= Eatzfm +0,F?! + 95!

:—%E1+axqu%+8ﬂ—qu5

108

Extending this to the other indexes and multiplying through by €qc
recovers the Ampere-Maxwell equation (assuming linear media)

nge=g+2§?. (F.18)

The expansion of the oth free (timelike) index of the dual Maxwell
tensor equation is

MO = %EV“ﬁOaVFaﬁ

1
= — *€0wxﬁav1:alg
2
1 (F.19)

=—3 (01(F23 — F32) + 02(F31 — Fi3) + 93(Fi2 — F21))

= — (d1F23 + 92F31 + 93F12)
= — (31(—cpoH") + a(—cpoH?) + ds(—cpoH))

but M° = cpm, giving us Gauss’s law for magnetism (with magnetic
charge density included)

V - # = pm/po- (F.20)
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RELATION TO TENSOR FORM (GA).

For the spacelike indexes of the dual Maxwell equation, only one
need be computed (say 1), and cyclic permutation will provide the
rest. That is

]\/I1 = %e”‘ﬁlaylfaﬁ
1 1 1
=5 (02 (F30 — Foz)) + > (93 (Fo2 — Fop)) + > (9o (F23 — F3))
= —82F30 + agFZO + 80F23
10
a3 2 1o/ 1
= 82E +83E + Caf< C]xl()H)

a4t
= — (V X8+V()at> ‘el.
(F.21)

Extending this to the rest of the coordinates gives the Maxwell-
Faraday equation (as extended to include magnetic current density
sources)

Vx&=-M-—- ;toa;e. (F.22)

This takes things full circle, going from the vector differential
Maxwell’s equations, to the Geometric Algebra form of Maxwell’s
equation, to Maxwell’s equations in tensor form, and back to the
vector form. Not only is the tensor form of Maxwell’s equations
with magnetic sources now known, the translation from the tensor
and vector formalism has also been verified, and miraculously no
signs or factors of 2 were lost or gained in the process.



PARALLEL PROJECTION OF
ELECTROMAGNETIC FIELDS (GA).

When computing the components of a polarized reflecting ray that
were parallel or not-parallel to the reflecting surface, it was found
that the electric and magnetic fields could be written as

E=(E-p)p+(E-q)q=Ep+E.q (G.12)

H=(H-p)p+(H-q)q=Hp+H.q (G.1b)

where a unit vector p that lies both in the reflecting plane and in
the electromagnetic plane (tangential to the wave vector direction)
was

p—kxn (G.2a)
k x fi
q=kxp. (G.2b)

Here q is perpendicular to p but lies in the electromagnetic plane.
This logically subdivides the fields into two pairs, one with the
electric field parallel to the reflection plane

E =(E-p)p=Ep
Hi=(H-q)q=H.q
and one with the magnetic field parallel to the reflection plane
Hy = (H-p)p=Hp
E;=(E-q)q=E.q.

(G-3)

(G.4)

Expressed in Geometric Algebra form, each of these pairs of
fields should be thought of as components of a single multivector
field. That is

Fi=E + C}loHlI (G.5a)
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PARALLEL PROJECTION OF ELECTROMAGNETIC FIELDS (GA).

Fz = Ez + C]lonI, (G5b)
where the original total field is
F =E+cuoHI. (G.6)

In eq. (G.5a) we have a composite projection operation, finding
the portion of the electric field that lies in the reflection plane, and
simultaneously finding the component of the magnetic field that
lies perpendicular to that (while still lying in the tangential plane
of the electromagnetic field). In eq. (G.5b) the magnetic field is
projected onto the reflection plane and a component of the electric
field that lies in the tangential (to the wave vector direction) plane
is computed.

If we operate only on the complete multivector field, can we find
these composite projection field components in a single operation,
instead of working with the individual electric and magnetic fields?

Working towards this goal, it is worthwhile to point out con-
sequences of the assumption that the fields are plane wave (or
equivalently far field spherical waves). For such a wave we have

or
1oHI = kE. (G.8)
This made use of the identity a Ab = I (a X b), and the fact that

the electric field is perpendicular to the wave vector direction. The
total multivector field is

F=E+cuHI

- (1 + cR) E. (G-9)



PARALLEL PROJECTION OF ELECTROMAGNETIC FIELDS (GA).

Expansion of magnetic field component that is perpendicular to
the reflection plane gives

p
- <REII (k A )> (G.10)

SO
Fy = (p+clq)E- . (G.11)

Since gkp = I, the component of the complete multivector field in
the p direction is

Fi=(p — cplE - p
= p(1 — ck)E- p (G.12)
= (1+ck)pE - p.

