PEETER JOOT

QUANTUM MECHANICS II






QUANTUM MECHANICS II

PEETER JOOT

UofT PHY456H1F 2012 notes
August 2023 — version V0.1.12-0



Peeter Joot: Quantum Mechanics 1I, UofT PHY456H1F 2012 notes, ©
August 2023



COPYRIGHT

Copyright ©2023 Peeter Joot All Rights Reserved
This book may be reproduced and distributed in whole or in part, with-
out fee, subject to the following conditions:

e The copyright notice above and this permission notice must be pre-
served complete on all complete or partial copies.

e Any translation or derived work must be approved by the author in
writing before distribution.

o If you distribute this work in part, instructions for obtaining the
complete version of this document must be included, and a means
for obtaining a complete version provided.

e Small portions may be reproduced as illustrations for reviews or
quotes in other works without this permission notice if proper cita-
tion is given.

Exceptions to these rules may be granted for academic purposes: Write
to the author and ask.

Disclaimer: 1 confess to violating somebody’s copyright when I copied
this copyright statement.






DOCUMENT VERSION

Version V0.1.12-0

Sources for this notes compilation can be found in the github repository

https://github.com/peeterjoot/phy456-qmll

The last commit (Aug/24/2023), associated with this pdf was

9df970fa7f001635525157915c9e6819dd4d2145

Should you wish to actively contribute typo fixes (or even more signifi-
cant changes) to this book, you can do so by contacting me, or by forking
your own copy of the associated git repositories and building the book pdf
from source, and submitting a subsequent merge request.

#!/bin/bash

git clone git@github.com:peeterjoot/latex-notes-
compilations.git peeterjoot
cd peeterjoot

submods="figures /phy456—-qmll phy456—-qmlIl latex"
for i in $submods ; do

git submodule update --init $i

(cd $i && git checkout master)
done

export PATH=‘pwd‘/latex/bin:$PATH

cd phy456-gmII
make

I reserve the right to impose dictatorial control over any editing and
content decisions, and may not accept merge requests as-is, or at all. That
said, I will probably not refuse reasonable suggestions or merge requests.



https://github.com/peeterjoot/phy456-qmII




Dedicated to:
Aurora and Lance, my awesome kids, and
Sofia, who not only tolerates and encourages my studies, but is also
awesome enough to think that math is sexy.






PREFACE

These are my personal lecture notes for the Fall 2011, University of Toronto
Quantum mechanics II course (PHY456H1F), taught by Prof. John E
Sipe.

The official description of this course was:

Quantum dynamics in Heisenberg and Schrodinger Pictures; WKB ap-
proximation; Variational Method; Time-Independent Perturbation Theory;
Spin; Addition of Angular Momentum; Time-Dependent Perturbation The-
ory; Scattering.

This document contains a few things

e My lecture notes.

e Notes from reading of the text [4]. This may include observations,
notes on what seem like errors, and some solved problems.

o Different ways of tackling some of the assigned problems than the
solution sets.

e Some personal notes exploring details that were not clear to me
from the lectures.

e Some worked problems.

There were three main themes in this course, my notes for which can
be found in

e Approximate methods and perturbation: chapter 1-chapter 6,
e Spin, angular momentum, and two particle systems: chapter 7-chapter 12,
o Scattering theory: chapter 13-chapter 15,

Unlike some of my other course notes compilations, this one is short
and contains few worked problems. It appears that I did most of my prob-
lem sets on paper and subsequently lost my solutions. There are also some
major defects in these notes:

e There are plenty of places where things weren’t clear, and there are
still comments to followup on those issues to understand them.



Xii

There is redundant content, from back to back lectures on materials
that included review of the previous lecture notes.

A lot of the stuff in the appendix (mostly personal notes and mus-
ings) should be merged into the appropriate lecture note chapters.
Some work along those lines has been started, but that work was
very preliminary.

I reworked some ideas from the original lecture notes to make sense
of them (in particular, adiabatic approximation theory), but then
didn’t go back and consolidate all the different notes for the topic
into a single coherent unit.

There were Mathematica notebooks for some of the topics with is-
sues that I never did figure out.

Lots of typos, bad spelling, and horrendous grammar.

The indexing is very spotty.

Hopefully, despite these and other defects, these notes may be of some
value to other students of Quantum Mechanics.

I’d like to thank Professor Sipe for teaching this course. I learned a lot
and it provided a great foundation for additional study.

Peeter Joot  peeterjoot@pm.me
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APPROXIMATE METHODS.

1.1 APPROXIMATE METHODS FOR FINDING ENERGY EIGENVALUES AND
EIGENKETS.

In many situations one has a Hamiltonian H
H|¥pa) = Eq[¥na) - (1.1

Here « is a “degeneracy index” (example: as in Hydrogen atom).

Why?

o Because this simplifies dynamics. Given an expansion of an initial
state in some basis

[F(0)) = > [¥e) (FnalF0)) = Y o [¥na) (1.2)

na

the time evolution of the state is
¥ (1) = e ¥ (0))

—iHt/ h
= E Cmyel i [ o)
na

—iE,t/h
= Z Cna€ iEnt e -
na

(1.3)

e An “applied field"’, as depicted crudely in fig. 1.1, can often be
thought of a driving the system from one eigenstate to another.

o In Statistical mechanics, at thermal equilibrium, the expectation
value of an observable O is
_ Yna (Yl O¥ha) e Phn
Z b

0) (1.4)

where

B=-— (1.5)

7 = Ze—ﬁEn. (1.6)
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APPROXIMATE METHODS.

AN _
Figure 1.1: Stimulated emission.
1.2 VARIATIONAL PRINCIPLE.
Consider any ket
) = > e (¥ (1.7)

na

perhaps not even normalized, where the coefficients
Cna = (FYnal¥), (1.3)
are unknown. We do know that

(1Y) = ) lenal’, (1.9)

and can relate the average energy to the ground state energy as follows

(YIHIY) _ Yoolcnal’En
(1Y)

o
o L lenal’Eo (1.10)
 Splems|
= Ey.

So for any ket we can form the upper bound for the ground state energy

(FIH)

W_Eo. (1.11)

There is a whole set of strategies based on estimating the ground state
energy. This is called the Variational principle for ground state. See §24.2
in the text [4].



1.2 VARIATIONAL PRINCIPLE.

We define the functional

_(YIHY)

E[¥Y] = > Ej. (1.12)

FYy

In particular, if [¥) = ¢[¥o) where [¥) is the normalized ground state,
then

E[cYo] = Eo. (1.13)

{Example 1.1: Hydrogen atom.}

The solution of the Hydrogen problem is given by

(X|Hr'y = H& @« -1"), (1.14)
where
2 2
H=_ Py C (1.15)
2u r

and u is the reduced mass.
We know the exact ground state energy

Eo = -R,, (1.16)
where
pe’
R, = — =~ 13.6eV. 1.17

The ground state wavefunction, plotted in fig. 1.2, is

1/2
1 —r/a
<r|‘I’o>=<I>1oo(r>=[—3] el (1.18)
7ra0

where

ap = — ~ 0.53A. (1.19)
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APPROXIMATE METHODS.

D100(r)

rfag

Figure 1.2: Hydrogen ground state magnitude.

We can estimate by evaluating

&2

2
(Y|H|¥) = fd3r‘F*(r)(—2h—#V2—7)‘F(r)

(FTE) = f PP,

Using the trial wave function ¥ = e plotted in fig. 1.3

2
—ar”

e

Figure 1.3: Gaussian test function.

(1.20)

we want to calculate the ground state energy estimate associated with

this a parameter
E[Y] — E(a).
Explicitly, this is
fd3re_“rZ (—;’—:Vz - é) e

7

E(e) = fd3 re—2(1/r2

(1.21)

(1.22)




1.2 VARIATIONAL PRINCIPLE.

It can apparently be shown that this results in

E(a) = Aa — Ba'/?, (1.23)
where
3R
=%
N (1.24)
B = 2¢* (—)
T

(I tried to calculate this, and get a different answer, so I've either
taken bad notes, or calculated wrong, or what was on the board was
not right.) Equation (1.23) is of the form fig. 1.4, with the minimum

energy occuring at
/ a

E(a)

Qo

Figure 1.4: Ground state energy for the Gaussian test function.

e?\ 8
@ = (%) — (1.25)
So
et 8
E(ag) = —g—hzg = —0.85R, (1.26)

maybe not too bad...

—[Example 1.2: Helium atom.]

Assume an infinite nuclear mass with nucleus charge 2e




APPROXIMATE METHODS.

i

9/-*—?/2‘:

Figure 1.5: Position vectors for the Helium electrons.

The problem that we want to solve is

n? ? 2e &2
V% V2 Yo(ri,r2) = Eg¥o(ry,r2),
2m |l'1 — 17|

(1.27)

where Yy(ry, ) is the ground state wavefunction. Nobody can solve
this problem. It is one of the simplest real problems in QM that can-
not be solved exactly. Suppose that we neglected the electron, elec-
tron repulsion. Then

Yo(r,r2) = Pioor)Pio0(r2), (1.28)

where
nP_, 2e

( 2mv - —) D100(r) = €P100(r), (1.29)
and where

€= —4R,, (1.30)
and

R, = iz (1.31)

2 K2




1.2 VARIATIONAL PRINCIPLE.

This is the solution to

1? 1> 2e
__V2 _ _V2 _ - III(O) s — E \If s
( 2 V175 V2 r) o (r,r2) 0Yo(ry,r2) (132)
= EO¥O (e, 1),
SO
EY = -8R, (1.33)

Now we want to put back in the electron electron repulsion, and
make an estimate.
With a trial wavefunction

Z3 1/2 Z3 1/2
Y(r;,ry,7Z) = ((—3] e‘Z"/“O)[(j) e‘Zrz/“(J] (1.34)
nao 71'610

expect that the best estimate is for Z € [1, 2]. This can be calculated
numerically, and we find

E(Z) = 2Ry (22 —47 + gz) . (1.35)

The Z? comes from the kinetic energy. The —4Z is the electron nu-
clear attraction, and the final term is from the electron-electron re-

pulsion.
The actual minimum is
5
Z=2==— 1.36
16 (1.36)
EQR2-5/16) = =77.5¢eV. (1.37)

As expected, this is greater than the actual interaction free value of
—78.6eV.

7






PERTURBATION METHODS.

2.1 STATES AND WAVE FUNCTIONS.

Suppose we have the following non-degenerate energy eigenstates

Ey ~ g1) 2.1)
Eo ~ o),

and consider a state that is “very close” to |i/,,)

W) = W) + |6¢n) - (2.2)

We form projections onto |,) “direction”. The difference from this pro-
jection will be written |y, ), as depicted in fig. 2.1. This illustration can-
not not be interpreted literally, but illustrates the idea nicely. For the

ot s

’-9‘

=
% SY>

Figure 2.1: Pictorial illustration of ket projections.

amount along the projection onto |i,) we write
Ynléyn) = ba, (2.3)
so that the total deviation from the original state is

|60n) = 6a W) + |6YnL) - (2.4)



10 PERTURBATION METHODS.

The varied ket is then

W) = (1 +6) Wn) + 6¢nL) » (2.5)

where

(6@)*, (S [0Wn, ) < 1. (2.6)

In terms of these projections our kets magnitude is

Wiy = (1 +6a") Wl + (W) (1 +60) W) + 1681 ))
=1+ 8al® Wuldn) + (SWns 0% 1) (2.7)
+ (1 +8a™) Wnldn, ) + (1 +6@) (S [0 -

Because (oY, |0Y,,) = O this is

Wy = |1 + 6al? (Wi |6y . (2.8)

Similarly for the energy expectation we have

Wy = ((1+6a") (Yal + W ) H((1 +6@) [n) + 1601))
= |1+ 60 Ey Waln) + (1 |H) 81 (2.9)
+(L+06a")Ey, (Ynlons) + (1 + 6@)Ey (6YinL|0Yn)

or
W H W) = Egll +6af* + (64| H|6Yns)- (2.10)

This gives

(Wl H )
E =
W=
_E 1+ 6al’ + (6 H W)
11+ 5l (S 601 )
(O |H|OY,, )
En+ = 5ol .11

<5l//»u.|5l//m.>
1+ [1+6a/

_ E,,(l _ bt ) .
1+ 6|

= E, [1+0(6w.))],

where

(OWn1)* ~ (OWni|0n) - (2.12)



2.2 EXCITED STATES.

/M/

Figure 2.2: Illustration of variation of energy with variation of Hamiltonian.

An interpretation is that “small errors” in [i¥) do not lead to large errors in
Ely]. It is reasonably easy to get a good estimate and Ejy, although it is
reasonably hard to get a good estimate of |yg). This is for the same reason,
because E[] is not terribly sensitive.

2.2 EXCITED STATES.

Ey ~ |¢2> (2]3)
Ei ~ 1)
Eo ~ o)

Suppose we wanted an estimate of E;. If we knew the ground state |iq).

For any trial ) form

') = ) = o) (Wolw) . (2.14)

We are taking out the projection of the ground state from an arbitrary trial
function. For a state written in terms of the basis states, allowing for an &
degeneracy

V) = colvo) + D, ualWina) (2.15)
n>0,a
where
Woly) = co, (2.16)
and
|¢/> = Z Cna [Wna) - (2.17)

n>0,a

11
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PERTURBATION METHODS.

Note that there are some theorems that tell us that the ground state is
generally non-degenerate. Expanding the energy gives

. WIHW)
E 1V /
W= =y

Zn>0,a Icnaf|2En S E (218)
- = - @ 1.

2m>08 |Cmﬂ|2 -

Often do not know the exact ground state, although we might have a guess
o).

Should we attempt a 2nd order rejection of the form

"y = Iy = |o) (doly) . (2.19)
we cannot prove that
(dl/l| H |¢’N>
<wl1|¢,l/> 2 El

But sometimes, even if you do not know the ground state |i/(), can choose
trial kets i/”””) such that (") = 0. In that case is it true that

<‘l/,”| H |d/,”>
— > F. 2.21
<wl!/|lr///1/> 2 1 ( )

Somewhat remarkably, this is often possible. We talked last time about
the Hydrogen atom. In that case, you can guess that the excited state is in
the 2s orbital and is therefore orthogonal to the 1s orbital.

(2.20)

2.3  PROBLEMS.

Exercise 2.1 Harmonic oscillator. (2011 psi/pl)

Let H, indicate the Hamiltonian of a 1D harmonic oscillator with mass m
and frequency w
P2 o1
H, = — + mw?X?, (2.22)
2m 2
and denote the energy eigenstates by |n), where n is the eigenvalue of the
number operator.

1. Find (n| X* |n).



2.3 PROBLEMS.

2. Quadratic pertubation. Find the ground state energy of the Hamil-
tonian H = H, + yX>. You may assume y > 0. [Hint: This is not a
trick question.]

3. Linear pertubation. Find the ground state energy of the Hamilto-
nian H = H, — aX. [Hint: This is a bit harder than part 2 but not
much. Try "completing the square."]

Answer for Exercise 2.1

Part 1. X*  Working through A we have now got enough context to at-
tempt the first part of the question, calculation of

(n| X*|ny. (2.23)

We have calculated things like this before, such as

n

(nl(a+d")?n). (2.24)
2mw

(n X*|ny =

To continue we need an exact relation between |n) and |n + 1). Recall that
a|n) was an eigenstate of a'a with eigenvalue n — 1. This implies that the
eigenstates a |n) and |n — 1) are proportional

alny =cyln—1), (2.25)
or
(nla'alny = lcal* (n=1n = 1) = |cal?
= n{n|n) (2.26)
—n,
so that
alny = Vnln-1). (2.27)
Similarly let
a'lny=b,ln+1), (2.28)

or
(nlaa’ |ny = |b,[* (n = 1jn = 1) = b,
(1 +d'a)|ny = (2.29)

=1+n,

13
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PERTURBATION METHODS.

so that
a'ny= Vn+1jn+1). (2.30)

We can now return to eq. (2.23), and find
2
4m2w?

Consider half of this braket

(n X*ny = (nl@+a"H*ny. (2.31)

(a+ aT)2 |n) = (a2 + (aT)2 +d'a+ aaT) |y
= (a2 + (aJr)2 +d'a+ (I+ aTa)) [y
=(a*+ (@'Y + 1+2d"a)n)

=Vn-1Vn-2n-2)+ Vn+1Vn+2n+2)+|n)+2n|n).

(2.32)
Squaring, utilizing the Hermitian nature of the X operator
hZ
(1 X*ny = —— (1= D =2) + (n+ D(n+2) + (1 +2n)%)
dm?w?

(2.33)

_ 2

= (6n® +4n+5).

Part 2. Quadratic ground state  Find the ground state energy of the
Hamiltonian H = Hy + yX? for y > 0. The new Hamiltonian has the
form

P2

H + imfw? +
=—+-m|lw
2m 2

2
w = o?+ 2L, (2.35)
m

The energy states of the Hamiltonian are thus

2 1
E, = hw/w2+—y(n+—), (2.36)
m 2

and the ground state of the modified Hamiltonian H is thus

2 P o1
—7)X2 = — 4 —mw X, (2.34)
m

where

) 2
Ey= 5w+ it (2.37)



2.3 PROBLEMS.

Part 3. Linear ground state  Find the ground state energy of the Hamil-
tonian H = Hy — aX. With a bit of play, this new Hamiltonian can be
factored into

| o2 1 a’?
H=p bTb 1) -5 bbT__ — , 2.38
w( + 2) e ‘“( 2) 2ma? 239
where
po Moy iP a
2h V2mhow wV2mhow (2.39)
b= mw iP a

=,/ =—=X- - .

2h V2mhw wV2mhw
From eq. (2.38) we see that we have the same sort of commutator rela-
tionship as in the original Hamiltonian

[b, b*] =1, (2.40)

and because of this, all the preceding arguments follow unchanged with
the exception that the energy eigenstates of this Hamiltonian are shifted
by a constant

1 a?
H|n)=(hw(n+§)—2mw2)ln), (2.41)

where the |n) states are simultaneous eigenstates of the b™b operator
b'b|n) = nin). (2.42)

The ground state energy is then

hw a?

