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A complex-pair representation of GA(2,0).

1.1 Motivation.

Suppose that we want to represent GA(2,0) (Euclidean) multivectors as a pair of complex numbers, with
a structure like

M= (ml/ mZ)/ (11)
where
<M>Ol2 o (1.2)
<M>1 ~ Mmy.
Specifically
(M), = Re(my)
(M) - e1 = Re(my)
(M), - ez = Im(my) (1.3)

1
(M),i~' = Im(my),

where i ~ ejes.

1.2 Multivector product representation.

Let’s figure out how we can represent the various GA products, starting with the geometric product. Let

M = (M)q,+ (M), = (m1,ma) = (m11 + mapi, myy + Maoi) 1.4
N = (N),+(N)y = (n1,n2) = (n11 + n12i, na1 +noi), '

% MN = (M)q,(N)g, + (M) (N),

+ <M>1<N>o,2 + <M>o,2<N>1

The first two terms have only even grades, and the second two terms are vectors. The complete
representation of the even grade components of this multivector product is

<MN>O,2 ~ (T’I’llnl + Re(’“z”;) - iIm(mZnE)/ 0) ’ (16)

(1.5)



or
(MN), = Re (myny + mony)

1 (1.7)
(MN),i~" =Im (myny — many) .
For the vector components we have
(MN); = (M)1(N)g+ (M)(N); + (M) (N), + (M),(N), (1.8)
= <M>11’111 + m1q <N>1 + <M>1i1112 + iﬂ112<N>1.
For these,
(M) i = (ma1e1 + mper) e1p = —mppey +myiey, (1.9)
and
i<N>l =€ (n21e1 + l’lzzez) = TMpye1 — MNp1€7. (1.10)
Comparing to
i(a+ib) = —b+ia, (1.11)
we see that
(MN); ~ (0, n11ma + myyna + naaimy — maaing) . (1.12)
If we want the vector coordinates, those are
(MN), - e1 = Re (n11my + my1na + nypitny — mypiny) (1.13)
<MN>1 @y = Im (7’11111’[2 + mq1np + nlzimz — mlzii’lQ) . '
1.3 Summary.
MN ~ (myny + Re(many) — i Im(many), ny1my + ming + nipimy — miping) . (1.14)

A sample Mathematica implementation is available, as well as an example notebook (that also doubles
as a test case.)

1.4 Clarification.

I skipped a step above, showing the correspondances to the dot and wedge product.

Letz =a+bi,and w = ¢ + di. Then:
zw* = (a + bi) (c’— di) (1.15)
=ac+bd —i(ad — bc).

Compare that to the geometric product of two vectors x = ae; + bey, and y = ce; + dep, where we have

Xy=X-Y+xXAYy
= (ae1 + bey) (ceq +dey) (1.16)
=ac+bd +eiep (ad — bc) .


https://github.com/peeterjoot/gapauli/blob/master/Cl20.m
https://github.com/peeterjoot/gapauli/blob/master/testCl20.nb

So we have
ab+cd =x-y =Re(zw")
B . (1.17)
ad —bc=(xN\y)e, =—Im(zw").
We see that (zw*)" = z*w can be used as a representation of the geometric product (setting i = eje; as
usual.)

1.5 Another simplification.

We have sums of the form
Re(z)w + Im(z)iw (1.18)

above. Let’s see if those can be simplified. For the positive case we have

Re(z)w + Im(z)iw = % (z+z")w+ 1 (z—z"w

2 (1.19)

=zw,

and for the negative case, we have

. 1 . 1 %
Re(@)w —Im(z)iw = 5 (z+2")w — 5 (z—2")w (1.20)

=z"w.

This, with the vector-vector product simplification above, means that we can represent the full multivec-
tor product in this representation as just

MN ~ (miny + msny, mony + miny) . (1.21)
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