It is reasonable to expect that F, has a similar form, but with p — §.

This is verified by expansion
Fr=E q+c(uH))pI
= (E-9)q +c(—kEIkar) (kal) 1
= (E- 4) 4 +c(kEkq )ka(-1)
= (E-4)q+c(kE(—g
= (E- q) q + c(kKEq ) kg

This and eq. (G.12) before that makes a lot of sense. The original
field can be written

F=(E+C(IA<><1AE>I>E'E, (G.14)
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PARALLEL PROJECTION OF ELECTROMAGNETIC FIELDS (GA).

where the leading multivector term contains all the directional
dependence of the electric and magnetic field components, and the
trailing scalar has the magnitude of the field with respect to the
reference direction E.

We have the same structure after projecting E onto either the p,
or { directions respectively

F = (p +e (k X 13) 1) E- (G.150)

o))

B = <q+c (12 X q) 1) E-q (G.15b)

The next question is how to achieve this projection operation di-
rectly in terms of F and p, g, without resorting to expression of
F in terms of E, and B. I've not yet been able to determine the
structure of that operation.



MATHEMATICA NOTEBOOKS.

These Mathematica notebooks, some just trivial ones used to gener-
ate figures, others more elaborate, and perhaps some even polished,
can be found in
https:/ /github.com/peeterjoot/ mathematica/tree/master/ece1229/.
The free Wolfram CDF player, is capable of read-only viewing
these notebooks to some extent.
Files saved explicitly as CDF have interactive content that can be
explored with the CDF player.

e Jan 18, 2015 tableOfTrigIntegrals.nb

Integrals of some powers of sine and cosine products

e Jan 19, 2015 sphericalPlot3d.nb

Antenna intensity plots for sine and cosine powers 1,2.

e Jan 28, 2015 sphericalManipulate.cdf

An interactive graphical visualization of a couple of radiation
intensity functions.

e Feb 8, 2015 visualizeDipoleFields.cdf

In chapter 4 of Balanis’ "Antenna Theory: Analysis and De-
sign", are some discussions of the kr < 1, kr = 1, and kr > 1
radial dependence of the fields and power of a solution to
an infinitesimal dipole system. This discussion severely lacks
some plots. Here’s a Mathematica Manipulate that allows for
inspection of the real and imaginary parts of these functions,
plotted against both k and r, with a kr == constant contour
overlaid on it. The value of that constant can be altered using
one of the sliders, as can the maximum range of k and r, and
upper and lower bounds of the value of the functions being
plotted.

e Feb 8, 2015 selectedInfinitesimalDipolePlots.nb

think this was plots to generate figures for ps2


https://github.com/peeterjoot/mathematica/tree/master/ece1229/
http://www.wolfram.com/cdf-player/
https://raw.github.com/peeterjoot/mathematica/master/ece1229/tableOfTrigIntegrals.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/sphericalPlot3d.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/sphericalManipulate.cdf
https://raw.github.com/peeterjoot/mathematica/master/ece1229/visualizeDipoleFields.cdf
https://raw.github.com/peeterjoot/mathematica/master/ece1229/selectedInfinitesimalDipolePlots.nb

170

MATHEMATICA NOTEBOOKS.

Feb 28, 2015 ps3/eAndMdipoleSuperposition.nb

ps3 p1 3d plot Manipulator and figures generation for a
superposition of electric and magnetic dipoles.

Feb 28, 2015 eAndMdipoleSuperposition.cdf

This is a Manipulator to show the far fields of a superposition
of electric and magnetic infinestismal dipoles on the x and y
axes respectively. The fields at one point on the surface can
be controlled using the theta and phi sliders.

Feb 28, 2015 ps3/longDipolesSelectedLengths.nb

Polar plots of the radiation intensity for long z-axis elec-
tric current dipoles. This also does the radiation resistance
numerical integrals.

Feb 28, 2015 ps3/longDipolesSavedLabeledPlot.nb
Saved labeled plot for ps3 p2a.

Feb 28, 2015 ps3/longDipolelnteractiveLength.nb

A manipulate for visualizing the polar pattern for a long
electric dipole, and showing the directivity. A version without
the 3D checkbox option and without the directivity display
is deployed as cdf in longDipolesWithLengthControl.cdf
Feb 28, 2015 longDipolesWithLengthControl.cdf

A manipulate for visualizing the polar pattern for a long
electric dipole.