0= T o

This makes sense. A translation of the entire position of the system should
not effect the energy level distribution of the system, but we have set our
reference potential differently, and have this constant energy adjustment
to the entire system.

(2.43)

Exercise 2.2 Position expectation, spinless hydrogen. (2011 psi/p2)

Show that for all energy eigenstates |®D,;,,,) of the (spinless) hydrogen
atom, where as usual n, /, and m are respectively the principal, azimuthal,
and magnetic quantum numbers, we have

<q>nlm|X|q>nlm> = <(1>nlm| Y|¢nlm> = (q)nlrnlzlcl)nlm) =0. (244)

15
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[Hint: Take note of the parity of the spherical harmonics (see "quick sum-
mary" notes on the spherical harmonics).]
Answer for Exercise 2.2

The summary sheet provides us with the wavefunction

2 fm—i-nr (20,
(r| D) = n2a8/2 n+D) )3 Fnl(nao) Yl 0, 9), (2.45)

where F,; is a real valued function defined in terms of Lagueere polyno-
mials. Working with the expectation of the X operator to start with we
have

<q>nlm|X |q)nlm>
= f (Puim|t”y (F| X Ir) (x| D) v dx’

= f (CI)nlm'r’> 8(r — 1')rsin 0 cos ¢ (x| Py drd°r’

= f ®>, (r)rsinfcos P (r)dr
2
2
~ frzdr F (_r)
nago

Recalling that the only ¢ dependence in ¥;" is ¢"™? we can perform the d¢
integration directly, which is

r f sin 8dOdgY]"" (6, ¢) sin 6 cos ¢Y}" (6, §).
(2.46)

2
f cos pdge ™M = (. (2.47)
#=0

We have the same story for the Y expectation which is
<q)nlm|X |q>nlm>

2
~ frzdr F, (_r)
nag

Our ¢ integral is then just

2

rx f sin 0d0d¢Y]"" (0, ¢) sin sin pY;" (6, ¢).
(2.48)

27
f sin gdge ™M™ = 0, (2.49)
¢=0
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also zero. The Z expectation is a slightly different story. There we have

<q)nlm|Z |q>nlm>
2

2
~ fdr F (_r) =
nago
27 T ) dl_m 2
f d¢f sin 6d6 (sin §) " | ——— sin* 6| cos 6.
0 0 d(cos §)I=m
(2.50)
Within this last integral we can make the substitution
u=cosé
sin 8d6 = —d(cos ) = —du (2.51)
uell, 1],
and the integral takes the form
1 I-m 2
1 d 2
- £1(_du)(1 — Ay (dul‘m(l —u )) u. (2.52)

Here we have the product of two even functions, times one odd function
(u), over a symmetric interval, so the end result is zero, completing the
problem. I was not able to see how to exploit the parity result suggested
in the problem, but it was not so bad to show these directly.

Exercise 2.3 Angular momentum operator. (2011 psi/p3)

Working with the appropriate expressions in Cartesian components,
confirm that L;|y) = 0 for each component of angular momentum L;,
if (rlyr) = Y(r) is in fact only a function of r = r|.

Answer for Exercise 2.3

In order to proceed, we will have to consider a matrix element, so that

we can operate on i) in position space. For that matrix element, we can

17
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proceed to insert complete states, and reduce the problem to a question of
wavefunctions. That is

(r|L; |y) = fd3r’ (r|L; |r’)(r’|zﬁ)
= fd3r’ (r| € X, Pp |r’><r’|zp>
= _ihfiabfd?’r, Xq 1] '70( /)| >
Xp
= —iheiabfd?’r’xa% <r|r’)
= —iheiabfd3r'xa%63(r—r’)
6)61;

(2.53)

With (r) = ¥(r) we have

W (r)

Oxyp

or dy(r)
oxp, dr

1. 1dy(r)
= —Lhembxu22xb; "Zr .
We are left with an sum of a symmetric product x,x, with the antisym-

metric tensor €, So this is zero for all i € [1, 3].

(r|Lily) = —i h€iapXe—F—

= —i h€igpXy— (2.54)

Exercise 2.4 Helium atom, variational method, first steps.

Verity (24.69) from [4], calculating the required six fold integral.
Answer for Exercise 2.4

To verify (24.69) from [4], a six fold integral is required

P, o n? 5 , Z°
—— (Vi + V)= —— | dridQridr,dQ)
< m ( i 2)> u f r 1ridry 21’2”208

—(r1+r2)Z/ag

e

Ci.f.20.2

—(r1+r2)Z/ag
+—+ = e
ror Ol ror 6r22)
W2 g6 (2.55)
= _%ﬁ(@r) fdrldrzr rye (nrrZlao

i.Z.20.,2

—(r1+r2)Z/ag
+—+ = e )
ror 02 ror 6r22)
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Making a change of variables

_ Zrl
ao
Zr (2.56)
y=—-
ao
we have
W 2 2
<—% (Vi+V )>
27?2 20 9 20 &
:—%— dxdyx*y*e” xy( +—2+——+—2)e_x_y
m ao xdx  x yoy Oy
n 7? 2 2
=—8—— dxdyx*y* x_y(——+1——+l)e_x_
m ao x y
252
1 1
ﬂz— dxdyx*y?e™ > (— + - - 1)
m aO Xy
n? 7*
= ;a—%
(2.57)
With
h2
ap = —, (2.58)
me
we have the result from the text
<_ﬁ (V2 + v2)> -Zo (2.59)
Verification of (24.70) follows in a similar fashion. We have
1 1
<2€2 (— + —)>
ri n
6 11
=2e¢ —f (471)2f e 22100 1202 iy ey (— + —)
ndy 20 (2.60)
z 1 1
=322 fe_zx_zyxzyzdxdy(— + —)
ap X oy
1 Z
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Exercise 2.5 Helium expectation.

In §24.2.1 of the text [4] is an expectation value calculation associated
with the Helium atom. Show that equation (24.76) is wrong.

Answer for Exercise 2.5

The following hand calculation and a Mathematica calculation shows
that §24.2.1 [4] is wrong, provided no compensating error was made by
me. Start with

e z ’ 2 3113, 13 U kri-r) 22412/
| | =|—| ¢ | &kd’rd r2s 2kze’ 1712) gmeatrEn)/do
rr—rn na T
0

3 2
— Z_3 62% fd3ki2 fd3r1€ik'rle_zzr' /a() X
nay 2n k

fd3 r2e—ik~l‘26—22r2/a().

(2.61)

To evaluate the two last integrals, I figure the author has aligned the axis
for the d°r; volume elements to make the integrals easier. Specifically, for
the first so that k - ry = kr; cos 6, so the integral takes the form

fd3r1 eik-rle—ZZrl Jag - _ fr%drldqﬁd(cos Q)Eik” cos 96—227‘1 Jag

o el
=2 f f rdrdue™*™e %1%
r=0 Ju=1

= —27rf rza'r,L (e_ik’ - eik’) e rla (2.62)
r=0 lkl"
_ 4n * 1 ikr —ikr\ —2Zr/a
== r:Orer(e —e )e 0
4 (oo}
-z f rdr sin(kr)e_ZZ’ fao,
k r=0

For this last, Mathematica gives me (24.75) from the text

3
1 67rZa0

— 0 (2.63)
2
(K2a2 + 472)?

fd?)rleik'r] 6—22}’] /(l() —
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For the second integral, if we align the axis so that —k - r, = krcos 6 and
repeat, then we have

2
e _ A o2 1 222 6 3, 1 1
= —16°1°Z"a dhk—————
ri—ral/  \nal) 27 k? (k2a} +4Z2)*

12828 , 1
f dkdQ

2 2.2 2\4
bis 8 (k*ag +4Z27) (2.64)
5127 1
= ¢ f dk—————
n (k*ag +4Z2)*
51278 1
= —ezfdk—.
n (K2al + 422y
With kag = 2Z« this is
é? 51278 , f 2Z 1
= e dk————
Ir; — 1ol m ap 2Z)8(k* + 1)*
47 1
2, f e (2.65)
nao (k2 +1)*
4Z ,5n
= —e —_
32°
This gives us
2 2 2
e _ 4Ze 5_7r _ 5Ze ‘ (2.66)
|l‘1 - l‘2| Tao 32 8a0

Exercise 2.6 SHO ground state energy, variational method.

Problem 3 of §24.4 in the text [4] asks to use the variational method
to find the ground state energy of a one dimensional harmonic oscillator
Hamiltonian.

Answer for Exercise 2.6

Recap. Variational method to find the ground state energy.  Somewhat
unexpectedly, once I take derivatives equate to zero, I find that the varia-
tional parameter beta becomes imaginary?

I tried this twice on paper and pencil, both times getting the same thing.
This seems like a noteworthy problem, and one worth reflecting on a bit.

21
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Recap. The variational method.  Given any, not necessarily normalized
wavefunction, with a series representation specified using the energy eigen-
vectors for the space

W) =" e lm) (2.67)
where

H W) = Ep [} (2.68)
and

Wl = O (2.69)

We can perform an energy expectation calculation with respect to this
more general state

WIHWY = ) cnml H Y caltin)
= zm] i W ZcE 1Y)
: i CnnEn i)
Z'TZ,,FEm
. D lenlEo

= Eo (yly)

(2.70)

This allows us to form an estimate of the ground state energy for the
system, by using any state vector formed from a superposition of energy
eigenstates, by simply calculating

_ WIHW)
STl

One of the examples in the text is to use this to find an approximation of
the ground state energy for the Helium atom Hamiltonian

(2.71)

n? 11 2
(V2 +V2)-2¢2 (— + —) + 2 (2.72)

H=-— :
2m ro ry) |rp—ry
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This calculation is performed using a trial function that was a solution of
the interaction free Hamiltonian
Z3

¢ = 2zt a (2.73)

3
7Tcl0

This is despite the fact that this is not a solution to the interaction Hamil-
tonian. The end result ends up being pretty close to the measured value
(although there is a pesky error in the book that appears to require a com-
pensating error somewhere else).

Part of the variational technique used in that problem, is to allow Z
to vary, and then once the normalized expectation is computed, set the
derivative of that equal to zero to calculate the trial wavefunction as a
parameter of Z that has the lowest energy eigenstate for a function of that
form. We find considering the Harmonic oscillator that this final variation
does not necessarily produce meaningful results.

The Harmonic oscillator variational problem. The problem asks for
the use of the trial wavefunction

¢ = e—ﬂm, (274)

to perform the variational calculation above for the Harmonic oscillator
Hamiltonian, which has the one dimensional position space representa-
tion

H=—-——+-—mwx". (2.75)

We can find the normalization easily

(plg) = f " 28 g

(%)

1 f‘” _2
=2— | e ?P2Bdx
2B Jo (2.76)

1 00
=2— e “du
28 Jo

1
5

23



24 PERTURBATION METHODS.

Using integration by parts, we find for the energy expectation
(PlH |¢)

00 2 2
_ f Jre-PH (_h_d_ N lmwzxz) Bl

)
= lim f f f dxe P —h—d— + 1ma)z)c2 e A
€0 2mdx? 2

1 n? d?
- Zf dxe_zﬁx( —ﬁ + —mwzxz) - —lim dxe ﬁ"‘ld > e P,
0

2m 2 2m e—0 —€ X
.77
The first integral we can do
0o 202
2f dxe P~ (_h_ﬁ + lm(uzxz)
0 2m 2
h2 2 00 00
= - B f dxe P* + ma)zf dxx?e B
m 0 0
(2.78)
h2 00 2 00
= ——'B due™ + mo” f dun’e™
2m Jo 88° Jo
B BH? N mw?
©2m 483

A naive evaluation of this integral requires the origin to be avoided where
the derivative of |x| becomes undefined. This also provides a nice way
to evaluate this integral because we can double the integral and half the
range, eliminating the absolute value.

However, can we assume that the remaining integral is zero?

I thought that we could, but the end result is curious. I also verified my
calculation symbolically in 24.4.3_attempt_with_mathematica.nb , but
found that Mathematica required some special hand holding to deal with
the origin. Initially I coded this by avoiding the origin as above, but later
switched to |x| = Vx2 which Mathematica treats more gracefully.

Without that last integral, involving our singular |x|” and |x|”” terms, our
ground state energy estimation, parameterized by S is

,82 hZ m wZ
E[B] = _W-FW' (2.79)
Observe that if we set the derivative of this equal to zero to find the “best”
beta associated with this trial function
OE B P omw?

=5 = o 5 (2.80)
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we find that the parameter beta that best minimizes this ground state en-
ergy function is complex with value

imw
V2n

It appears at first glance that we can not minimize eq. (2.79) to find a best
ground state energy estimate associated with the trial function eq. (2.74).
We do however, know the exact ground state energy hw/2 for the Har-
monic oscillator. It is possible to show that for all 3> we have

=+ (2.81)

hw Br mw?

This inequality would be expected if we can assume that the trial wave-
function has a Fourier series representation utilizing the actual energy
eigenfunctions for the system.

The resolution to this question is avoided once we include the singular-
ity. This is explored in the last part of these notes.

Is our trial function representable?  1thought perhaps that since the trial
wave function for this problem lies outside the span of the Hilbert space
that describes the solutions to the Harmonic oscillator. Another thing of
possible interest is the trouble near the origin for this wave function, when
operated on by P?/2m, and this has been (incorrectly assumed to have
zero contribution above).

I had initially thought that part of the value of this variational method
was that we can use it despite not even knowing what the exact solution
is (and in the case of the Helium atom, I believe it was stated in class
that an exact closed form solution is not even known). This makes me
wonder what restrictions must be imposed on the trial solutions to get a
meaningful answer from the variational calculation?

Suppose that the trial wavefunction is not representable in the solution
space. If that is the case, we need to adjust the treatment to account for
that. Suppose we have

16Y = D" cnlimy+culs). (2.83)

n
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where |, ) is unknown, and presumed not orthogonal to any of the energy
eigenkets. We can still calculate the norm of the trial function

(plp) = Z (Cntn + oW Llepfm + cof 1)
= > leal® + chen Wlpa) + et Wl +ler P Wy (2.84)

= (Walp) + ) leal + 2Re (ches (Wals))

Similarly we can calculate the energy expectation for this unnormalized
state and find

GHIB) = D (cathn+ Lt Hlewthm + 181
= > leaPEn + € En (Wnltr 1) (2.85)

+ CnC En (W) + oo P (wru | H W)

Our normalized energy expectation is therefore the considerably messier

(g1 H |¢)

($l¢)
 SalenlPEn+ ¢l L En (alr L) + cacl En Qi) + e P ool H L)
B WLl L) + o leml + 2Re (chuer (Wmlwr 1))
o ZnlenlPEo + cues En Wnls) + enC En Walim) + les P W H 1)
- WLy + T leml® + 2Re (e (Wmlr1)) '

(2.86)

With a requirement to include the perpendicular cross terms the norm does
not just cancel out, leaving us with a clean estimation of the ground state
energy. In order to utilize this variational method, we implicitly have an
assumption that the (¥, [, ) and (¥, ) terms in the denominator are
sufficiently small that they can be neglected.

Calculating the Fourier terms. In order to see how much a problem
representing this trial function in the Harmonic oscillator wavefunction
solution space, we can just calculate the Fourier fit.
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Our first few basis functions, with @ = Vmw/ h are

_ , @ —a?x2)2
uyg = —
0 \/E
"y = /#(Mx)e—“zxzﬂ (2.87)
o 2.2
Uy = | ——=(4a’x* =2)e” /2,
T \8yr

In general our wavefunctions are

U, = N,ZH,,(a/)c)e_“z"z/2
N = a
no Vr2nn! (2.88)
n
2

d
H,(m) = (-1)'e" —¢ 7,
an’

from which we find
W(x) = e CF (N )2 H,y(ax) f Hy(ax)e ™ 2y(xdx.  (2.89)

Our wave function, with 8 = 1 is plotted in fig. 2.3. The zeroth order

-5 L 5

Figure 2.3: Exponential trial function with absolute exponential die off.

fitting using the Gaussian exponential is found to be

Yo(x) = 2Berfe (i) e OX 24P (2.90)
V2a

With @ = 8 = 1, this is plotted in fig. 2.4 and can be seen to match fairly

well The higher order terms get small fast, but we can see in fig. 2.5,

where a tenth order fitting is depicted that it would take a number of them

27
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Figure 2.4: First ten orders, fitting harmonic oscillator wavefunctions to this trial
function.

-5 k 5

Figure 2.5: Tenth order harmonic oscillator wavefunction fitting.
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to get anything close to the sharp peak that we have in our exponential
trial function. Note that all the brakets of even orders in n with the trial
function are zero, which is why the tenth order approximation is only a
sum of six terms.

Details for this harmonic oscillator wavefunction fitting can be found in
gaussian_fitting_for_abs_function.nb can be found separately, calculated
using a Mathematica worksheet.

The question of interest is why we can approximate the trial function
so nicely (except at the origin) even with just a first order approximation
(polynomial times Gaussian functions where the polynomials are Hankel
functions), and we can get an exact value for the lowest energy state using
the first order approximation of our trial function, why do we get garbage
from the variational method, where enough terms are implicitly included
that the peak should be sharp. It must therefore be important to consider
the origin, but how do we give some meaning to the derivative of the ab-
solute value function? The key (supplied when asking Professor Sipe in
office hours for the course) is to express the absolute value function in
terms of Heavyside step functions, for which the derivative can be identi-
fied as the delta function.

Correcting, treating the origin this way. Here is how we can express
the absolute value function using the Heavyside step

|x| = x0(x) — x6(—x), (2.91)

where the step function is zero for x < 0 and one for x > 0 as plotted in
fig. 2.6. Expressed this way, with the identification 8’'(x) = §(x), we have

1o
o.s}
o.e;
0.4}

0.2

. . .
-3 -2 -1 L 1 2 3

Figure 2.6: Unit step function.
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for the derivative of the absolute value function
[x]" = X'0(x) — x'0(—x) + x6' (x) — x6' (—x)
= 6(x) — B(—x) + x5(x) + x6(—x) (2.92)
= 0(x) — 6(—x) + x5(x) + x0(x).
Observe that we have our expected unit derivative for x > 0, and —1

derivative for x < 0. At the origin our 6 contributions vanish, and we are
left with

x| _y = 2x6()] 0. (2.93)

We have got zero times infinity here, so how do we give meaning to this?
As with any delta functional, we have got to apply it to a well behaved
(square integrable) test function f(x) and integrate. Doing so we have

’ — 2 *
L dxil’ f(x) L, dxxo(x)f ) (2.94)

=2(0)£(0).

