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Interior angles of a regular n-sided polygon.

For reasons that I can’t explain, I woke up this morning dreaming about the interior angles of regular
polygons. i.e. the angles π − θ fig. 1.1.

Figure 1.1: Regular polygon, interior angles.

The logical way to calculate that angle would be to slice the polygon up into triangles from the center,
since each slice would have an interior angle would be 2π/N, and then the problem is just trigonomet-
ric. However, in my dream, I was going around the outside, each time rotating by a constant angle,
until reaching the original starting point. This was a vector algebra problem, instead of a trigonometric
problem, as illustrated in fig. 1.2.

I didn’t have the computational power in my dream to solve the problem, and had to write it down
when I woke up, to do so. The problem has the structure of a recurrence relation:

pk = pk−1 + ae1

(
eiθ

)k−1
, (1.1)

where
pN = p0. (1.2)
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Figure 1.2: Polygon vertex iteration.

We can write these out explicitly for the first few k to see the pattern

p2 = p1 + ae1

(
eiθ

)2−1

= p0 + ae1

(
eiθ

)1−1
+ ae1

(
eiθ

)2−1

= p0 + ae1

(
1 +

(
eiθ

)2−1
)

,

(1.3)

or

pk = p0 + ae1

(
1 + eiθ +

(
eiθ

)2−1
+ · · · +

(
eiθ

)k−1
)

, (1.4)

so the equation to solve (for θ) is

pN = p0 + ae1

(
1 + · · · +

(
eiθ

)N−1
)

= p0, (1.5)

or
1 + · · · +

(
eiθ

)N−1
= 0. (1.6)

The LHS is a geometric series of the form

SN = 1 + α + · · · αN−1. (1.7)

Recall that the trick to solve this is noting that

αSN = α + · · · αN−1 + αN , (1.8)
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so
αSN − SN = αN − 1, (1.9)

or

SN =
αN − 1
α − 1

. (1.10)

For our polygon, we seek a zero numerator, that is

eNiθ = 1, (1.11)

and the smallest θ solution to this equation is

Nθ = 2π, (1.12)

or
θ =

2π

N
. (1.13)

The interior angle is the complement of this, since we are going around the outside edge. That is

π − θ = π − 2π

N

=
N − 2

N
π,

(1.14)

and the sum of all the interior angles is

N (π − θ) = (N − 2)π. (1.15)

Plugging in some specific values, for N = 3, 4, 5, 6, we find that the interior angles are π/3, π/2, 3π/5, 4π/6,
and the respective sums of these interior angles for the entire polygons are π, 2π, 3π, 4π.

Like, I said, this isn’t the simplest way to solve this problem. Instead, we could solve for 2µ with
respect to interior triangle illustrated in fig. 1.3, where

2µ +
2π

N
= π, (1.16)

or
2µ =

N − 2
N

π, (1.17)

as found the hard way. The hard way was kind of fun though.
The toughest problem to solve would be “why on earth was my brain pondering this in the early

morning?” I didn’t even go to bed thinking about anything math or geometry related (we finished the
night with the brain-dead activity of watching an episode of “Stranger things”.)
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Figure 1.3: Polygon interior geometry.
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