Mar 1, 2015 ps3/directivityLongDipole.nb

Numerical directivity calculations for ps3 p2 b, long dipole.

Mar 10, 2015 ps3/ps3Q3plotsAndMiscIntegrals.nb

Trig integrals and plots for ps3, p3. Numerical calculations
of the directivity for part e.

Mar 13, 2015 chebychevPlots.nb

A couple Cheybshev T plots.


https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps3/eAndMdipoleSuperposition.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/eAndMdipoleSuperposition.cdf
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps3/longDipolesSelectedLengths.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps3/longDipolesSavedLabeledPlot.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps3/longDipoleInteractiveLength.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/longDipolesWithLengthControl.cdf
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps3/directivityLongDipole.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps3/ps3Q3plotsAndMiscIntegrals.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/chebychevPlots.nb

MATHEMATICA NOTEBOOKS.

Mar 15, 2015 cornerCubeArrayFactorSq.cdf

A manipulate to show the radiation intensity of the array
factor in 3D for the corner cube configuration. This doesn’t
include any contribution from the field itself (i.e. no sine
squared term.)

Mar 15, 2015 ps3/ps3Q3plotsCorrected.nb

Redo the plots and the numerical calculations for the corner
cube configuration problem, ps3, q3.

Mar 16, 2015 cornerCubeArrayFactorSqln.cdf

Standalone generator for cornerCubeArrayFactorSq.cdf

Mar 17, 2015 simpleTrigintegrals.nb

Some simple trig integrals

Mar 21, 2015 chebychevPlotsIl.nb

A Manipulate for Cheybshev plot exploration. A plot of the
tirst few, and a plot with a scale factor.

Mar 21, 2015 chebychevPlotsManipulate.cdf

Deployed CDF manipulator for Cheybshev polynomial ex-
ploration.

Mar 22, 2015 chebychevNgArrayFitManipulate.cdf
Manipulate to visualize the variation with d for an N = 4
Cheybshev fitting.

Mar 22, 2015 polarPlot.nb

This uses the Cheybshev design technique from the text to fit
a 4 element array to a T3 function, and visualize it with po-
lar plots. This includes a Manipulate to visualize the variation

with d, saved separately as chebychevN4ArrayFitManipulate.cdf.

Mar 23, 2015 ChebychevSecondMethod.nb

Exploring Dolph-Cheybshev method from the class notes.
Plots and a Manipulator

Mar 23, 2015 ChebychevSecondMethodManipulate.cdf
Just the manipulator from ChebychevSecondMethod.nb
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https://raw.github.com/peeterjoot/mathematica/master/ece1229/cornerCubeArrayFactorSq.cdf
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps3/ps3Q3plotsCorrected.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/cornerCubeArrayFactorSqIn.cdf
https://raw.github.com/peeterjoot/mathematica/master/ece1229/simpleTrigIntegrals.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/chebychevPlotsII.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/chebychevPlotsManipulate.cdf
https://raw.github.com/peeterjoot/mathematica/master/ece1229/chebychevN4ArrayFitManipulate.cdf
https://raw.github.com/peeterjoot/mathematica/master/ece1229/polarPlot.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ChebychevSecondMethod.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ChebychevSecondMethodManipulate.cdf
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e Mar 23, 2015 ChebychevSecondMethodManipulate.nb
Deployed version of the manipulator from ChebychevSec-
ondMethod.nb

e Mar 24, 2015 ps4/problem3Binomial Array.nb
Verify the paper calculations for this problem, and generate
the plots and the numerical values of the angles for the nulls.

e Mar 25, 2015 BinomialArraysWithPhaseAndKDControls.cdf
Add interactive controls to 2D PolarPlot of problem 3 note-
book, deployed version.

e Mar 25, 2015 ps4/Binomial Arrays5WithPhase AndKDControls.nb
Add interactive controls to 2D PolarPlot of problem 3 note-
book.

e Mar 28, 2015 ps4/ps4p4Chebychev.nb

Plots and numerical integration results for p4.

e Mar 29, 2015 sphericalReflectedUnitVector.nb
Calculate spherical coordinates for a reflected unit vector.
Doesn’t simplify nicely.

e Mar 31, 2015 ps4/checkAlgebra.nb
Check some of the trig algebra done by hand.

e Apr 9, 2015 ps5/problemiplot.nb

Plot the calculated electric field for the aperature problem.
Here I did the 2D polar plots using a dB scale plot, which I
hadn’t done before, but makes a lot of sense to see the details
of the lobes. Also did a similar log scale plot for the 3D view.