This equals zero for any well behaved test function f(x). Since the delta
function only picks up the contribution at the origin, we can therefore
identify |x|" as zero at the origin.

Using the same technique, we can express our trial function in terms of
steps

¥ = e P = g(x)e P + 0(—x)eP~. (2.95)
This we can now take derivatives of, even at the origin, and find

W =0 (x)eP* + 0 (—x)eP — BO(x)eP* + BO(—x)eP*
= 8(x)eP* — 8(—x)eP* — BO(x)eP* + BO(—x)eP*

= W_ﬁg(x)e—ﬁx +,89(—X)€ﬁx (296)

= B(-0(x)e P + o(-x)e).
Taking second derivatives we find
Y =B (-0 (e + 0 (—x)e + pO(x)e P + pO(-x)e)
=p (—6(x)e_ﬁ" — 8(=x)éP* + BO(x)e P + ﬁ@(—x)eﬁx) (2.97)
= By — 2B5().
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Now application of the Hamiltonian operator on our trial function gives
us

2
Hy = —2h—m (ﬁzw - 26(x)) + %mwzxzw, (2.98)
)
©0 232 2 00
W H ) = f (— np + lma)zxz) e 2P 4 B f 5(x)e P
—oo 2m 2 m oo

2 2 2
Bh + e "B (2.99)
2m 483 m
B BH? N mw?

C2m 4B

Normalized we have

WHW R mw?
E = = .
BI="wwy = m T

This is looking much more promising. We will have the sign alternation
that we require to find a positive, non-complex, value for 8 when E[g] is
minimized. That is

_OE _,8712 mw?

(2.100)

0= —=— - —, 2.101
B m  2BB ( )
so the extremum is found at
2.2
p="2 (2.102)

21
Plugging this back in we find that our trial function associated with the
minimum energy (unnormalized still) is

mu)xz
y=e NV V2, (2.103)

and that energy, after substitution, is

hw
2
We have something that is 1.4X the true ground state energy, but is at least
a ball park value. However, to get this result, we have to be very careful
to treat our point of singularity. A derivative that we would call undefined
in first year calculus, is not only defined, but required, for this treatment
to work!

E[Bmin]l = 2. (2.104)
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TIME INDEPENDENT PERTURBATION.

See §16.1 of the text [4].

We can sometimes use this sort of physical insight to help construct a
good approximation. This is provided that we have some of this physical
insight, or that it is good insight in the first place. This is the no-think
(turn the crank) approach. Here we split our Hamiltonian into two parts

H=Hy+H, (3.1

where Hy is a Hamiltonian for which we know the energy eigenstates and
the eigenkets. The H’ is the “perturbation” that is supposed to be small
“in some sense”.

Prof Sipe will provide some references later that provide a more spe-
cific meaning to this “smallness”. From some ad-hoc discussion in the
class it sounds like one has to consider sequences of operators, and look
at the convergence of those sequences (is this L2 measure theory?) We

.l.l.g,/rw'w;t oS5 ;4,4)4:7/_. //Zx 2
-"t\;; fhr/éopé&{ M‘S’/}b\ :

Figure 3.1: Example of small perturbation from known Hamiltonian.

would like to consider a range of problems of the form

H = Hy+ AH', (3.2)
where

A€[0,1]. (3.3)
When 4 — 0 we have

H — Hy, (3.4)
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which is the problem that we already know. However, for 4 — 1 we have
H=Hy+H, (3.5)

the problem that we would like to solve. We are assuming that we know
the eigenstates and eigenvalues for Hy. Assuming no degeneracy

Ho ") = E{ i) (3.6)
We seek
(HO + H/) |'7”5> = Es |¢s> » (37)

which is the A = 1 case. Once (if) found, when 4 — 0 we will have

E; — EY
sy — ). o
We expand the energy as
E;=EQ + AEW + 2EP), (3.9)
where
s = ) cus |U)- (3.10)

n

This we know we can do because we are assumed to have a complete set
of states. With

ns = € 4 2ct) 4 226D (3.11)
where
i = S (3.12)

There is a subtlety here that will be treated differently from the text. We

= (1 + /lcﬁ? +- (0) + A Z cles)
n#s

write

|ws> =

(0) (3.13)

n




3.1 TIME INDEPENDENT PERTURBATION.

Take
M1, ©)
— —(0 n#s Cns n >
|lr//s>=¢’§)>+/1 6] e
1+ Acgy (3.14)
0 I
[ A 30 )+
n#s
where
(1)
L L (3.15)
1+ /lc(ss)
We have:
o= D
I’lS - Cns
(3.16)
-2 2
& # -
FIXME: I missed something here.
Note that this is no longer normalized
(ss) # 1. (3.17)

3.1 TIME INDEPENDENT PERTURBATION.

The setup.  To recap, we were covering the time independent perturba-
tion methods from §16.1 of the text [4]. We start with a known Hamilto-
nian Hy, and alter it with the addition of a “small” perturbation

H = Hy+ AH', A €[0,1]. (3.18)

For the original operator, we assume that a complete set of eigenvectors
and eigenkets is known

Ho |y @) = B ]y, ). (3.19)
We seek the perturbed eigensolution
Hlps) = Eslys), (3.20)

and assumed a perturbative series representation for the energy eigenval-
ues in the new system

E =EO 4 ED 4+ PE® 4 ... (3.21)
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Given an assumed representation for the new eigenkets in terms of the
known basis

sy = Z Cns |¢’n(0)> s (3.22)

n

and a perturbative series representation for the probability coefficients
Cps = cns(o) + /lcns(l) + /lzcns(z), (3.23)

so that

) = Z Cns(O) |¢n(0)> +4 Z Cns(l) |¢n(0)> + 22 Z Cns(Z) |wn(0)> +--
n n

n

(3.24)
Setting A = 0 requires
Cns® = B, (3.25)

for

W) = @)+ 2 en® @)+ 2> 6@ ) + -
n

n

= (1+ ey, + 2@+ ) [ ) 3.26)
Mlzcm(”|wn(0)>+/122cns(2) @)+ -

n#£s n#s

‘We rescaled our kets

) = @) + 2 ) eV @)+ 2 3 8@ @)+, 3.27)

n#s n#s
where
)
= ) _ Cns
c = . 3.28
ST T den D + ey @ 1 .28
The normalization of the rescaled kets is then
- = _ 2 _ 0)2 _ 1
(lgs) =1+ ) e[ +--- = 7z (3.29)
n*s
One can then construct a renormalized ket if desired
10s5),, = 2 i) (3.30)

so that

() )7 105), = Zs () = 1. (331)
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The meat.  That is as far as we got last time. We continue by renaming
terms in eq. (3.27)

[05) = s ) + Alurs ) + 2y @)+ (3.32)
where
|‘70s(j)> = Z Ens(j) |‘r//n(0)> . (3.33)
n#s

Now we act on this with the Hamiltonian
H ) = Es[9s) (3.34)
or
H|ibs) - Es |@s) = 0. (3.35)
Expanding this, we have
0= (Ho+AH") (s @) + ]y, V) + 2 |y, @) + - )
- (Es«)) +AEV + PE® 4. ) x (3.36)

(s @) + D) + 2 |, @) + ) = 0.

We want to write this as

IAY + A|B) + A2|C) +--- = 0. (3.37)
This is

0 = (Ho - E) |y, )

_ 7O (1) s _ (D) )

j( ((fH -Efi?go)>>|l|{;yz>++( o _Eégl)n'T;wZ; oy
So we form

Ay = (Ho - E”) |w,”)

B = (Ho— E) [y, V) + (H' = EV) [w,) (3.39)

IC) = (Ho - E) ) + (H' = ) lu, V) - E& |y, @),

and so forth.
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Zeroth order in A.  Since H |(//S(0)> =g |¢S(O>>, this first condition on
|A) is not much more than a statement that 0 — 0 = 0.

First order in .. How about |B) = 0? For this to be zero we require that
both of the following are simultaneously zero

(s [B) =0

Ol =0, ms (3.40)
This first condition is

(s O) @ - ED) |y, @) = 0. (3.41)
With

(| H [0 0) = H' s, (3.42)
or

H' g = EV. (3.43)

From the second condition we have
0 = (| (Ho = E) [ws V) + (wn®| (H' = E) |0, ). - (3.44)
Utilizing the Hermitian nature of Hy we can act backwards on <(//m(0)|
(™| Ho = E3 (ym®)|. (3.45)

We note that <1//m(0)‘z,//s(0)> = 0,m # s. We can also expand the <a//m(0)|z//s(l)>,
which is

(U OlwsV) = (v (Z Ens” iwn(°>>] : (3.46)
n#s

I found that reducing this sum was not obvious until some actual integers
were plugged in. Suppose that s = 3, and m = 5, then this is

(ZRIZE (ws“”l( P |wn<°))]

n=0,124,5, -

= ¢s3) <9’/5(0)|l//5(0)>

-
= es3V.

(3.47)
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Observe that we can also replace the superscript (1) with () in the above
manipulation without impacting anything else. That and putting back in
the abstract indices, we have the general result

<¢m(0)’¢x(j)> — E'ms(j)- (3.48)
Utilizing this gives us

0= (Ep = E)ems " + H . (3.49)
Summarizing what we learn from our |B) = 0 conditions we have

Egl) = H,ss
o Ho (3.50)
- E(O) _ E(O) ’
s m

Cms

Second order in A.  Doing the same thing for |C) = 0 we form (or as-
sume)

(v,9/c) =0, (3.51)
and

0 = (y,|C)
= (| (Ho — ED) [0 @) + (' = EM) V) - EP [0, )

3.52
= (B - E?) (v, Olws?) 2
O] = ED) 0D~ E2 (1], ).
We need to know what the <;bs(0)|;bs(“> is, and find that it is zero
(V) = (O > e ). (3.53)

n+s

Again, suppose that s = 3. Our sum ranges over all n # 3, so all the
brakets are zero. Utilizing that we have

E® = <¢s(0)|H' '%(1)>
O S 6 )

m#s

= Z E'ms(l)H’sm-

m#s

(3.54)
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From eq. (3.50) we have

2) _ _ IHlmsl
E; Z E(O) (0) Z (O) (0) (3.53)

m#s m;ts

We can now summarize by forming the first order terms of the perturbed
energy and the corresponding kets

H 2
E,=EY9 v am + 22 § LT
EO _ g0
m#:v m

|9” = v (0) MZ O _ g0 E(O) |¢”"(0)>

m#s

(3.56)

We can continue calculating, but are hopeful that we can stop the calcu-
lation without doing more work, even if 4 = 1. If one supposes that the

H’ms
§ — (3.57)
EO _EO

m#s

term is “small”, then we can hope that truncating the sum will be reason-
able for A = 1. This would be the case if

H' s < - EY)|, (3.58)

however, to put some mathematical rigour into making a statement of such
smallness takes a lot of work. We are referred to [12]. Incidentally, these
are loosely referred to as the first and second testaments, because of the
author’s name, and the fact that they came as two volumes historically.

3.2 ISSUES CONCERNING DEGENERACY.

When the perturbed state is non-degenerate. ~ Suppose the state of inter-
est is non-degenerate but others are

FIXME: diagram. states designated by dashes labeled n1, n2, n3 degen-
eracy a = 3 for energy Eﬁ,o).

This is no problem except for notation, and if the analysis is repeated
we find

2
0 , |H/m<x;s|
E;=EQ + AH o5 + 22 m; O (3.59)
_ H . .
5) = s @) + 4 Y T e ) (3.60)

0 0
m#s,a Eg ) - EE,,)
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where

H,ma;s = <Wma(0)’ H' |'7”sa(0)> . (3.61)

When the perturbed state is also degenerate. ~ FIXME: diagram. states
designated by dashes labeled n1, n2, n3 degeneracy a = 3 for energy E,(,,O),
and states designated by dashes labeled s1, s2, s3 degeneracy @ = 3 for
energy E; o

If we just blindly repeat the derivation for the non-degenerate case we
would obtain

, ’H' ; 1|2
Eg = E(YO) + AH slis1 T+ /12 m;a ﬁ (3.62)
|H,S(1’;S1|2
D o (.63
[0 o
_ H ..
) = @)+ 4 Q) 5 Wona®) (364)
m#£s,a ~s m
4 Zl ©) SQ;O) )+ (3.65)
aFESs
where
H' vasst = (Yo | H |01 @) (3.66)

Note that the EE,O) ﬁ,‘” is NOT a typo, and why we run into trouble.
There is one case where a perturbation approach is still possible. That
case is if we happen to have

(Uma | H @) = 0. (3.67)

That may not be obvious, but if one returns to the original derivation, the
right terms cancel so that one will not end up with the 0/0 problem.

FIXME: performing this derivation outside of class (below), it was
found that we do not need the matrix elements of H’ to be diagonal, but
just need

(e H [pss®) =0, forp #a. (3.68)

That is consistent with problem set III where we did not diagonalize H’,
but just the subset of it associated with the degenerate states. I am unsure
now if eq. (3.67) was copied in error or provided in error in class, but it
definitely appears to be a more severe requirement than actually needed
to deal with perturbation of a state found in a degenerate energy level.
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Time independent perturbation with degeneracy. Now we repeat the
derivation of the first order perturbation with degenerate states from lec-
ture 4. We see explicitly how we would get into (divide by zero) trouble
if the state we were perturbing had degeneracy. Here I alter the previous
derivation to show this explicitly. Like the non-degenerate case, we are
covering the time independent perturbation methods from §16.1 of the
text [4].

We start with a known Hamiltonian Hy, and alter it with the addition of
a “small” perturbation

H = Hy+ AH', A €10,1]. (3.69)

For the original operator, we assume that a complete set of eigenvectors
and eigenkets is known

Ho |0sa'®) = E{ |00 ). (3.70)

We seek the perturbed eigensolution

HWsa) = Esa Wsa) 3.71)

and assumed a perturbative series representation for the energy eigenval-
ues in the new system

Ey = EQ + AE,,V + PE,® + - (3.72)

Note that we do not assume that the perturbed energy states, if degenerate
in the original system, are still degenerate after perturbation.

Given an assumed representation for the new eigenkets in terms of the
known basis

W/sa) = Z Cns;Ba |l//nﬁ(0)> s (3.73)
nB

and a perturbative series representation for the probability coefficients

CnsBa = Cns;ﬁa(O) + /lcns;ﬁa(l) + /lzcns;ﬁa(z)a (3.74)
so that
Wsa) = Z Cns;,Ba(O) |lr//nﬁ(0)> +4 Z Cns;ﬁa(l) |Wn,8(0)>
"o "o (3.75)

+ 22 Cuspa® @) + -
np
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Setting A = 0 requires
Cns;ﬂa(o) = 5ns;ﬂm (3.76)

for

Wsad = W0 @)+ 2 npa® g @) + 223 g g @) + -
nB nS

- (1 + /lCSS§lY<1(1) + /lzcss;aaa) +- ) ’wSa(O)>
+4 Z Cns;ﬁa(l) |¢’n,3(0)>

np#sa

+ /12 Z Cns;ﬁoz(z) 'd/n/}(o)> + .-
np#sa

(3.77)

‘We rescale our kets

|lz‘m> = |wsa(0)> +4 Z E”S;ﬁa(l) |¢nﬁ(0)> + /12 Z Ens;ﬁa(Z) ’wnﬁ(0)> +---

nB#sa nB#sa
(3.78)
where
)
SN Cnspa 3.79
o 1+ A¢s500V + PCgg00P + -+ G790
The normalization of the rescaled kets is then
_ - _ 2 1
(ealllsa) =1+22 " Jeu P+ = — (3.80)
np#sa s
One can then construct a renormalized ket if desired
s}y = Z3t” |rsar) (3.81)
so that
(|IZ’S(1>R)T 'l/_/sa>R = Zsa <‘7_0sa"7[_/sa> =1 (382)

We continue by renaming terms in eq. (3.78)

|‘Zsa> = |l//sa(0)> +a |l//sa<1)> + /12 |l//sa/(2)> + (383)
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where

|¢,m(j)> - Z E'ns;ﬂa(j) |l/’n,8(0)>' (3.84)

np#sa

Now we act on this with the Hamiltonian

H [Wsa) = Esa|¥sa) (3.85)
or

H |Usa) = Esa |05} = 0. (3.86)
Expanding this, we have

0= (Ho+ AH') (050 + A prsa ") + 2 rsa®) +--)
- (ES(O) +AE,V + 2E,, D + - ) X (3.87)

()wsa(0)> +4 "r//sa(l)> + /12 |l//sa(2)> +-- ) .

We want to write this as
JAY + A|B) + A2|C)y +--- = 0. (3.88)
This is
0= 2(Ho - E) [0

+4 ((HO - EFYO)) |'7bsa(1)> + (H’ - E.(wlx)) |¢sa(0)>) (3.89)
+ /12 ((HO - Eg())) |‘/’m(2)> + (H’ - Egloz)) |lpm(l)> - Eg%z) |¢m(0)>)

So we form
|A) = (Ho — EEO)) |¢’sa(0)>
1B) = (Ho = E") [prsa ™) + (H' = ES) [9150 ) (3.90)
IC) = (Hy = E) |sa®) + (H' = E) [pe0P) - EQ |010®)

and so forth.

Zeroth order in A.  Since H |¢,m(0)> = E§°) |;.//m(0)>, this first condition
on |A) is not much more than a statement that 0 — 0 = 0.
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First order in .. How about |B) = 0? For this to be zero we require that
both of the following are simultaneously zero

(vs”|B) =0

(3.91)

<lﬁm,3(0)|3> =0, mB # sa.
This first condition is

<'703‘a(0)| (H/ - Eg}y)) |§bsa(0)> =0. (3.92)
With

(U | H [9150) = H' - (3.93)
or

H (500 = EG) (3.94)

KKK 704 sa ¢ .

