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Gauge freedom and four-potentials in the STA form of Maxwell’s equation.

1.1 Motivation.

In a recent video on the tensor structure of Maxwell’s equation, I made a little side trip down the road of
potential solutions and gauge transformations.

The initial point of that side trip was just to point out that the Faraday tensor can be expressed in terms
of four potential coordinates

Fµν = ∂µ Aν − ∂ν Aµ, (1.1)

but before I got there I tried to motivate this. In this post, I’ll outline the same ideas.

1.2 STA representation of Maxwell’s equation.

We’d gone through the work to show that Maxwell’s equation has the STA form

∇F = J. (1.2)

This is a deceptively compact representation, as it requires all of the following definitions

∇ = γµ∂µ = γµ∂µ, (1.3)

∂µ =
∂

∂xµ
, (1.4)

γµ · γν = δµ
ν, (1.5)

γµ · γν = gµν, (1.6)

F = E + IcB

= −Ekγkγ0 − 1
2

cBrγsγtϵrst

=
1
2

γµ ∧ γνFµν,

(1.7)
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and
J = γµ Jµ

Jµ =
ρ

ϵ
γ0 + η(J · ek).

(1.8)

1.3 Four-potentials in the STA representation.

In order to find the tensor form of Maxwell’s equation (starting from the STA representation), we first
split the equation into two, since

∇F = ∇ · F + ∇∧ F = J. (1.9)

The dot product is a four-vector, the wedge term is a trivector, and the current is a four-vector, so we
have one grade-1 equation and one grade-3 equation

∇ · F = J
∇∧ F = 0.

(1.10)

The potential comes into the mix, since the curl equation above means that F necessarily can be written
as the curl of some four-vector

F = ∇∧ A. (1.11)

One justification of this is that a ∧ (a ∧ b) = 0, for any vectors a, b. Expanding such a double-curl out in
coordinates is also worthwhile

∇∧ (∇∧ A) =
(
γµ∂µ

)
∧ (γν∂ν) ∧ A

= γµ ∧ γν ∧
(
∂µ∂ν A

)
.

(1.12)

Provided we have equality of mixed partials, this is a product of an antisymmetric factor and a symmet-
ric factor, so the full sum is zero.

Things get interesting if one imposes a ∇ · A = ∂µ Aµ = 0 constraint on the potential. If we do so, then

∇F = ∇2A = J. (1.13)

Observe that ∇2 is the wave equation operator (often written as □.) That is

∇2 = ∂µ∂µ

= ∂0∂0 − ∂1∂1 − ∂2∂2 − ∂3∂3

=
1
c2

∂2

∂t2 −∇2.

(1.14)

This is also an operator for which the Green’s function is well known ([1]), which means that we can
immediately write the solutions

A(x) =
∫

G(x, x′)J(x′)d4x′. (1.15)
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However, we have no a-priori guarantee that such a solution has zero divergence. We can fix that by
making a gauge transformation of the form

A → A −∇χ. (1.16)

Observe that such a transformation does not change the electromagnetic field

F = ∇∧ A → ∇∧ (A −∇χ) , (1.17)

since
∇∧∇χ = 0, (1.18)

(also by equality of mixed partials.) Suppose that Ã is a solution of ∇2Ã = J, and Ã = A + ∇χ, where A
is a zero divergence field to be determined, then

∇ · Ã = ∇ · A + ∇2χ, (1.19)

or
∇2χ = ∇ · Ã. (1.20)

So if Ã does not have zero divergence, we can find a χ

χ(x) =
∫

G(x, x′)∇′ · Ã(x′)d4x′, (1.21)

so that A = Ã −∇χ does have zero divergence.
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