e Apr 11, 2015 testPlanelntersectionMethods.nb
Some experimentation on how to plot a 3D surface with an
arbitrary plane cut through it.

e Apr 21, 2015 balanisProblem8_8.nb
balanisProblem8_8


https://raw.github.com/peeterjoot/mathematica/master/ece1229/ChebychevSecondMethodManipulate.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps4/problem3BinomialArray.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/BinomialArray5WithPhaseAndKDControls.cdf
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps4/BinomialArray5WithPhaseAndKDControls.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps4/ps4p4Chebychev.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/sphericalReflectedUnitVector.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps4/checkAlgebra.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/ps5/problem1plot.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/testPlaneIntersectionMethods.nb
https://raw.github.com/peeterjoot/mathematica/master/ece1229/balanisProblem8_8.nb

JULIA NOTEBOOKS.

These Julia notebooks, can be found in

https:/ /github.com/peeterjoot/julia.

These notebooks are text files. The julia program, available freely
at www julialang.org, is required to execute them. Some Julia code
can also be evaluated with Matlab.

e Feb 17, 2015 ece1229/ps2/ps2ps5.jl

Numerical calculations for ps2 p5 (simple).

e Feb 22, 2015 ece1229/misc/eta.jl
Numerically compute the free space impedance to compare
to 120 pi.

e Mar 25, 2015 ece1229/misc/mycrappypolar.jl
A brute force polar plot before figuring out how to do it in
PyPlot directly.

e Mar 25, 2015 ece1229/ps4/p2.jl
A reimplementation of matlab/ece1229/ps4/p2.m in Julia.
Figure out how to do a polar plot and save it to a file.

e Mar 25, 2015 ece1229/misc/pyplotPolarExample.jl
A variation of [10] pyplot_windrose.jl to try a Julia imple-
mentation of ps4/p2.

e Mar 26, 2015 ece1229/ps4/p4.jl
Calculation of the numeric values of the Chebyshev array
coeffients, directivites, and plots.

e Apr 28, 2015 ece1229/ps3/p2.jl

Log polar plot of finite length dipole power, to zoom in on
the side lobes for the 1.25 case.


https://github.com/peeterjoot/julia
www.julialang.org
https://raw.github.com/peeterjoot/julia/master/ece1229/ps2/ps2p5.jl
https://raw.github.com/peeterjoot/julia/master/ece1229/misc/eta.jl
https://raw.github.com/peeterjoot/julia/master/ece1229/misc/mycrappypolar.jl
https://raw.github.com/peeterjoot/julia/master/ece1229/ps4/p2.jl
https://raw.github.com/peeterjoot/julia/master/ece1229/misc/pyplotPolarExample.jl
https://raw.github.com/peeterjoot/julia/master/ece1229/ps4/p4.jl
https://raw.github.com/peeterjoot/julia/master/ece1229/ps3/p2.jl
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Apr 29, 2015 ece1229/ps3/p3.jl

Replot corner cube array factor in log scale. Original po-
lar and 3D plots were done in the ps3Q3plotsCorrected.nb
Mathematica notebook.

Apr 30, 2015 ece1229/ps4/p2x.jl

Replot ps4 p2 function in linear and log scales, based on code
from ps3/p3.jl

May 1, 2015 ece1229/ps4/p3.jl

Call polarPlot() to generate plot in both linear and log scales

May 1, 2015 ece1229/ps4/polarPlot.jl

Turn p2x,jl into a generic polar plotting function.

May 1, 2015 ece1229/cheb/c.jl

Replot chebychevDesign.tex figures with linear and log scale
plots, avoiding infinities that I had in the Mathematica po-
larPlot.nb plots of the same.


https://raw.github.com/peeterjoot/julia/master/ece1229/ps3/p3.jl
https://raw.github.com/peeterjoot/julia/master/ece1229/ps4/p2x.jl
https://raw.github.com/peeterjoot/julia/master/ece1229/ps4/p3.jl
https://raw.github.com/peeterjoot/julia/master/ece1229/ps4/polarPlot.jl
https://raw.github.com/peeterjoot/julia/master/ece1229/cheb/c.jl

MATLAB NOTEBOOKS.

These Matlab notebooks, some just trivial ones used to generate
figures, others more elaborate, and perhaps some even polished,
can be found in

https:/ /github.com/peeterjoot/matlab.