From the second condition we have
0 = (s ®| (Ho — E) 050 ®) + (s (H' — E) 952 ). (3.95)

Utilizing the Hermitian nature of Hy we can act backwards on <¢m(°)|
<'70m,8(0)| Hy = E;(1(1)) <Wm,8(0)' . (3.96)

We note that <;bmﬁ(0)|¢m(0)> = 0,mB # sa. We can also expand the
(Wnp |50V, which is

<¢mﬁ(0)|wm<1)> _ <wmﬁ<o)|( Z E'nx;&y(l) ’¢n5(0)>]- (3.97)

no+sa

I found that reducing this sum was not obvious until some actual integers
were plugged in. Suppose that s = 3 1, and mf = 2 2, then this is

<l//22(0)’ll/3 1(1)> = <l//22(0)|[ Z o1 |¢’ms(0)>J
noell 1,12,+,21,22,23,32,33,)
=3 <l//22(0)|€022(0)>

- 1
= 623;21( )-

(3.98)
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Observe that we can also replace the superscript (1) with () in the above
manipulation without impacting anything else. That and putting back in
the abstract indices, we have the general result

<lﬁmﬁ(0)|wsa(j)> = Z'ins;,Ba(j)~ (3.99)
Utilizing this gives us, for mS # sa
0 0)\= ’

0= (EY = EMemspa? + H s (3.100)

Here we see our first sign of the trouble hinted at in lecture 5. Just because
mB # sa does not mean that m # s. For example, with m8 = 11 and
sa =12 we would have

1
ED=H 112
- H'i (3.101)
LR =70 L0
El _El

We have got a divide by zero unless additional restrictions are imposed!
If we return to eq. (3.100), we see that, for the result to be valid, when
m = s, and there exists degeneracy for the s state, we require for 8 # «

H,ss;ﬁa = 0’ (3 | 02)

(then eq. (3.100) becomes a 0 = 0 equality, and all is still okay)
Summarizing what we learn from our |B) = 0 conditions we have

1
Ega) = H’ss;(m

’
H ms;Ba

Cmspa’ = m# s (3.103)

EY - E)
H’ss;ﬁa =0, Ba #11.

Second order in A.  Doing the same thing for |C) = 0 we form (or as-
sume)

(v:?[C) =0, (3.104)
and find

0= (42, lC)
= (V| ((Ho = E?) [prsa®) + (H' = ES) 150 ") = E |0:0))
= (B = E?) (5a Os0®) + (05 @) (H' = E) [9r50")
— EQ (W5 VW0 ).
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(3.105)

We need to know what the <zﬁm(0)|wm(l)> is, and find that it is zero

(W0 ®Wa”) = (Y0 D Cnspa® s ®) = 0. (3.106)

np#sa

Utilizing that we have
2
Ega) = <wsa(0)| H' |wsa(l)>

— 0) H ey )
<'70sa | m[;sacms |'70m,8 > (3.107)

- 1
= Z Cms;ﬁa'( )H/sm;af,B-
mp#sa

From eq. (3.103), treating the m # s case carefully, we have

H'
(2 _ - (1 ms:fa
Esa = Z Css;Ba H’ss;aﬁ + Z mHlsm;aﬁ- (3 I 08)
Bra mp#Esa,m#Ss =S m
Again, only if Hqp = 0 for 8 # @ do we have a result we can use. If that
is the case, the first sum is killed without a divide by zero, leaving
2
4
2 |H ms;,ch|
Ega) = Z

. (3.109)
E{ - E,)

mpB#sa,m#s

We can now summarize by forming the first order terms of the perturbed
energy and the corresponding kets

2

H s
Esa = E§O)+/1H/SS;MY+/12 : : %
E;” - E
m#£s,mP#sa s m

— H ..
|wsa> ) |wsa(0)> ’ /lm?tY;ﬁiw ﬁ |¢’m,8(0)> to
s, Sa

Hype =0, Pa#l1l.

(3.110)

Notational discrepancy: — OOPS. It looks like I used different notation
than in class for our matrix elements for the placement of the indices.
FIXME: looks like the csmaf(l), for @« # @ coeflicients have been lost
track of here? Do we have to assume those are zero too? Professor Sipe
did not include those in his lecture eq. (3.116), but I do not see the moti-
vation here for dropping them in this derivation.
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Diagonalizing the perturbation Hamiltonian. — Suppose that we do not
have this special zero condition that allows the perturbation treatment to
remain valid. What can we do. It turns out that we can make use of the
fact that the perturbation Hamiltonian is Hermitian, and diagonalize the
matrix

(5@ H' |05 ). 3.111)

In the example of a two fold degeneracy, this amounts to us choosing not
to work with the states

1//?}))’ 9, (3.112)

both some linear combinations of the two

)=o)+

0 0
9”21» =@ |‘/’§1)> +by

v (3.113)
). (3.114)

In this new basis, once found, we have
<§bsa(o)|H/ |§bsﬁ(0)> = (}{aéaﬁ- (3.115)

Utilizing this to fix the previous, one would get if the analysis was re-
peated correctly

2
_ 0 , |H’ mpso
Esa/ _Es + AH sa;sa+/12mizsﬁm (31]6)
_ H o
o) = s @)+ 2 Y G g @) (3.117)
m#sB =s T Em

FIXME: why do we have second order in A terms for the energy when we
found those exactly by diagonalization? We found there that the perturbed
energy eigenvalues were multivalued with values E;, = E§O) + AH .48
for all degeneracy indices 8. Have to repeat the derivation for these more
carefully to understand this apparent discrepancy.

We see that a degenerate state can be split by applying perturbation.

FIXME: diagram. E EO) as one energy level without perturbation, and as
two distinct levels with perturbation.

Guess. 1 will bet that this is the origin of the spectral line splitting,
especially given that an atom like hydrogen has degenerate states.
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3.3 EXAMPLES.

{Example 3.1: Stark Shift.}

Reading: §16.5 of [4]. Perturbed the Hamiltonian as follows

H = Hy+ AH', (3.118)
where

H =e&.7, (3.119)

where &, is the electric field. To first order the perturbed base state
is

0 O) (O 7 |y
$)= |;//§?))+Z’ ! >[§(O;8—|E(O) . > (3.120)
B+a a B
and
EQ = (v | H' |us). (3.121)

With the default basis {|¢ﬁ,§3,0)>}, and n = 2 we have a 4 fold degeneracy

ILLm=0,0
ILm=1,-1
Im=1,0
Lm=1,+1,

(3.122)

but can diagonalize as follows

[ nlm 200 210 211 21 —1]
200 0 A 0
20 A 0
20 0 0O

21-1 0 0

(3.123)

o ©O o O

0
0
0
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where
A = =3e&,ay. (3.124)

We have a split of energy levels as illustrated in fig. 3.2.

—

Figure 3.2: Energy level splitting.

Observe the embedded Pauli matrix (I missed the point of that?)

Oy = 01 . (3.125)
1 0
Proper basis for perturbation (FIXME:check) is then
1
{—(I2,0,0>il2,1,0>), |2,1,il>}, (3.126)

V2

and our result is

o 3

B¢degenerate subspace

) (| 1 )
E((ZO) B E;O)

%1},:2) = . (3.127)
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4.1 REVIEW OF DYNAMICS.

We want to move on to time dependent problems. In general for a time
dependent problem, the answer follows provided one has solved for all
the perturbed energy eigenvalues. This can be laborious (or not feasible
due to infinite sums).

Before doing this, let us review our dynamics as covered in §3 of the
text [4].

Schrodinger and Heisenberg pictures.  Our operator equation in the Schrodinger
picture is the familiar

ih% W s(0) = H (D)), 4.1

and most of our operators X, P,--- are time independent, but our kets
evolve with time

(0) (1) = (s (D] Os YD) - (4.2)

Here O is the operator in the Schrodinger picture, and is non time depen-
dent. Formally, the time evolution of any state is given by

Ws(@) e s (0)) = U, 0) [95(0)) 4.3)
so the expectation of an operator can be written

(0) (1) = Ws(O)] "0 T 5 (0)) . (4.4)
With the introduction of the Heisenberg ket

W) = s(0)), (4.5)
and Heisenberg operators

OH — eiHl‘/hose—iHl‘/h’ (46)
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the expectation evolution takes the form

(0) () = Yl On Yn) . 4.7)

Note that because the Hamiltonian commutes with its exponential (it com-
mutes with itself and any power series of itself), the Hamiltonian in the
Heisenberg picture is the same as in the Schrodinger picture

Hy = et - g, (4.8)

Time evolution and the Commutator. ~ Taking the derivative of eq. (4.6)
provides us with the time evolution of any operator in the Heisenberg
picture

. d _ 4 Cibyn e —iHR
ih—-On(t) = if (e™70,e )

dt
_ ih(ﬂeim/hose—im/h + ein/hOSe—in/hﬂ) 4.9
n h
= (—HOH + OHH) .

We can write this as a commutator

d
ih—-Ou(t) = [On. H). (4.10)

Summarizing the two pictures.

Schrodinger picture Heisenberg picture
. d B .. d 3
lh@ Ws(1)) = H yrs(1)) lhd_tOH(t) = [On, H|
Ws(0)] Os Ws()) = (Wil On W) ¢-11)
s(0)) = Wm)

Os = 0y(0)
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4.2 INTERACTION PICTURE.

Recap.  Recall our table comparing our two interaction pictures

Schrédinger picture Heisenberg picture
. d . d
ih— Ws@) = Hls(@) - i On(h) = [On, H]
W0 Os (1) = Wul On W) (12
s(0)) = lWa)
Os = 0n(0)

A motivating example.  While fundamental Hamiltonians are indepen-
dent of time, in a number of common cases, we can form approximate
Hamiltonians that are time dependent. One such example is that of Coulomb
excitations of an atom, as covered in §18.3 of the text [4], and shown in
fig. 4.1. We consider the interaction of a nucleus with a neutral atom,

Zac

Figure 4.1: Coulomb interaction of a nucleus and heavy atom.

heavy enough that it can be considered classically. From the atoms point
of view, the effects of the heavy nucleus barrelling by can be described
using a time dependent Hamiltonian. For the atom, that interaction Hamil-
tonian is

Zeq;
7 Y L (4.13)
— [rn(1) — R
Here and ry is the position vector for the heavy nucleus, and R; is the po-
sition to each charge within the atom, where i ranges over all the internal
charges, positive and negative, within the atom.
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Placing the origin close to the atom, we can write this interaction Hamil-
tonian as

= N L rR(&L__L
HO= ) vt 2.7k (ar CYOE r|)

The first term vanishes because the total charge in our neutral atom is zero.

(4.14)

r=0

This leaves us with

0 N
H(t)——Zq,R, ( 8r|rN(t)_r|)

= - Z aiR; - E(1),

r=0 (4.15)

where E(7) is the electric field at the origin due to the nucleus. Introducing
a dipole moment operator for the atom

u=YqR, (4.16)
i

the interaction takes the form
H'(t) = —p - E(2). 4.17)

Here we have a quantum mechanical operator, and a classical field taken
together. This sort of dipole interaction also occurs when we treat a atom
placed into an electromagnetic field, treated classically as depicted in
fig. 4.2. In the figure, we can use the dipole interaction, provided 4 > a,

Figure 4.2: atom in a field.

where a is the “width” of the atom. Because it is great for examples, we
will see this dipole interaction a lot.
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The interaction picture. — Having talked about both the Schrodinger and
Heisenberg pictures, we can now move on to describe a hybrid, one where
our Hamiltonian has been split into static and time dependent parts

H(t) = Hy+ H'(1). (4.18)

We will formulate an approach for dealing with problems of this sort
called the interaction picture.

This is also covered in §3.3 of the text, albeit in a much harder to under-
stand fashion (the text appears to try to not pull the result from a magic
hat, but the steps to get to the end result are messy). It would probably
have been nicer to see it this way instead.

In the Schrodinger picture our dynamics have the form

. d
lh@ (1)) = Hs(0)) . (4.19)
How about the Heisenberg picture? We look for a solution

Ws(0)) = U(t, 10) Y 5(t0)) - (4.20)

We want to find this operator that evolves the state from the state as some
initial time fy, to the arbitrary later state found at time ¢. Plugging in we
have

d
ih— Ut 10) (1)) = HOU(, 10) Ws(t0)) - @21)

This has to hold for all |/s(#y)), and we can equivalently seek a solution
of the operator equation

d
ihE Ut,to) = HU(t, 1y), (4.22)
where
U(to, 10) = 1, (4.23)

the identity for the Hilbert space. Suppose that H(f) was independent of
time. We could find that

Ut ty) = e HU-0/ 1, (4.24)
If H(¢) depends on time could you guess that

4 Jo H@dr

U(t,ty) =e (4.25)
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holds? No. This may be true when H(¢) is a number, but when it is an oper-
ator, the Hamiltonian does not necessarily commute with itself at different
times

[H(t), H(t")] # 0. (4.26)

So this is wrong in general. As an aside, for numbers, eq. (4.25) can be
verified easily. We have

it ’ . ! 4 it
ih (e_ﬁ Jy H(T)dT) =ih (_ih) (f H(T)d‘l’) ¢~ Jy HOT
]

dl())e—;lf[:) H(t)dr 4.27)

d
- (H(r)d—i - H(t)

= HHU(, t).

Expectations.  Suppose that we do find U(t, tp). Then our expectation
takes the form

Ws(0)] O5 Wrs(0)) = (Ws(10) U (1, 10)O5 U 1, 10) Wrs(to)) - (4.28)
Put

W) = Ws(t0)) (4.29)
and form

On = U'(1,10)0,U(t, 1), (4.30)

so that our expectation has the familiar representations

WsO Os [ s(0) = WYrl O Wn) - (4.31)
New strategy. Interaction picture. — Let us define

Uyt 1) = e 00U (1, 1), (4.32)
or

Ult, to) = e~ #0011 1), (4.33)
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Let us see how this works. We have
dU; d i

s OV e (L Hy(t—10)
G =g (UG )

; d
= —HyU(t, 1) + enlol=10) (i hd—t u(t, to))

i (4.34)
= —HoU(t,1p) + e 700 ((H + H' (1)) U(t, 1))
= U B (U (1, 19)
= ¢ 1= ! (1) 50 11, 1),
Define
H (1) = e#H00=0 ()¢~ o0, (4.35)
so that our operator equation takes the form
ih% Ui(t,to) = H (U (t, 19). (4.36)
Note that we also have the required identity at the initial time
Ui, 10) = I. 4.37)

Without requiring us to actually find U(z, #p) all of the dynamics of the
time dependent interaction are now embedded in our operator equation for
H' (), with all of the simple interaction related to the non time dependent
portions of the Hamiltonian left separate.

Connection with the Schriodinger picture.  In the Schrodinger picture
we have

W s(0)) = U1, 10) W 5(t0))

; (4.38)
= ¢ 10U (1, 10) s (10)) -
With a definition of the interaction picture ket as
i) = Uiz, 10) [ s(10)) = Ui, 10) Wn) (4.39)
the Schrodinger picture is then related to the interaction picture by
(D)) = e FI0 ) (4.40)

Also, by multiplying eq. (4.36) by our Schrodinger ket, we remove the last
vestiges of Uy and U from the dynamical equation for our time dependent
interaction

d _
ihE Wiy =H' ()W) . (4.41)
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Interaction picture expectation. Inverting eq. (4.40), we can form an
operator expectation, and relate it the interaction and Schrédinger pictures

WD O (D) = (| e 7010 = 7Ho=10) 1y (4.42)
With a definition

0; = =0 g =i Holi=0), (4.43)
we have

W01 05 (D) = (Wil Or ). (4.44)

As before, the time evolution of our interaction picture operator, can be
found by taking derivatives of eq. (4.43), for which we find

dO (1)

i h
! dt

= [0;(1), Ho) . (4.45)

Summarizing the interaction picture.  Given
H(t) = Hy + H'(1), (4.46)

and initial time states

[Wi(t0)) = [¥s(t0)) = Wn), (4.47)
we have

WD Os [ s(0)) = Wil Or Y1) (4.48)
where

[y = Ut 1) Ws(t0)) (4.49)
and

. d -,

lhd— [y =H @) W), (4.50)

1t

or

. d _
ih— Uit to) = H' (U (1. 10) 4.51)

Ui(to, o) = 1.



4.3 JUSTIFYING THE TAYLOR EXPANSION ABOVE (NOT CLASS NOTES).

Our interaction picture Hamiltonian is
H' (1) = eHol=0) g (5= 7 Hol=10) (4.52)

and for Schrodinger operators, independent of time, we have the dynami-
cal equation

dO(1)

i
S

= [04(t), Hy) - (4.53)

4.3 JUSTIFYING THE TAYLOR EXPANSION ABOVE (NOT CLASS NOTES).

Multivariable Taylor series. ~ As outlined in §2.8 (8.10) of [9], we want
to derive the multi-variable Taylor expansion for a scalar valued function
of some number of variables

f) = f@' -, (4.54)
consider the displacement operation applied to the vector argument
fla+x)= f@a+m).. (4.55)

We can Taylor expand a single variable function without any trouble, so
introduce

g = fa+x), (4.56)
where
g() = f(a+x). 4.57)
We have
og 1 g
_ 98 " o8 . 4.
g() g(0)+tat t:O+ 9 t:0+ , (4.58)
so that
og 1 og
= — — = 4.
g(1)=g0)++ £y t:0+ 2 3t o (4.59)

The multivariable Taylor series now becomes a plain old application of
the chain rule, where we have to evaluate

% = %f(a1 +xl a+d?, )
d' + tx (4.60)

0
= 2 e @O g

59



60

TIME DEPENDENT PERTURBATION.

so that

dg
dt

_ i 0f

Assuming an Euclidean space we can write this in the notationally more
pleasant fashion using a gradient operator for the space

| ) (4.61)

dg

27l = X Vuf Wy, (4.62)

t=0

To handle the higher order terms, we repeat the chain rule application,
yielding for example

d’f(a+ 1x)
dr?

_d N 9f@+m
S At 4T Ad )|

Z i 0 df(a+x)
X - -
- o(at + txt) dt

= (x- Vo)’ f),_,

t=0
(4.63)

t=0

Thus the Taylor series associated with a vector displacement takes the tidy
form

B!
fa+x =Y o Vo f)| . (4.64)
k=0

Even more fancy, we can form the operator equation
fa+x)= eV f)| .. (4.65)

Here a dummy variable u has been retained as an instruction not to differ-
entiate the x part of the directional derivative in any repeated applications
of the x - V operator.

That notational kludge can be removed by swapping a and x

fla+x) = Z kl (a- V¥ r(x) = Y f(x), (4.66)
k=0

where V = Vy = (8/9x',8/0x%, ...).

Having derived this (or for those with lesser degrees of amnesia, recall
it), we can see that eq. (4.14) was a direct application of this, retaining no
second order or higher terms.



4.3 JUSTIFYING THE TAYLOR EXPANSION ABOVE (NOT CLASS NOTES).

Our expression used in the interaction Hamiltonian discussion was

(4.67)

1 1 LR ( i 1 )
r-R| |r| OR |r - R| R:O.
which we can see has the same structure as above with some variable
substitutions. Evaluating it we have

% ir —1 R %((xj ROHTE
= ¢ (—%) 2l — Rj)a(xja];Rj) - _1R|3 (4.68)
_r—-R
r—RP*
and at R = 0 we have
1 1 r

—+R- —. (4.69)
r—R| r] Ir®

We see in this direction derivative produces the classical electric Coulomb
field expression for an electrostatic distribution, once we take the r/ |r|3
and multiply it with the —Ze factor.

With algebra. A different way to justify the expansion of eq. (4.14) is
to consider a Clifford algebra factorization (following notation from [7])
of the absolute vector difference, where R is considered small.

r—R| = 4/(r—-R) (r—-R)

1
(1 - R;)> (4.70)

E
$
N
'-=I~
w
+
—_—
==
=
=
B
—_——

R2
= |r| 1—2— R+—2
r T

Neglecting the R? term, we can then Taylor series expand this scalar ex-
pression

1 1 1 1 f 1 r
~—|1+--R|=—+—=-R=—=+—"-R. (4.71)
Ir - R| Irl( r ) | r? Il |rf
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Observe this is what was found with the multivariable Taylor series ex-
pansion too.

4.4 RECAP: INTERACTION PICTURE.

We will use the interaction picture to examine time dependent perturba-
tions. We wrote our Schrodinger ket in terms of the interaction ket

) = T R (), (4.72)
where

W) = Ur(t, o) [1(10)) - (4.73)
Our dynamics is given by the operator equation

ih% Ui(t,to) = H (OU(t, to), 4.74)
where

H' (1) = e Hot=10) g7 ()= Holi=10), (4.75)

We can formally solve eq. (4.74) by writing

.t
Uit o) = I — ih f dt H ()YULL , 10). (4.76)

to

This is easy enough to verify by direct differentiation

d T !
ih—U;= (f dt’H’(t’)U,(t’,tO))
dt "
_ dr  —, d 4.77)
= H'(OUi(t.10) 7 ~ H OUI(r, m)d—f
= H' (U (1, to).

This is a bit of a chicken and an egg expression, since it is cyclic with a
dependency on unknown U (¢, to) factors. We start with an initial estimate
of the operator to be determined, and iterate. This can seem like an odd
thing to do, but one can find books on just this integral kernel iteration
method (like the nice little Dover book [16] that has sat on my (Peeter’s)
shelf all lonely so many years). Suppose for ¢ near fy, try

. !
Uit t) ~ I — = f A H (1), (4.78)
nl,
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A second order iteration is now possible

. t . t
Uit to) ~ I - th drH' (1) (1 - ih f dt”ﬁ’(t”).)

fo )
i ! _ —i 2 ! _ t _
:I——fdt'H'(t')+(—) fdt'H'(t')f dt’'H'(t").
h Io h to Io
(4.79)

It is possible to continue this iteration, and this approach is considered
in some detail in §3.3 of the text [4], and is apparently also the basis for
Feynman diagrams.

4.5 TIME DEPENDENT PERTURBATION THEORY.
As covered in §17 of the text, we will split the interaction into time inde-
pendent and time dependent terms

H(t) = Ho + H'(1), (4.80)

and work in the interaction picture with

W) = > e

n

). (4.81)

Our Schrodinger ket is then

() = e M0 =0/ By (10

_ Z En(t)e—iESLo)(zfzo)/h |¢510)>. (4.82)

n

With a definition
en(t) = Eu()e’tr T, (4.83)

(where we leave off the zero superscript for the unperturbed state), our
time evolved ket becomes

W) = Y calye Bt/

n

). (4.84)
We can now plug eq. (4.81) into our evolution equation

d —
ih— W) = H'(0) (1))

= oA B (1)~ #HO010) 1y (1))

(4.85)
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which gives us

ih Z o —&,(1) ",0(0) _ e%Ho(l—lo)H’(t)e—%Ho(l—lo) Z (D)
n

). (4.86)

We can apply the bra < ,(19)| to this equation, yielding

P
i En(t) = ) Ea(t)e FERI0) ( w(0)|H(t) |l//(0) e FE—10) (487

ot
With
Ey,
Wy = —
" h
W = Wy — Wy (4.88)
Hy (1) = ),
this is
0C(t ;
ih—c(;”t( ) _ Z En(D)e om0 H! (1), (4.89)
n

Inverting eq. (4.83) and plugging in
Ea(1) = calt)e™, (4.90)
yields

acm(t) e—iwmt()

in
o

= ) ealtye el om0 g1 (1) (4.91)

n

from which we can cancel the exponentials on both sides yielding

dem(1)

i h
! ot

= Z cn(Dem HY, (1), (4.92)

We are now left with all of our time dependence nicely separated out,
with the coefficients ¢,(f) encoding all the non-oscillatory time evolution
information

H = Hy+H' ()
OEDIIOR

0)
(4.93)
ihén = > Hyy (e, (o).
n
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4.6 PERTURBATION EXPANSION.

We now introduce our A parametrization
H'(1) > AH' (1), (4.94)

and hope for convergence, or at least something that at least has well
defined asymptotic behavior. We have

ifiey, = A Z H.,, (e c,(D), (4.95)
n
and try
em(® = Q@) + AP + 2P @) + - (4.96)

Plugging in, we have

i ) A = > Hy e el @), (4.97)
k n.p

As before, for equality, we treat this as an equation for each A*. Expanding
explicitly for the first few powers, gives us

0 = 2°(ihiesy (1) - 0)

+ /ll [l hc}(?p(t) _ Z H;nn(t)eiwmntcl(’[())(t)]
" (4.98)
+ 22 [i EAOESY H,’,,,,(t)e"”""”cﬁ”(t))

Suppose we have a set of energy levels as depicted in fig. 4.3. With cg) =0
before the perturbation for all i > 1,n and c,(,g) = Oms, We can proceed

iteratively, solving each equation, starting with

inely = HY (e, (4.99)

{Example 4.1: Slow nucleus passing an atom.}

Let

H () = —p - EQ@), (4.100)
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BR)

| —— 5

where
Hr’ns = —Hys - E(t)’
and

s = (087 |

(0)> )

s

}_
- ——
akorn
% wdless,

Figure 4.4: Slow nucleus passing an atom.
We have

n= Z qiR;,
7

Using our previous nucleus passing an atom example, as depicted in
fig. 4.4.

the dipole moment for each of the charges in the atom. We will have
fields as depicted in fig. 4.5.

Figure 4.3: Perturbation around energy level s

(4.101)

(4.102)

(4.103)
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= ==

Figure 4.5: Fields for nucleus atom example.
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—[Example 4.2: Electromagnetic wave pulse interacting with an atom.]

Consider a EM wave pulse, perhaps Gaussian, of the form depicted

in fig. 4.6.
v
> @
£, (F)
.'?
=&Y
o o
Figure 4.6: Atom interacting with an EM pulse
(4.104)

Ey(t) = /T cos(wot).
As we learned very early, perhaps sitting on our mother’s knee, we
can solve the differential equation eq. (4.99) for the first order pertur-

bation, by direct integration
(4.105)

L[ ot
&mzﬁff%mwww

Here the perturbation is assumed equal to zero at —co. Suppose our
electric field is specified in terms of a Fourier transform
(4.106)

Em:f-ﬂmmw%
oo 2T




SO

2rih

00 !
Dy = Bms f f E(w)e' =" df dew.

4.6 PERTURBATION EXPANSION.

(4.107)

From this, “after the perturbation”, as t — oo we find

2nih

D ooy = Lms . f E(w)e =" df dw

Hins
ih

since we identify

1 00

o J o

. f E(w)d(wps — w)dw

O G = §(wWps — W).

(4.108)

(4.109)

Thus the steady state first order perturbation coefficient is

7}
) (00) = 2 Ewms).

(4.110)

Frequency symmetry for the Fourier spectrum of a real field. We
will look further at this next week, but we first require an intermedi-
ate result from transform theory. Because our field is real, we have

E* (1) = E(),
o)
d .
E'() = f R (e
2r
dw ]
— —_—E*(- —lwt
f o (—w)e™,
and thus

E(w) = E'(-w),

4.111)

(4.112)

(4.113)
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and
[E(w)* = [E(-w). (4.114)

We will see shortly what the point of this aside is.

47  TIME DEPENDENT PERTURBATION.

We would gotten as far as calculating

¢y (c0) = l.lhums - E(wny), 4.115)
where

B0 = [ S2E@e (4.116)
and

Wms = E’";E (4.117)

Graphically, these frequencies are illustrated in fig. 4.7. The probability

Positive frequencies: absorbtion
Wips >

m
S

NegatiVe frgquencies: stimulated emission
Figure 4.7: Positive and negative frequencies.
for a transition from m to s is therefore
e = &0 = % i Bt (4.118)
Recall that because the electric field is real we had

[E(w)]* = [E(-w)l*. (4.119)
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Figure 4.8: Gaussian wave packet.

Suppose that we have a wave pulse, where our field magnitude is perhaps
of the form

E(t) ="/ cos(wo), (4.120)

as illustrated with w = 10,7 = 1 in fig. 4.8. We expect this to have a
two lobe Fourier spectrum, with the lobes centered at w = +10, and width
proportional to 1/7.

For reference, as calculated using gmTwoL8figures.nb , this Fourier
transform is

e 1T wo+w)? eonzw—gTz(wom)z

E(w) = + . (4.121)
2 2
N7z 2\ 72

This is illustrated, again for wg = 10, and T' = 1, in fig. 4.9, where we see

L I I I
-20 -10 10 20

Figure 4.9: Fourier transform of Gaussian wave packet.

the expected Gaussian result, since the Fourier transform of a Gaussian is
a Gaussian.
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4.8 SUDDEN PERTURBATIONS.
Given our wave equation

d
ih— W) = HO W (@), (4.122)

and a sudden perturbation in the Hamiltonian, as illustrated in fig. 4.10.
Consider Hy and HF fixed, and decrease At — 0. We can formally inte-

Hp

At

Hy

Figure 4.10: Sudden step Hamiltonian.

grate eq. (4.122)

d 1
W) = — HOW). (4.123)
For
1 !
Wy -y = [ HO ) ar. 4.124)

While this is an exact solution, it is also not terribly useful since we do
not know |/(¢)). However, we can select the small interval At, and write

1 t
Iw(At/2)>=I¢(—At/2)>+ﬁf H() |y dr . (4.125)
to

Note that we could use the integral kernel iteration technique here and
substitute |y(t')) = |(—At/2)) and then develop this, to generate a power
series with (Ar/2)F dependence. However, we note that eq. (4.125) is still
an exact relation, and if At — 0, with the integration limits narrowing
(provided H(t') is well behaved) we are left with just

W (At/2)) = [y(=At/2)), (4.126)
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or

[Wafter) = Wbefore) » (4.127)

provided that we change the Hamiltonian fast enough. On the surface
there appears to be no consequences, but there are some very serious ones!

A[Example 4.3: Harmonic oscillator.]

Consider our harmonic oscillator Hamiltonian, with

P2 1 ,,

H0=2—+§ma)0X
P’;’ X (4.128)

2 52

HF:%-FEI’HU)FX.

Here wy — wp continuously, but very quickly. In effect, we have
tightened the spring constant. Note that there are cases in linear op-
tics when you can actually do exactly that.

Imagine that [Ypefore) 1S in the ground state of the harmonic oscil-
lator as in fig. 4.11,

|wbefore> VO

Figure 4.11: Harmonic oscillator sudden Hamiltonian perturbation.

and we suddenly change the Hamiltonian with potential Vy — Vp
(weakening the “spring”). Professor Sipe gives us a graphical demo
of this, by impersonating a constrained wavefunction with his arms,
doing weak chicken-flapping of them. Now with the potential weak-
ened, he wiggles and flaps his arms with more freedom and some-
what chaotically. His “wave function” arms are now bouncing around

in the new limiting potential (initially over doing it and then bounc-
ing back).
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We had in this case the exact relation
0 0
’w( ) |¢( ) ,

but we also have

0
W’after) - W/before) |l//( ) 5

and

Hp

1 1
N\ _
i >—5th(n+§)
So

W’after) - |lﬁ(0)

Cn

(f)> <

(f)

)

= Z e
and at later times

o) = |us”)

(f)
- S

(f)

]

whereas

@) = ™ fy)

more complex.
FIXME: plot an example of this.

ng)>«

(4.129)

(4.130)

(4.131)

(4.132)

(4.133)

(4.134)

So, while the wave functions may be exactly the same after such a
sudden change in Hamiltonian, the dynamics of the situation change
for all future times, since we now have a wavefunction that has a
different set of components in the basis for the new Hamiltonian. In
particular, the evolution of the wave function is now significantly
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4.9 ADIABATIC PERTURBATIONS.

This is treated in §17.5.2 of the text [4].

I wondered what Adiabatic meant in this context. The usage in class
sounds like it was just “really slow and gradual”, yet this has a defini-
tion [5] “Of, relating to, or being a reversible thermodynamic process
that occurs without gain or loss of heat and without a change in entropy”.
Wikipedia [17] appears to confirm that the QM meaning of this term is
just “slow” changing.

This is the reverse case, and we now vary the Hamiltonian H(z) very

slowly.

% o) = —H@© W) (4.135)

dt ih ' o
We first consider only non-degenerate states, and at t = O write

H(0) = Hoy, (4.136)
and

Ho ") = 5 ul”). (4.137)
Imagine that at each time ¢ we can find the “instantaneous” energy eigen-
states

H(®) [§5(1)) = E(0) [is(1)) (4.138)

These states do not satisfy Schrédinger’s equation, but are simply solu-
tions to the eigen problem. Our standard strategy in perturbation is based
on analysis of

W) = ) eale™

n

u), (4.139)

Here instead

(@) = " b |n(®)). (4.140)

we will expand, not using our initial basis, but instead using the instanta-
neous kets. Plugging into Schrodinger’s equation we have

H(®) p(0) = H(®) ) ba() |F(0))

) (4.141)
= > b En) [In(0))
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This was complicated before with matrix elements all over the place. Now
it is easy, however, the time derivative becomes harder. Doing that we find

. d . d -
i W) = ih Z ba() | (D)

. db
lhzn: 7

D BiOELD ()

In®)+ bn<r)d% 0a(0)  (4.142)

We bra <1Zm(t)| into this
in)] db;t(t) (O (®) + > ba®) ()] dit 26)

= 3 buOE0) (In0]i1n®).

(4.143)

and find
db (t)

ana) wm<z>| in(D)) = bu(DEn(1). (4.144)

If the Hamiltonian is changed very very slowly in time, we can imagine

that |$n(t)>, is also changing very very slowly, but we are not quite there
yet. Let us first split our sum of bra and ket products

A d .
2. 2u@ (G| = i) (4.145)
into n # m and n = m terms. Looking at just the n = m term
(wmmi A0 (4.146)
We note
= L (0 0]imo)
de NPT

' (4.147)
- (E (@mml) [n(0)) + (0] - |¢m<f)>

Something plus its complex conjugate equals 0

a+ib+(a+ib) =2a=0 = a=0, (4.148)
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S0 <$m(t)| 4 |tZ/m(t)> must be purely imaginary. We write

N d .
(In (] = [dn(0)) = ~IT(0). (4.149)

where I'; is real.

4.10  ADIABATIC PERTURBATION THEORY (CONT.)

We were working through Adiabatic time dependent perturbation (as also
covered in §17.5.2 of the text [4].)
Utilizing an expansion

W) = )" eule™ " |yi)

" X (4.150)
= b0 In(®)).
where
H(t) [§5(0)) = Eo(0) [d5(1)) (4.151)
and found
dbs(t) . o od .
= =i (@0 =T0) b0 - ; bu(t) (5] — [da0)) . (4.152)
where
A d .
Ly = i (0] = |0s(0)) (4.153)
Look for a solution of the form
B (fye—i o dF (@ (&)-T5(1)
by(1) %s(t)e . (4.154)
— bs(t)e—l%(l)’
where
ys(®) = f dt' (ws(t') = Ts(t')). (4.155)
0

Taking derivatives of b and after a bit of manipulation we find that things
conveniently cancel

dBS(t) _ d i .v(t)
i = ap (L)
_db(®) 40 d ivyo) (4.156)
=— e +bs<t)dte
_dby(»)

1€+ by = T()e™ .
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We find
Lol grin = L4 i o)~ T o)
= iby (Dt =T50) - i (D =F5TB,(1) (4.157)
o d .
= ) ba()(Ws(D| = [¥n(D),
o 5.0] )
SO
b NGk 0 AT
n7s ; (4.158)
__ Z b,y ()€ Vs O=7a(0) <@‘Y(,)| = |@n(,)>_
nts

With a last bit of notation

Ysu(8) = ¥s(8) = yu(D), (4.159)

the problem is reduced to one involving only the sums over the n # s
terms, and where all the dependence on <1/7S(t)| % |1/7S(t)> has been nicely
isolated in a phase term

db (t)

= 2 b (o] = |wn<t)> (4.160)

n#s

Looking for an approximate solution.