These notebooks are text files, but a matlab product is required
to execute them.

e Mar 25, 2015 ece1229/ps4/piplot.m
Plot the psq p1 AF for one value of ad.

e Mar 25, 2015 ece1229/ps4/piplots.m
Generate all the plots for p1 and save the plots to files for the
report.

e Mar 25, 2015 ece1229/ps4/p2.m
Problem 2. Code to confirm the zeros numerically, and to
plot the absolute array factor.

e Apr 13, 2015 ece1229/ps5/phicap.m

spherical polar phicap function

e Apr 13, 2015 ece1229/ps5/rcap.m

spherical polar rcap function

e Apr 13, 2015 ece1229/ps5/thetacap.m

spherical polar thetacap function

e Apr 13, 2015 ece1229/ps5/vecE.m

ps5 p1 compuation and plots

e Apr 13, 2015 ece1229/ps5/logscale.m

db values for an input array rescaled to fit in the o,1 interval.


https://github.com/peeterjoot/matlab
https://raw.github.com/peeterjoot/matlab/master/ece1229/ps4/p1plot.m
https://raw.github.com/peeterjoot/matlab/master/ece1229/ps4/p1plots.m
https://raw.github.com/peeterjoot/matlab/master/ece1229/ps4/p2.m
https://raw.github.com/peeterjoot/matlab/master/ece1229/ps5/phicap.m
https://raw.github.com/peeterjoot/matlab/master/ece1229/ps5/rcap.m
https://raw.github.com/peeterjoot/matlab/master/ece1229/ps5/thetacap.m
https://raw.github.com/peeterjoot/matlab/master/ece1229/ps5/vecE.m
https://raw.github.com/peeterjoot/matlab/master/ece1229/ps5/logscale.m
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e Apr 14, 2015 ece1229/ps5/pll.m
Display the numeric substitutions, and compute the value of
m for part h that has zero imaginary input impedance.

e Apr 14, 2015 ece1229/ps5/calculateZin AndStuff.m

Calculate Zin given a single value of m. Returns all the
intermediate calculations in a structure for display purposes.


https://raw.github.com/peeterjoot/matlab/master/ece1229/ps5/pII.m
https://raw.github.com/peeterjoot/matlab/master/ece1229/ps5/calculateZinAndStuff.m
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Ampere’s law, 138
differential form, 32
integral form, 32

Ampere-Maxwell equation, 163

angle of incidence, 62

antenna array, 83

antenna gain, 25

antenna under test, 25

antisymmetric, 157

antisymmetrization, 161

aperture antenna, 117

aperture efficiency, 14

array antenna
Cheybshev, 89

array factor, 93

AUT, 25

average power density, 13

binary array, 103
binomial array, 108
bivector, 137, 159
boundary conditions, 30

captured power, 24
Chebyscheff
first order LDE, 101
orthogonality, 102
recurrence relation, 100
second order LDE, 101
Chebyscheff polynomial, 83
Cheybshev array, 86
Cheybshev polynomials
products, 85
circular polarization, 16

constitutive relations, 29
continuity equation, 28
corner cube, 93
corner cube antenna, 93
coupled PDE, 127
covariant form, 152
cross product, 144
duality, 136
curl, 42, 49
four vector, 140
current density, 45

dB, 3
dBi, 4
dipole
long, 76
near field, 70
superposition, 74
dipole moment, 69
directivity, 13-15, 20
approximation, 15
E-plane, 22
H-plane, 22
divergence, 35, 43, 137
cross product, 45
spherical coordinates, 51
divergence theorem, 29, 32, 44
Dolph-Chebyshev, 110
Dolph-Cheybshev, 89
dot product, 161
dual, 137
dual-Maxwell’s equation
covariant, 147
Geometric Algebra, 143



dual-Maxwell’s equations, 143
duality, 37
duality transformation, 40, 55

effective area, 14
Effective Isotropic Receiving
Power, 11
EIRP, 11
electic field
in terms of potentials, 155
electric charge density, 27, 135
electric current density, 27, 135
electric dipole, 20
electric far field, 46
electric field, 161
tangential, 32
transverse projection, 55
vector wave equation, 127
electric four potential, 153
electric potential, 49
electric source, 38
electric surface current den-
sity, 32, 33
electric vector potential, 49
electrical dipole
horizontal, 20
electromagnetic field, 159
energy conservation, 35
energy momentum conserva-
tion, 35
energy momentum tensor, 36