Try:  An approximate solution

I;n(t) = Onm- (4.161)
For s = m this is okay, since we have dj’t” = 0 which is consistent with
D 6uslc+) =0, (4.162)

n#s

However, for s # m we get

db, (t) Z P (a//s(t)| = [a(»)
2, (4.163)

=~ (1) % |0 (0)).




4.10 ADIABATIC PERTURBATION THEORY (CONT.)

But

Ysm(t) = f dr’ (lh(Es(t') —E,() - T+ Tm(t/)) : (4.164)
0

FIXME: I think we argued in class that the I" contributions are negligible.

Why was that?
Now, are energy levels will have variation with time, as illustrated
in fig. 4.12. Perhaps unrealistically, suppose that our energy levels have

E3(1)

E(1)
o(D)

Figure 4.12: Energy level variation with time.

some “typical” energy difference AFE, so that

AE
Ysm(t) ¥ —1t = 5, (4.165)
h T
or
I
= —. 4.1
=15 (4.166)

Suppose that 7 is much less than a typical time T over which instantaneous
quantities (wavefunctions and brakets) change. After a large time T

oYonl®) s T/, (4.167)

so we have our phase term whipping around really fast, as illustrated in
fig. 4.13. So, while <1/A/S(t)| % |1/A/m(t)> is moving really slow, but our phase

Y sm(?)

Figure 4.13: Phase whipping around.

space portion is changing really fast. The key to the approximate solution
is factoring out this quickly changing phase term.
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Note. T(2) is called the “Berry” phase [18], whereas the E(¢")/ h part
is called the geometric phase, and can be shown to have a geometric inter-
pretation. To proceed we can introduce A terms, perhaps

by(t) = Gps + ABV (1) + - - (4.168)
and
eI (D (4.169)
n+s

This A approximation and a similar Taylor series expansion in time have
been explored further in E.

Degeneracy.  Suppose we have some branching of energy levels that
were initially degenerate, as illustrated in fig. 4.14. We have a necessity

E31(1), E3o (1)

Eny
E11(1), E1o(D), E13(1)
W

—_——

t

Figure 4.14: Degenerate energy level splitting.

to choose states properly so there is a continuous evolution in the instan-
taneous eigenvalues as H(f) changes.

4.11 EXAMPLES.

—[Example 4.4: Adiabatic perturbation theory.]

Utilizing instantaneous eigenstates

() = Z ba () |Fa(0), (4.170)

where

H(O) [fa(0)) = Ea() [Fa(0)) . (4.171)




4.11 EXAMPLES.

We found
balt) = bo(t)e™ i Eal )= La it 4.172)
where
= z<wa<r>l - [da(). (4.173)
and

Balt) = = Y. Bp(t)e™H b Eral)= ATl (Aa(t)I%I@a(t)).

B*a
(4.174)
Suppose we start in a subspace
1
span{—(lZ, 0,0) +2,1,0)), |2, 1,1—1)}. (4.175)
V2

Now expand the bra derivative kets

O 1 g @) (4
. od . H o) (v
<‘”a(’)|d_t [5(0)) = [( @ +Z |E<0)_E<0> ] x
Y Y

(0) @ (4.176)
W) (W] 1 o

gk
dt v E(O) E;?) ’

To first order we can drop the quadratic terms in vy, y’ leaving

(0)
Cd ',
<%(t)| dt |¢/”(t)> = Z( > Eg)) _ E((,))

14 7 4.177)
(0> dH'(r) | (0)

0)| dH'(t
w()’ (®

b

0 0
E/(g)_Ey
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SO
O] dh'w 1,0
Yo Vg
d 0 = = 3 By K- et >
ba A £O_ O
pEa B a

(4.178)

A different way to this end result. A result of this form is also
derived in [2] §20.1, but with a different approach. There he takes
derivatives of

H(®) [ip(0)) = Ep() [ip0)) , (4.179)

Eg N d .
)+mmﬁmm>—ﬁ9ww»ﬂw%ﬂw@y

(4.180)
Bra’ing <1/A/a(t)| into this we have, for @ # 3, the LHS is
A dH ~ A d | .
(a0 5 50)) + ()] H )% |50
X dH(®) |, X J . (4.181)
= (PO — = 050 + Ea(0) (Fa(0)] — [d50)).
and for the RHS
N d .
Ww' ( Fp(0) + (Fa(0)] Eg(t) = [5(0) (4.182)
SO

(iba(0)] 252 |0150))

4.183
Ex(D)— Eo(D) (4183)

(%M%Mw»=

Without the implied A perturbation of |$a(t)> we can from eq. (4.174)
write the exact generalization of eq. (4.178) as

(a0 L2 ip(0))
Eg() — Eo()
(4.184)

iba(t) = Z bﬁ(t)e 7 fO(Eﬂa(’) Il (t"))dt

B+a




FERMI'S GOLDEN RULE.

5.1 RECAP. WHERE WE GOT TO ON FERMI' S GOLDEN RULE.

We are continuing on the topic of Fermi golden rule, as also covered
in §17.2 of the text [4]. Utilizing a wave train with peaks separation
At = 21/wg, zero before some initial time fig. 5.1. Perturbing a state

Figure 5.1: Sine only after an initial time.

in the ith energy level, and looking at the states for the mth energy level
as illustrated in fig. 5.2. Our matrix element was

Figure 5.2: Perturbation from 7 to mth energy levels.

H. () = 2A i sin(wo6(1)

. . 5.1
= i7" = 00, o

and we found

A . (! . ) . ,
c,(é)(t) = %f dr (el(wmi—wo)t _ el(wmi‘*'wo)[)’ (5.2)
0
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and argued that
2 (A2
]c§,1>(t)| ~(7’") P (5.3)

where wot > 1 for w,,; ~ +wy. We can also just integrate eq. (5.2) directly

(1 Aml ei(wmi_wo)t — 1 ei(wnii"'wo)t — 1
c, () = 7( ; - )
(Wi — wo) (Wi + wo) (5.4)
= Ami(WOa t) - AI?li(_wO’ t),
where
A, - ell@mi—wo)t _ |
P ) e L —— (5.5)
h i(wmi — wo)
Factoring out the phase term, we have
Ani(wo, 1) = 2 gitwni—won/2 U@ = 0)1/2) (5.6)

(Wi — wo)/2

We will have two lobes, centered on +wy, as illustrated in fig. 5.3.

Ami (t/2)
—Wo Wo h

Figure 5.3: Two sinc lobes.

5.2 FERMI'S GOLDEN RULE.

Fermi’s Golden rule applies to a continuum of states (there are other forms
of Fermi’s golden rule, but this is the one we will talk about, and is the one
in the book). One example is the ionized states of an atom, where the en-
ergy level separation becomes so small that we can consider it continuous.
Another example are the unbound states in a semiconductor well as illus-



5.2 FERMI’S GOLDEN RULE.

1T

Figure 5.4: Continuum of energy levels for ionized states of an atom.

2l

Figure 5.5: Semi-conductor well.

trated in fig. 5.5. Note that we can have reflection from the well even in
the continuum states where we would have no such reflection classically.
However, with enough energy, states are approximately plane waves. In
one dimension

(o) = S
V2rh (5.7)
(wolw,) = 6p - p").

or in 3d
P/ T
(rlon) > Qrh)3? (5.8)
<l/’p|‘//p’> = 53(1) -p).

Let us consider the 1d model for the quantum well in more detail. Includ-
ing both discrete and continuous states we have

W) = > ealle™™ " ) + f dpep®e™ ). (5.9)

n
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Imagine at ¢+ = O that the wave function started in some discrete state,
and look at the probability that we “kick the electron out of the well”.
Calculate

_ W p
P = dp‘cp (t)‘ . (5.10)
Now, we assume that our matrix element has the following form
H. (1) = (Apie™" + Bpie™") 6(0), (5.11)
generalizing the wave train matrix element that we had previously
H, (1) = iA i (€70 = ") 6(). (5.12)

Doing the perturbation we have

2
P = f dp|Api(wo, 1) + Bi(-wo, 1)|, (5.13)
where
Api(a)()’ [) = _21.4]71' ei((f)pi—w())f/z Sln((wpi - (,()())l‘/z), (5 14)
Wpi — Wo
which is peaked at w); = wp, and
2B, . sin((wp; + wo)t/2
Bi(wo, 1) = ——=el@pitwo)if2 (wpi + o)t/ ). (5.15)
ih Wpi + Wo
which is peaked at w); = —wo.

In eq. (5.13) at t > O the only significant contribution is from the
A portion as illustrated in fig. 5.6 where we are down in the wiggles of
A ;. Our probability to find the particle in the continuum range is now
approximately

2
P = f dpl|Api(wo. |, (5.16)
With
1 2
wpi—wo = (é’—m - Ei) — wo, (5.17)

define p so that

=2
Ozl(p——Ei)—wo. (5.18)
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i i t>>0

Figure 5.7: Momentum space view.

In momentum space, we know have the sinc functions peaked at +p as in
fig. 5.7. The probability that the electron goes to the right is then

P~ [ arlof
0

o osin? ((wpi - wo)t/2) (5.19)
= dp|Al’i’ 2 ’
0 Wpi — W)
with
1 {p?
wpi = 2|5 - Ei|, (5.20)
we have with a change of variables
4 [ — 2 dp sin® ((wpi — wo)t/2)
P, = — dwpilAp| -2 b (5.21)
B J-Ei/n dwpi  (wpi —wo)

Now suppose we have ¢ small enough so that £, < 1 and ¢ large enough
SO

(5.22)
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is roughly constant over Aw. This is a sort of “Goldilocks condition”, a
time that can not be too small, and can not be too large, but instead has to
be “just right”. Given such a condition

, (5.23)

P _i|— P dp f‘” . sin’ ((wpi = w0)1/2)
TRt dwp Joggn (a)pi—a)o)2

where we can pull stuff out of the integral since the main contribution is
at the peak. Provided p is large enough, using eq. (5.35), then

2 . 2

0 sin“ ((wp; — wp)t/2 0 sin“ ((wp; — wo)t/2

f dwpi (( pi 0)/ ) zf dwpi (( p O)/ )
Ei/ h —oo

(wpi — wo)? (pi—w0)® (5.0

t
==

2 b
leaving the probability of the electron with a going right continuum state
as

matrix element

_ A ol dr
Pe= h2 a’wp,

density of states

t
57 (5.25)

The dp/dw); is something like “how many continuous states are associ-
ated with a transition from a discrete frequency interval.”
We can also get this formally from eq. (5.23) with

sin® ((wpi —wo)t/2) ¢
2

3 mo(wpi — wo), (5.26)
(wpi = wo)

SO

2nt = 2
Dy - —|Ap,-| S(wpi — wo)
(5.27)

2
- ”I|A,,,| S(E i — ),

where d(ax) = 6(x)/|al has been used to pull in a factor of 7 into the delta.
The ratio of the coefficient to time is then

(1)(0 2
t

|A,,,| S(E i — Tiwp). (5.28)
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or “between friends”

dey " an
= = |A,,,| S(Ep; — hawy), (5.29)

roughly speaking we have a “rate” or transitions from the discrete into the
continuous. Here “rate” is in quotes since it does not hold for small t.
This has been worked out for ... This can also be done for #_, the
probability that the electron will end up in a left trending continuum state.
While the above is not a formal derivation, but illustrates the form of
what is called Fermi’s golden rule. Namely that such a rate has the struc-
ture

2n
- X (matrix element)2 X energy conservation. (5.30)

5.3 PROBLEMS.

Exercise 5.1 Sinc squared integral.

In the Fermi’s golden rule lecture we used the result for the integral of the
squared sinc function, that is

oo i 2
sin
f SCOD 11 =
oo X

Prove this.
Answer for Exercise 5.1

We want to evaluate

o 2
f sin” (b (5.31)

¥2

for which we must remind ourselves about the appropriate contours re-
quired to do the evaluation. We make a few change of variables

f 51n2(XI,Lt|) = 1 f Slnz()’)
- —iy\2
il f (e o )2 ey (5.32)

100 2z _2
il f ke T2,
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Figure 5.8: Contour distorted to one side of the double pole at the origin.

Now we pick a contour that is distorted to one side of the origin as in
fig. 5.8. We employ Jordan’s theorem (§8.12 [11]) now to pick the con-
tours for each of the integrals since we need to ensure the e** terms con-
verges as R — oo for the z = Re® part of the contour. We can write

00 i 02 : 2z -2z
sin“(x i e e 2
[t W C [ e [ 24
—00 X 4 Co+Cr Z Co+Cy Z Co+Cy <

(5.33)

The second two integrals both surround no poles (the contours were strate-
gically placed to cowardly avoid the pole of the integrand at the origin),
so we have only the first to deal with

% 1d
f e—zdz = 27ri—‘ —e*
Cot+Cy 2 Itdz =0 (5.34)

= 4ni.

Putting everything back together we have

oo i 2 /
f sin(xul) # Ari = . O (5.35)

o X?

On the cavalier choice of contours.  The choice of which contours to
pick above may seem pretty arbitrary, but they are for good reason. Sup-
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pose you picked Cy + C; for the first integral. On the big C; arc, then with
a z = Re" substitution we have

eZz —/2 e2R(cos 6+i sin 6) )
f 7 f — g Rie"dd
c 2 o=rj2  R°e

1

—/2 . )
f eZR(cos 6+i sin H)elﬁdg‘
R|Jg

=r/2

1 /2 2R %
cos
< E f |€ |d9
O=—m/2

71'62R

R

(5.36)

IA

This clearly doesn’t have the zero convergence property that we desire.
We need to pick the C, contour for the first (positive exponent) integral
since in that [7/2, 37/2] range, cos 6 is always negative. We can however,
use the C; contour for the second (negative exponent) integral. Explicitly,
again by example, using C; contour for the first integral, over that portion
of the arc we have

eZZ
—zdz
C, T

37m/2 eZR(c039+isin0) )
f —a—Riedo
o=rj2  R-e”

1 37r/2 o )
- f eZR(cos 6+ sin 9)8—16d9’
[%

R|Jo=r/2

3r/2
<1 f [PReos0 g (5.37)
R Jo=r2

1 37/2 R
zﬁfgzﬂ/z |e d0|

7T€_2R

R







WKB METHOD.

6.1 WKB (WENTZEL-KRAMERS-BRILLOUIN) METHOD.

This lecture covers material from §24 of the text [4], and §8 of [8].
We start with the 1D time independent Schrodinger equation

W dPU
“om A + V(x)U(x) = EU(x), (6.1)
which we can write as

a’U 2
— h—';’(E — V(x)U(x) = 0. (6.2)

Consider a finite well potential as in fig. 6.1. With

- L L eﬁ'é" c:-"e’k
Figure 6.1: Finite well potential.
2m(E —
K= $’ E>V
(6.3)
2 -F
P M V>E,

h b
the bound state within the well is approximately
U o e**x, (6.4)
and outside of the well is of the form

U « e, (6.5)
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In general we can hope for something similar. Let us look for that some-
thing, but allow the constants k and « to be functions of position

2m(E -V
k2( x) = u’ E>V
2m(V(Z) -E) (6.6)
K2(x) = — V>E.
In terms of k£ Schrédinger’s equation is just
d*U
@) WU = 0. 6.7)
dx?
We use the trial solution
U(x) = Ae'™, (6.8)

allowing ¢(x) to be complex

P(x) = Pr(x) + iy (x). (6.9)
We need second derivatives
IONI! (24l IDN!
e = (ip'e
%) (¢, ) ) o (6.10)
= (i¢))’e" + i¢” e,
and plug back into our Schrddinger equation to obtain

(¢’ (X))? +i¢” (x) + k*(x) = 0. 6.11)

For the first round of approximation we assume

9" (x) = 0, (6.12)
and obtain

(¢'(0))” = K (%), (6.13)
or

¢’ (x) = £k(x). (6.14)

A second round of approximation we use eq. (6.14) and obtain

¢ (x) = £k'(x). (6.15)
Plugging back into eq. (6.11) we have

~(¢' (x))* ik’ (x) + k*(x) = 0. (6.16)

Things get a little confusing here with the + variation since we have to
take a second set of square roots, so let’s consider these separately.



6.1 WKB (WENTZEL-KRAMERS-BRILLOUIN) METHOD.

Case I. positive root.  With ¢’ = +k, we have
—(¢'(0))* + ik (x) + K*(x) = 0, (6.17)

or

@' (x) = =/ +ik'(x) + k2(x)

) ) (6.18)
= #h() |1+ i5 00,

If & is small compared to k>

K (x)
2o < L (6.19)
then we have
VN K () k' (x)
¢’ (x) = tk(x) (1 + lez(x)) =+ (k(x) + le(x))' (6.20)

Since we’d picked ¢’ = +k in this case, we pick the positive sign, and can
now integrate

_ . k' (x)
P(x) = fdxk(x) +1i fdx2k(x) + In const

| (6.21)
= f dxk(x) +i 3 In k(x) + In const.
Going back to our wavefunction, for this £ > V(x) case we have
U(x) ~ %™
1
= exp (i ( f dxk(x) + iE In k(x) + const))
| (6.22)
~ exp (i ( f dxk(x) + ii In k(x)))
— e [ dexk(x) e—% In k(x)
or
1 .
U(x) oc ———el ] dxk), (6.23)

Vk(x)

95
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Case II: negative sign.  Now treat ¢’ ~ —k. This gives us

o KW KW
¢’ (x) = +k(x) (1 l2k2(x)) =+ (k(x) le(x))' (6.24)

This time we want the negative root to match ¢ =~ —k. Integrating, we

have
N LK)
ip(x) = lfdx(k(x) l2k(x))

1 (K
- i N 6.25
lfk(x)dx szdx (6.25)

1
=—i f k(x)dx — 3 In k + In constant.
This gives us
1 .
U(x) oc ———e [ dxkx), (6.26)
Vk(x)
Provided we have eq. (6.19), we can summarize these as
LT [ dxk(x)
U(x) « ———¢™'J Y, (6.27)
Vk(x)
It’s not hard to show that for the £ < V(x) case we find
1
U(x) o ———e* [ dm), (6.28)
Vk(x)
this time, provided that our potential satisfies

K’ (x)

Validity.  For this to be valid we require that V(x) change very slowly.
This implies that £’(x) is small, and k(x) = V2m(E — V(x))/ h. We need
E very far away from the potential. In particular, [(E — V(x))/V(x)| > 1.

6.2 TURNING POINTS..

WKB will not work at the turning points in this figure since our main
assumption was that

k' (x)
k2(x)

< 1, (6.30)



6.2 TURNING POINTS..

Figure 6.2: Example of a general potential.

Figure 6.3: Turning points where WKB will not work.

Figure 6.4: Diagram for patching method discussion.
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so we get into trouble where k(x) ~ 0. There are some methods for deal-
ing with this. Our text as well as Griffiths give some examples, but they
require Bessel functions and more complex mathematics.

The idea is that one finds the WKB solution in the regions of validity,
and then looks for a polynomial solution in the patching region where
we are closer to the turning point, probably requiring lookup of various
special functions.

This power series method is also outlined in [22], where solutions to
connect the regions are expressed in terms of Airy functions.

6.3 EXAMPLES.
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—[Example 6.1: Infinite well potential.]

Consider the potential

V(x):{ vx)  ifxe[0,a] i)

00 otherwise

as illustrated in fig. 6.5.
A A

Figure 6.5: Arbitrary potential in an infinite well.

Inside the well, we have

§x) = —— (Cyel BH 1 ¢ i) (6.32)

k(x)

where

k(x) = lh \V2m(E — v(x) (6.33)
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With
$(x) = e KX (6.34)
We have
W(x) = ! (Ci(cos ¢ +ising) + C_(cos ¢ — ising))
k(x)
= ! ((C++C-)cosp +i(Cy —C_)sing)
k(x)
| (6.35)
= ((C++C-)cosp +i(Cr —C-)sing)
k(x)
1
= (Cycos¢+ Cysing),
Vk(x)
Where
C2 = C+ arF C_
(6.36)
Ci=iC,-C))
Setting boundary conditions we have
¢(0) =0 (6.37)
Noting that we have ¢(0) = 0, we have
1
——C, =0 (6.38)
Vk(0)
So
Y(x) ~ sin ¢ (6.39)
k(x)
At the other boundary
Y(a)=0 (6.40)

So we require

sin ¢(a) = sin(nr) (6.41)




or

lh f \2m(E — v(x')dx' = nr
0

This is called the Bohr-Sommerfeld condition.

Check,  with v(x) = 0. We have

— V2mEa = nn

h

or

E:L(@f
a

6.3 EXAMPLES.

(6.42)

(6.43)

(6.44)
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COMPOSITE SYSTEMS.

7.1 HILBERT SPACES.

READING: §30 of the text [4] covers entangled states. The rest of the
composite state background is buried somewhere in some of the advanced
material sections. FIXME: what section?

Example, one spin one half particle and one spin one particle. We
can describe either quantum mechanically, described by a pair of Hilbert
spaces Hy, of dimension D1, and H;, of dimension D.

We loosely describe a Hilbert space (finite or infinite dimensional) as
the set of states that describe the system. There were some additional
details (completeness, normalizable, L2 integrable, ...) not really covered
in the physics curriculum, but available in mathematical descriptions.

We form the composite (Hilbert) space

H=H|®H>, (7.1)
H, : |¢>§”), (7.2)
for any ket in H
Di _
D =>"cls), (7.3)
i=1
where
(#047) = o7 z
Similarly
Hy : ¢), (7.5)

for any ket in H,

D,
= d |¢§")>, (7.6)
i=1
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where
(z)‘ ¢<1> iy (1.7)

The composite Hilbert space has dimension D D».
The basis kets are

where
(pD|p 1) = 557" (7.9)
Any ket in H can be written

D, Dy

wy= 3> hi|o") o]os)

i=1 j=1

- 3055 ko).

i=1 j=1

(7.10)

Direct product of kets:

I ®|II) = Zi]cd 69) @)

i=1 j=1
D, D;

— chd |¢(lj)

i=1 j=1

(7.11)

If |y) in H cannot be written as |I) ® |I1), then |i) is said to be “entangled”.
FIXME: insert a concrete example of this, with some low dimension.

7.2  OPERATORS.

With operators O; and O, on the respective Hilbert spaces. We would now
like to build

0,80:,. (7.12)

If one defines

0,1®0, = Z ZZ:fU ]01¢(’> )& ]0 ¢5). (7.13)

i=1 j=1



7.2 OPERATORS.

Q:Can every operator that can be defined on the composite space have a
representation of this form?  No.
Special cases. The identity operators. Suppose that

) = Zi]ﬁ, o) @ [87). (7.14)
i=1 j=
then
Dy D>
©Oemy =Y fi|01))es). (7.15)

i=1 j=1

—[Example 7.1: A commutator.]

Can do other operations. Example:
[01®I2,I1®02] =0. (7.16)

Let us verify this one. Suppose that our state has the representation

Dy D,

=22t ) e |657), (7.17)

i=1 j=
so that the action on this ket from the composite operations are

Dy Dy

O1®1) ) = Z Zfl/ |()1¢(1> l¢(1)

= (7.18)

(1180y) ) = Z sz,, [67) (020"}

i=1 j=1
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Our commutator is

(01 ®15),(T1®0)] )
= (0 ®fz)(fl ®0y) ) — (11 ®02)(O01 @ 1))

= (0 ®Iz>Z iﬁ, [0 ©]0205)

i=1 j=1

-0 ®02)Z Zzl filo?) e |¢<f>

i=1 j=1

Di D>
i=1 j=1 i=1 j=1
= O
(7.19)
7.3  GENERALIZATIONS.
Can generalize to
HoH,®H;®--- (7.20)

Can also start with H and seek factor spaces. If H is not prime there are,
in general, many ways to find factor spaces

H=H ®H,=H ®H,. (7.21)

A ket |y), if unentangled in the first factor space, then it will be in general
entangled in a second space. Thus ket entanglement is not a property of
the ket itself, but instead is intrinsically related to the space in which it is
represented.

7.4 RECALLING THE STERN-GERLACH SYSTEM FROM PHY354.

We had one example of a composite system in phy356 that I recall. It was
related to states of the silver atoms in a Stern Gerlach apparatus, where we
had one state from the Hamiltonian that governs position and momentum
and another from the Hamiltonian for the spin, where each of these states
was considered separately.



7.4 RECALLING THE STERN-GERLACH SYSTEM FROM PHY354.

This makes me wonder what would the Hamiltonian for a system (say
a single electron) that includes both spin and position/momentum would
look like, and how is it that one can solve this taking spin and non-spin
states separately?

Professor Sipe, when asked said of this

“It is complicated because not only would the spin of the electron in-
teract with the magnetic field, but its translational motion would respond
to the magnetic field too. A simpler case is a neutral atom with an elec-
tron with an unpaired spin. Then there is no Lorentz force on the atom
itself. The Hamiltonian is just the sum of a free particle Hamiltonian and
a Zeeman term due to the spin interacting with the magnetic field. This is
precisely the Stern-Gerlach problem.”

I did not remember what the Zeeman term looked like, but wikipedia
does [23], and it is the magnetic field interaction

—u-B, (7.22)

that we get when we gauge transform the Dirac equation for the electron
as covered in §36.4 of the text (also introduced in chapter 6, which was
not covered in class). That does not look too much like how we stud-
ied the Stern-Gerlach problem? I thought that for that problem we had a
Hamiltonian of the form

H = a;;li)(jl. (7.23)

It is not clear to me how this ket-bra Hamiltonian and the Zeeman Hamil-
tonian are related (ie: the spin Hamiltonians that we used in 356 and were
on old 356 exams were all pulled out of magic hats and it was not obvious
where these came from).
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SPIN AND SPINORS.

8.1 GENERATORS.

Covered in §26 of the text [4].

—[Example 8.1: Time translation.}

One of the simplest examples of a generator, is that of time transla-
tion

() = e 7 y(0)) . (8.1)

The Hamiltonian “generates” evolution (or translation) in time.

—[Example 8.2: Spatial translation.}

Similarily, we may apply an operator to translate the ket associated
with a given position

Ir+a) = e @P/7 |y (8.2)

Figure 8.1: Vector translation.
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P is the operator that generates translations. Written out, we have

o~ P/ _ ,=i(a:Pr+ayPytaP)/h

(8.3)

— e—iaXPx/he—iayPy/ he—iasz/h’

where the factorization was possible because Py, P, and P, com-
mute

[Pi, Pj] =0, (8.4)

for any i, j (including i = i as I dumbly questioned in class ... this is
a commutator, so [P;, Pj| = P;P; — P;P; = 0).

The fact that the P; commute means that successive translations
can be done in any order and have the same result.

In class we were rewarded with a graphic demo of translation com-
ponent commutation as Professor Sipe pulled a giant wood carving
of a cat (or tiger?) out from beside the desk and proceeded to trans-
late it around on the desk in two different orders, with the cat ending
up in the same place each time.

Exponential commutation. ~ Note that in general
AB 2 AP, (8.5)

unless [A, B] = 0. To show this one can compare

1
eA+B:l+A+B+§(A+B)2+~~~
1 (8.6)
=1+A+B+§(A2+AB+BA+BZ)+---

and

Af=(1+a+2424 148+ 2B+ ..
2 2
. (8.7)
= 1+A+B+§(A2+2AB+BZ)+~~

Comparing the second order (for example) we see that we must have
for equality

AB + BA = 2AB, (8.8)
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or
BA = AB, (8.9)
or

[A,B] =0 (8.10)

Translating a ket.  If we consider the quantity

e Py = |y'), (8.11)

does this ket “translated” by a make any sense? The vector a lives
in a 3D space and our ket |¢) lives in Hilbert space. A quantity like
this deserves some careful thought and is the subject of some such
thought in the Interpretations of Quantum mechanics course. For
now, we can think of the operator and ket as a “gadget” that prepares
a state.

A student in class pointed out that |i/) can be dependent on many
degrees of freedom, for example, the positions of eight different par-
ticles. This translation gadget in such a case acts on the whole kit
and caboodle.

Now consider the matrix element

(rlyy = (xle P |yy. (8.12)

Note that
—iaP/h _ ( iaP/h )T
{rie =l ll?) (8.13)
= (lr - a>)' B

SO

(r|y'y = (r —aly), (8.14)
or

Y'(r) = Y(r - a). (8.15)

This is what we expect of a translated function, as illustrated in
fig. 8.2.
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Y =yx—a)

Figure 8.2: Active spatial translation.

{Example 8.3: Spatial rotation.}

We have been introduced to the angular momentum operator

L=RxP, (8.16)
where

Ly=YP,-ZP,

L,=ZP,—-XP, (8.17)

L,=XP,-YP,.

We also found that

Li,Lj) = if ) €l (8.18)
k

These non-zero commutators show that the components of angular
momentum do not commute.
Define

IR(r)) = e 0L/ Ty (8.19)

This is the vector that we get by actively rotating the vector r by an
angle 6 counterclockwise about f, as in fig. 8.3.
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R(r)

R(s)

Figure 8.3: Active vector rotations.

An active rotation rotates the vector, leaving the coordinate system
fixed, whereas a passive rotation is one for which the coordinate sys-
tem is rotated, and the vector is left fixed.

Note that rotations do not commute. Suppose that we have a pair
of rotations as in fig. 8.4.

m (L 76°

%' P

Figure 8.4: A example pair of non-commuting rotations.

Again, we get the graphic demo, with Professor Sipe rotating the big
wooden cat sculpture. Did he bring that in to class just to make this
point (too bad I missed the first couple minutes of the lecture).

Rather amusingly, he points out that most things in life do not
commute. We get much different results if we apply the operations
of putting water into the teapot and turning on the stove in different
orders.

Rotating a ket. ~ With a rotation gadget

o'y = e LMy (8.20)
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we can form the matrix element
(r|y’) = (el e L/ My 8.21)
In this we have
(x| e~ OWLI P ( SORL/ T |r))T
+ (8.22)
=(|R'm)) .
SO
(tly’y = (R ly'), (8.23)
or
W' (x) = y(R™(x)). (8.24)

8.2 GENERALIZATIONS.

Recall what you did last year, where H, P, and L. were defined mechani-
cally. We found

e H generates time evolution (or translation in time).
o P generates spatial translation.
o L generates spatial rotation.
For our mechanical definitions we have
[Pi, Pj] =0, (8.25)
and

[Li, Lj] = ih )" €ijls. (8.26)
k

These are the relations that show us the way translations and rotations
combine. We want to move up to a higher plane, a new level of abstraction.
To do so we define H as the operator that generates time evolution. If we
have a theory that covers the behavior of how anything evolves in time, H
encodes the rules for this time evolution.

Define P as the operator that generates translations in space.
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Define J as the operator that generates rotations in space.
In order that these match expectations, we require

[Pi, Pj] =0, (8.27)
and
Ui Jj) = ih ) eji. (8.28)
k
In the simple theory of a spin less particle we have

J=L=RxP. (8.29)

We actually need a generalization of this since this is, in fact, not good
enough, even for low energy physics.

Many component wave functions. ~We are free to construct tuples of
spatial vector functions like

¥ir.0) , (8.30)
| ¥ r(r, 1)
or
[ ¥, (r, 1)
¥, o) | (8.31)
| ¥ 111(r, 1)
etc.

We will see that these behave qualitatively different than one compo-
nent wave functions. We also do not have to be considering multiple par-
ticle wave functions, but just one particle that requires three functions in
IR? to describe it (ie: we are moving in on spin).

Question: Do these live in the same vector space?
Answer:  We will get to this.
A classical analogy.  “There is only bad analogies, since if the are good

they would be describing the same thing. We can however, produce some
useful bad analogies”
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1. A temperature field T'(r).

2. Electric field (E,(r), Ey(r), E.(r).

These behave in a much different way. If we rotate a scalar field like

T(r) as in fig. 8.5. Suppose we have a temperature field generated by, say,

Figure 8.5: Rotated temperature (scalar) field.
a match. Rotating the match above, we have

T'(r) = T(R™\(r)). (8.32)

Compare this to the rotation of an electric field, perhaps one produced by
a capacitor, as in fig. 8.6. Is it true that we have

171/4/ T o
4
7y
+ —
+ =
QL =
P
TS
e

N

Figure 8.6: Rotating a capacitance electric field.

E.r)| |EJR(r)
Ey(r)| = [Ey(R™ (1)

(8.33)
Em] [E(R'(1)
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No.  Because the components get mixed as well as the positions at which
those components are evaluated. We will work with many component
wave functions, some of which will behave like vectors, and will have

to develop the methods and language to tackle this.

8.3 MULTIPLE WAVEFUNCTION SPACES.

Reading: See §26.5 in the text [4].
We identified

Y(r) = (rly),
with improper basis kets
).
Now introduce many function spaces
Y1 (r)
Ya(r)
Yy (r)
with improper (unnormalizable) basis kets
[ra), ael,?2, .y,
and form

Ya(r) = (raly),

for an abstract ket [i/).
We will try taking this Hilbert space

H=H,®Hq,

(8.34)

(8.35)

(8.36)

(8.37)

(8.38)

(8.39)

where H,, is the Hilbert space of "scalar" QM, “0” orbital and translational
motion, associated with kets |r) and Hj is the Hilbert space associated
with the y components |@). This latter space we will label the “spin” or
“internal physics” (class suggestion: or perhaps intrinsic). This is “uncon-
nected” with translational motion. We build up the basis kets for H by

direct products

ra) = r)®|a).

(8.40)
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Now, for a rotated ket we seek a general angular momentum operator J
such that

W'y = e I/ T (8.41)
where
J=L+8S, (8.42)

where L acts over kets in H,, “orbital angular momentum”, and S is the
“spin angular momentum”, acting on kets in Hy. Strictly speaking this
would be written as direct products involving the respective identities

J=Lol+1,®8S. (8.43)
We require
Ui Jj) = ih ) ejedi (8.44)

since L and S “act over separate Hilbert spaces”. Since these come from
legacy operators

[Li.S ;] =0, (8.45)
we also know that

(L, L) = i) el (8.46)
SO

S:,8 ] = ihz €ijtS ks (8.47)

as expected. We could, in principle, have more complicated operators,
where this would not be true. This is a proposal of sorts. Given such a
definition of operators, let us see where we can go with it.
For matrix elements of L we have
0 0
(X| Ly ') = =ik |y— — 2= |6 -1 (8.48)
0z Oy
What are the matrix elements of (a|S;|a’)? From the commutation rela-
tionships we know

Y Y
Z (| S; ’CL’”> <CZH| Sj |C¥/> _ Z <C¥|Sj |CZH> <C¥N’ S; |a/>
a'’=1 a’=1 (849)
- ihzeijk (@lSi|a”).
k
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We see that our matrix element is tightly constrained by our choice of
commutator relationships. We have y? such matrix elements, and it turns
out that it is possible to choose (or find) matrix elements that satisfy these
constraints?

The {a|S;|a@’) matrix elements that satisfy these constraints are found
by imposing the commutation relations

[S58,)=ih )" xS, (8.50)
and with
52=252, (8.51)
J

(this is just a definition). We find
$2.8:] =0, (8.52)
and seek eigenkets

S?|smyg) = s(s+ 1) h? |smy)

(8.53)
S, |smg) = hmg|smyg) .
Find solutions for s = 1/2,1,3/2,2, -, where mg € {—s,---, s}.ie. 2s + 1
possible vectors |sm;) for a given s.
! - 2
S = — =
) Y
s=1 = y=3 (8.54)
3
= - = = 4
s > 0%

We start with the algebra (mathematically the Lie algebra), and one can
compute the Hilbert spaces that are consistent with these algebraic con-
straints.

We assume that for any type of given particle S is fixed, where this has
to do with the nature of the particle

1
3 A spin 1/2 particle
s=1 A spin 1 particle (8.55)
3
2

A spin 3/2 particle.
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The spin s is fixed once we decide that we are talking about a specific
type of particle.

A non-relativistic particle in this framework has two nondynamical
quantities. One is the mass m and we now introduce a new invariant, the
spin s of the particle.

This has been introduced as a kind of strategy. It is something that
we are going to try, and it turns out that it does. This agrees well with
experiment.

In 1939 Wigner asked, “what constraints do I get if I constrain the
constraints of quantum mechanics with special relativity.” It turns out that
in the non-relativistic limit, we get just this.