far field, 1, 44, 51, 55
electric field, 46
magnetic, 53

four current, 139

four potential
electric, 153
magnetic, 153

four vector, 139, 147, 152

free space impedance, 12
free space loss, 14

free-space loss, 14

frequency domain, 38, 39
Fresnel equations, 58, 60
Friis equation, 17, 25, 74

Friis transmission equation, 15

gain, 15, 17
Gauss’s law, 162
differential form, 32
differential form, magnetic,
32
integral form, 32
integral form, magnetic,
32
magnetism, 163
Geometric Algebra, 135, 143,
151, 157, 164
geometric product, 136, 144
grade selection, 158
gradient
spherical coordinates, 51
Green’s function, 30
ground reflection, 59, 72, 73

half power beamwidth, 20
half-power beamwidth, 15
Helmholtz equation, 140, 148,
153
electric current density, 154
Green’s function, 31
magnetic current density,
154
non-homogeneous, 138
homogeneous media, 29
horizontal dipole, 58

TERP, 74



image theorem, 64

impedance, 9

impedance transformation, 128

impulse response, 30

incident plane, 61

index of refraction, 58

infinite conducting plane, 65

infinitesimal dipole, 49

infinitesimal electric dipole, 68,
69

intrinsic impedance, 1

isotropic radiator, 4

Julia, 74

Laplacian, 127
line of sight, 17, 73
linear antenna, 49
linear media, 1, 29, 35, 135,
143, 163
linear polarization, 16
linear time invariant, 30
Lorentz force
dual, 36
Lorentz force equation, 36
Lorentz gauge, 138, 140, 146,
148, 153, 154

magnetic charge, 143
magnetic charge density, 27,
163
magnetic current, 143
magnetic current density, 27,
164
magnetic current source, 46
magnetic field, 49, 161
in terms of potentials, 155
tangential, 33
magnetic four potential, 153

magnetic source, 35, 38, 43,
159
magnetic vector potential, 49
magnetization, 1
matched load, 15
Mathematica, 3, 169
Matlab, 74
max power density, 13
maximum directivity, 14
Maxwell equation, 135
phasor, 135
Maxwell’s equation, 135, 151,
164
covariant, 152
Geometric Algebra, 152
integral forms, 29
magnetic and electric po-
tential separation, 153
non-covariant GA form,
136
Maxwell’s equations, 27, 151
differential, 31
tensor, 159
Maxwell-Faraday equation, 164
differential form, 32
integral form, 32
microstrip patch, 123
Mie scattering, 11
Minkowski space, 139
mobile reception, 71
momentum conservation, 36
momentum flux, 38
multivector, 157

normal reflection, 128
notation
bold vectors, 12
caligraphic vectors, 12
phasor sign, 46



time average, 12
optical limit, 10

parallel projection, 165
ParametricPlot, 3
ParametricPlot3D, 3
patch antenna, 123
permittivity, 30, 70
phasor, 5, 35, 43, 138, 143, 151

dipole current, 70
plane of incidence, 58
plane of reflection, 58, 61
plane wave, 54, 60
PLF 17
polarization, 5, 26

power loss, 15
polarization loss factor, 17
polarization mismatch, 17
polarization power loss, 15
polarization vector, 4
potential

curl of curl, 46
potential representation, 145
power

average, 9

complex, 9

phasor, 8
power density, 13, 23
Poynting theorem, 39
Poynting vector, 1, 21, 35

time average, 2
pseudoscalar, 136

radar cross section, 9, 10, 18,
23
radiated power density, 13
radiation intensity, 1, 4
RCS, 18, 23
corner reflector, 10

cylinder, 10

flat plate, 9

sphere, 10
reciprocity theorem, 39, 42, 157
rectangular aperture, 117
reflection coefficient, 56, 58,

72, 130

reflection plane, 61

scalar potential, 55
scattered power, 18
scattered power density, 24
scattering, 10
Schelkunoff

z-axis, 105
Schelkunoff array, 103
separation of variables, 127
signal to noise, 17
space time split, 151
spacetime gradient, 139, 153
spherical potential, 51
spherical scattering, 10
standard gain, 25
Stokes’ theorem, 29, 32
superposition, 2, 3

tangential field components,
129

tensor, 157

tensor form, 159, 164

transmission coefficient, 129

transmission power, 17

transmitted power, 17

transverse field, 44

transverse nature, 54

triple product, 137

trivector, 159

vector potential, 49
vertical dipole, 56



polarization, 74

wave equation, 127
wave vector, 56
wavelength, 16
wedge product, 136, 144, 159
relation to cross product,
136

X-band, 18

zero phase, 105
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