There is a subtlety here, because we get into some logical trouble with
the photon with a rest mass of zero (m = 0 is certainly allowed as a value
of our invariant m above). We can not stop or slow down a photon, so
orbital angular momentum is only a conceptual idea. Really, the orbital
angular momentum and the spin angular momentum cannot be separated
out for a photon, so talking of a spin 1 particle really means spin as in J,
and not spin as in L.

Spin one half particles.  Reading: See §26.6 in the text [4].

Let us start talking about the simplest case. This includes electrons, all
leptons (integer spin particles like photons and the weakly interacting W
and Z bosons), and quarks. That is

5%
Il
N —

(8.56)

+

mg =

1
27
with states
11 1 1

|smS> - ’5’ §>9‘§’_§> (857)
We utilize the convention

11 _‘1 1

22/ 127 2

8.58
Ly A
22/ 272/



8.3 MULTIPLE WAVEFUNCTION SPACES.

We calculate

1 1/(1 1
Sz Ems> = z (E + 1) h2 Em3>
(8.59)
3h2 1
= - —m
47 1277
and
1 1
S, Ems =msh‘§ms . (8.60)

Now introduce additional shorthand

22 (8.61)
11\ o) ‘
22/
The matrix representations of the spin operators was
3 10
e : (8.62)
4 1o 1
and
hil
S, > — 0 . (8.63)
210 -1

One can easily work out from the commutation relationships that the x
and y oriented spin operators are

Sx—>E 01 , (8.64)
211 0
and
{0 —i
— . 8.65
Sy — 2[,‘ 0} ( )

Our next topic will be adding L into the mix.
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TWO STATE KETS AND PAULI MATRICES.

9.1 REPRESENTATION OF KETS.

Reading: §5.1 - §5.9 and §26 in [4].
We found the representations of the spin operators

0 1] (9.1)
10

0 _1 9.2)
i 0

bo ] 9.3)
0 -1

o “
- =

l l
N N

A
N
l
(St

How about kets? For example for |y) € H;

) — {“l"ﬂ, (9.4)
(-
and
[+) — 1} 9.5)
0
) H 9.6)
1
So, for example
{0 —i| |1 in|o0
S - = . = — 9.7
o= -2l .
Kets in H, ® H,
| ng[<r+|w> Z[war)‘_ 08
(r=lyy| |¢¥-(r)
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This is a “spinor” Put

(rly) = a(r) = Yy +y-

1
0

y

where we use a unit normalization

Wl = 1.
Use
I1=1,81I
= fd3r|r) (r| @ (14 (+1 + =) (1)
:fd3r|r)(r|®2|0'><0'|
= Zfd3r|ra)<r(rl,
SO _

Wiy = f &r (Yira) (roly)

= f &r (O +ly-@)F).

Alternatively.

Wy = I)

= [ Y oy woto)
=> ( f d%%(r)) ro)
= Z ( f &Ery(r) |r))®|0').

o=%x

In braces we have a ket in H,, let us call it

W) = f dry(r)r),
then

Wy =) +) + =) 1=,

9.9)

(9.10)

©.11)

9.12)

(9.13)

(9.14)

(9.15)
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where the direct product ® is implied.
We can form a ket in H, as

(rly) = g (@) [+) + - (r) [-). (9.16)

An operator O, which acts on H, alone can be promoted to O, ® I, which
is now an operator that acts on H, ® H;. We are sometimes a little cavalier
in notation and leave this off, but we should remember this. Acting with
O, on our ket, we have

Oo ) = (Op W) 1+) = (Op lY=)) =) 9.17)
and likewise

Os ) = +) (Os|+)) + =) (O5 |-, (9.18)
so the composite action is

0005 ) = (Oo +)(O51+)) + (Op y—=))(O5 |-)). 9.19)

Suppose we want to rotate a ket, we do this with a full angular momentum
operator

e—i()ﬁ-.]/ h W/) — e—i(j‘ﬁ-L/he—iHﬁ-S/h |¢’> , (920)
(recalling that L. and S commute.) So

e—iQﬁ-J/h |lﬁ> — (e—i0ﬁ~L/h |w+>)(e—i9ﬁ-5/h |+>) + (e—i6ﬁ~L/h |¢_>)(e—i0ﬁ~S/h |_>)

(9.21)
A simple example.  Let
W) = ) [+) + - =) (9.22)
Suppose
W) = alo) (9.23)
ly-) = Blo) (9.24)
where

> + 18> = 1. (9.25)
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Now let

) = o) ) » (9.26)
where

b)) =al+)+B1-). (9.27)
Imposition of the normalization condition

W) =1, (9.28)
implies

Wolo) xly) =1 (9.29)
50

Wolpoy = 1. (9.30)

We are going to concentrate on the unentangled state of eq. (9.26).
e How about with
jof? = 1,8=0 9.31)

ly) is an eigenket of S, with eigenvalue %/2.

BZ=1l,a=0 (9.32)
|y is an eigenket of S, with eigenvalue — /2.
e What is |y) if it is an eigenket of fi - S?

FIXME: F1: standard spherical projection picture, with f projected
down onto the x, y plane at angle ¢ and at an angle 6 from the z axis.

The eigenvalues will still be + 7/2 since there is nothing special about
the z direction.

0-S=nS,+nS,+nS;

h
_)_

2

n; ny —iny
Ny +iny —n, (9.33)
_h [ cosf  sin He“ﬂ

=5 .

sinfe’® —cos6



9.2 REPRESENTATION OF TWO STATE KETS.

To find the eigenkets we diagonalize this, and we find representations of
the eigenkets are

Aty — | (5)e” (9.34)
sin (g) 912 .

. —sin (Q) e 912

[fi-) — o (gz) o2 ] , (9.35)

with eigenvalues 7/2 and — /2 respectively.
Tossing the specific representation, we have the following abstract rep-
resentation of states

6\ _; 0\ ;
Ii+) — cos (E)e—m’/2 l+) sin(i)e"wz -

. (8\ _; 6\
-y — —sm(—)e i9/2 |+>cos(—)e'¢/2 -
2 2
9.2 REPRESENTATION OF TWO STATE KETS.

Every ket [y) — [a/ for which |cz|2 + |[3|2 = 1 can be written in the form
B

eq. (9.34) for some 6 and ¢, neglecting an overall phase factor.
For any ket in Hj, that ket is “spin up” in some direction.
FIXME: show this.

9.3 PAULI SPIN MATRICES.

It is useful to write

nlo 1]
== = — x . 8
S 2| 0] 20’ (9.38)
n|0 —i /]
[ = _ 3
S, 2|, O] 20') (9.39)
nilr o0 h
= — = — 4
2o _1] 2o-Z, (9.40)
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where

Oy =

Oy =

O; =

10

°)

These are the Pauli spin matrices.

Interesting properties.

e Commutators are zero

e Relations between products have the form

o, 0] =0icj+ 00 =0,

O xOy = [0,

(9.41)

(9.42)

(9.43)

(9.44)

(9.45)

where the other products can be found by cyclic permutations of
the indexes.

o All the Pauli matrices are traceless

e Pauli “vectors” square to the identity matrix

where

and

tr(o;) = 0.

N 2
(h-0)” = oy,

-0 =noy+n,0y+n,0,,

Note that tr(og) # 0.

(9.46)

(9.47)

(9.48)

(9.49)
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e Commutators are

[0‘,’,0']'] = 25,’j0‘0

oy, 07y = 2i0,

(9.50)
9.51)

where we may also cyclically permute in the indexes of the latter.

We can combine these to show that

A-0)B-0)=(A-B)op+i(AXB) -0,

(9.52)

where A and B are vectors (or more generally operators that com-

mute with the o matrices).

e Product traces are given by

tr(o-,-O'j) = 26ij~

e The product trace relation above may be extended to o

tr(co0p) = 2048,
where @,8 =0, x,y, 2.

Note that any complex matrix M can be written as

M = E My
(01

mo+m, nmy— imy]

my +im, mo—nm;

for any four complex numbers my, m., my, m;, where

1
mg = 5 tI'(MO'ﬁ).

(9.53)

(9.54)

(9.55)

(9.56)
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ROTATION OPERATOR IN SPIN SPACE.

10.1 FORMAL TAYLOR SERIES EXPANSION.

READING: §27.5 in the text [4].
We can formally expand our rotation operator in Taylor series

- 1 1
e SIT = [y (—ifi- S/ 1) + 5 (=it S/h)* + 51 (-i0A S/ )’ +
(10.1)

or
¢TI OI2 — 4 (—ifh - a/2)+2l( ion - 0/2)% + 31! (—ioh-0/2)° +
B e 1
o (F)oos (s ()
BT
= cos(0/2)oo —isin(8/2)( - o),
(10.2)

where we have used the fact that (fi - o) = 0. The representation of the

spin operator is thus
0 —i 1 0
+n,
i 0 0 -1

_ cos(0/2) —in;sin(0/2)  —i(n, —iny) sin(6/2)
—i(ny +1iny)sin(6/2)  cos(6/2) + in; sin(6/2) .

e ST c0s(0/2)0 — i sin(6/2)(h - o)

= cos(6/2)og —isin(6/2) (nx [(1) (1)} +ny

(10.3)

In particular,

e S/ cos oy = —0. (10.4)
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This “rotates” the ket, but introduces a phase factor.
This can be generalized to other degrees of spin, for s = 1/2,3/2,5/2,---.

Unfortunate interjection by me. 1 mentioned the half angle rotation op-
erator that requires a half angle operator sandwich. Prof. Sipe thought
I might be talking about a Heisenberg picture representation, where we
have something like this in expectation values

'y = e @Iy (10.5)
so that
WO = Wl ™I~ I 1y (10.6)

However, what I was referring to, was that a general rotation of a vector
in a Pauli matrix basis

R(Z @) = R@a - o), (10.7)

can be expressed by sandwiching the Pauli vector representation by two
half angle rotation operators like our spin 1/2 operators from class today

R(a . 0_) - e—@ﬁ-O'\A"O'/Za_ 0'661,\1.0-‘7.0-/2, (108)

where {t and ¥ are two non-colinear orthogonal unit vectors that define the
oriented plane that we are rotating in. For example, rotating in the x — y
plane, with @t = X and ¥ = §, we have

R@- o) = e 122 (g0 + apoy + azo3)e?™172/2. (10.9)
Observe that these exponentials commute with o3, leaving

R@- o) = (a101 + a202)e" 172 + a307
= (a101 + aro3)(cos 0 + 010 sin0) + azoj
= o1(aj cos 8 —ap sin B) + o (ay cos 0 + ap sin0) + o03(az),
(10.10)

yielding our usual coordinate rotation matrix. Expressed in terms of a unit
normal to that plane, we form the normal by multiplication with the unit
spatial volume element I = 01003. For example:

010203(03) = 01072, (10.11)



10.1 FORMAL TAYLOR SERIES EXPANSION.

and can in general write a spatial rotation in a Pauli basis representation
as a sandwich of half angle rotation matrix exponentials

R(a- o) = ¢ 00D2q. gy /002, (10.12)

when fi - a = 0 we get the complex-number like single sided exponential
rotation exponentials (since a - o commutes with n - ¢ in that case)

R@a- o) = (a- o)), (10.13)

I believe it was pointed out in one of [7] or [9] that rotations expressed in
terms of half angle Pauli matrices has caused some confusion to students
of quantum mechanics, because this 27 “rotation” only generates half of
the full spatial rotation. It was argued that this sort of confusion can be
avoided if one observes that these half angle rotations exponentials are
exactly what we require for general spatial rotations, and that a pair of
half angle operators are required to produce a full spatial rotation.

The book [7] takes this a lot further, and produces a formulation of
spin operators that is devoid of the normal scalar imaginary i (using the
Clifford algebra spatial unit volume element instead), and also does not
assume a specific matrix representation of the spin operators. They argue
that this leads to some subtleties associated with interpretation, but at the
time I was attempting to read that text I did know enough QM to appreci-
ate what they were doing, and have not had time to attempt a new study
of that content.

Asked about this offline, our Professor says, “Yes.... but I think this kind
of result is essentially what I was saying about the ’rotation of operators’
in lecture. As to ’interpreting’ the —1, there are a number of different
strategies and ways of thinking about things. But I think the fact remains
that a 27 rotation of a spinor replaces the spinor by —1 times itself, no
matter how you formulate things.”

That this double sided half angle construction to rotate a vector falls
out of the Heisenberg picture is interesting. Even in a purely geometric
Clifford algebra context, I suppose that a vector can be viewed as an op-
erator (acting on another vector it produces a scalar and a bivector, acting
on higher grade algebraic elements one gets +1, —1 grade elements as
a result). Yet that is something that is true, independent of any quantum
mechanics. In the books I mentioned, this was not derived, but instead
stated, and then proved. That is something that I think deserves a bit of
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exploration. Perhaps there is a more natural derivation possible using in-
finitesimal arguments ... I had guess that scalar or grade selection would
take the place of an expectation value in such a geometric argument.

10.2 SPIN DYNAMICS.

At least classically, the angular momentum of charged objects
p=1Ae,, (10.14)

is associated with a magnetic moment as illustrated in fig. 10.1. In our

Figure 10.1: Magnetic moment due to steady state current.

scheme, following the (cgs?) text conventions of [4], where the E and B
have the same units, we write

IA
p="e,. (10.15)
C

For a charge moving in a circle as in fig. 10.2.

Figure 10.2: Charge moving in circle.
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h
7 — Charge

time
_ distance charge (10.16)

time distance
-1
2nr’
so the magnetic moment is

(10.17)

Here vy is the gyromagnetic ratio. Recall that we have a torque, as shown
in fig. 10.3.

, MR
/}

Figure 10.3: Induced torque in the presence of a magnetic field.

T =uxB, (10.18)

tending to line up g with B. The energy is then

—u-B. (10.19)
Also recall that this torque leads to precession as shown in fig. 10.4.

dL

— =T =yLXxB. 10.20

7 Y (10.20)
This has precession frequency

w = —yB. (10.21)
For a current due to a moving electron

y=--2 <o, (10.22)

2mc

where we are, here, writing for charge on the electron —e.
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Figure 10.4: Precession due to torque.

Question: steady state currents only?  Yes, this is only true for steady
state currents. For the translational motion of an electron, even if it is not
moving in a steady way, regardless of its dynamics

e
=-———L. 10.23
Ho e ( )

Now, back to quantum mechanics, we turn p into a dipole moment oper-
ator and L is “promoted” to an angular momentum operator

Hine = —p1 - B. (10.24)
What about the “spin”? Perhaps
M, =VsS. (10.25)

‘We write this as

e
=g{—-——]8S, 10.26
Hs g( 2mc) ( )
so that
ye = 2% (10.27)
2mc
Experimentally, one finds to very good approximation
g=2 (10.28)

There was a lot of trouble with this in early quantum mechanics where
people got things wrong, and cancelled the wrong factors of 2. In fact,
Dirac’s relativistic theory for the electron predicts g = 2. When this is
measured experimentally, one does not get exactly g = 2, and a theory



10.3 THE HYDROGEN ATOM WITH SPIN.

that also incorporates photon creation and destruction and the interaction
with the electron with such (virtual) photons. We get

Giheory = 2 (1.001159652140(+28))

(10.29)

Richard Feynman compared the precision of quantum mechanics, refer-
ring to this measurement, “to predicting a distance as great as the width
of North America to an accuracy of one human hair’s breadth”.

10.3 THE HYDROGEN ATOM WITH SPIN.

READING: what chapter of [4] ?
For a spinless hydrogen atom, the Hamiltonian was

H = Hem ® Hyels (10.30)

where we have independent Hamiltonian’s for the motion of the center of
mass and the relative motion of the electron to the proton. The basis kets
for these could be designated [pcyv) and |prer) respectively. Now we want
to augment this, treating

H = Hcv ® Hrel ® Hg, (10.31)

where H is the Hamiltonian for the spin of the electron. We are neglecting
the spin of the proton, but that could also be included (this turns out to be
a lesser effect). We will introduce a Hamiltonian including the dynamics
of the relative motion and the electron spin

H.o ® H. (10.32)
Covering the Hilbert space for this system we will use basis kets

|nim+) , (10.33)

(r+|nlm+)

|[nim+) — {

(Dnlm (l‘)}

(r—|nlm+) 0

{(r+|nlm—>} [ 0 }
|[nim-) — = .
(r—|nim—) Dyim(r)

(10.34)
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Here r should be understood to really mean ryj. Our full Hamiltonian,
after introducing a magnetic perturbation is

2 2

H=};C—AZA+(Z;3—;;]—;¢0-B—MS-B, (10.35)
where

M = mproton + Melectrons (10.36)
and

ot (10.37)

M Mproton  Mlelectron
For a uniform magnetic field

o = (—ZL’;w)L (10.38)

u, = g(—ﬁ)S. (10.39)

We also have higher order terms (higher order multipoles) and relativistic
corrections (like spin orbit coupling [20]).



TWO SPINS, ANGULAR MOMENTUM, AND
CLEBSCH-GORDON.

11.1 TWO SPINS.
READING: §28 of [4].

Example:  Consider two electrons, 1 in each of 2 quantum dots.
H=H ®H,, (11.1)

where H| and H; are both spin Hamiltonian’s for respective 2D Hilbert
spaces. Our complete Hilbert space is thus a 4D space. We will write

[+)1 ®|+)2 = [++)
[+)1 ®[=) = [+-)

(11.2)
[ ®+) = |—+)
)1 ®|=)2 =1-—).
Can introduce
5, =80 g 1@
(11.3)

S, =1V eSP.

Here we “promote” each of the individual spin operators to spin operators
in the complete Hilbert space. We write

h
Sizl++) = B} [++)
(11.4)

h
Su¢+—>=-5I+—%

Write
S=S]+S2, (]].5)

for the full spin angular momentum operator. The z component of this
operator is

S;=81;+82, (11.6)
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S l++) =(S1z+S2) [++) = (; + §)|++> = h|++)
Lo h
S l+=)=(S1;+S2) [+- >=(5 5)I+—>=0
2 (11.7)
S =+)=(S1;+S2)|—+) = ( 5 E)' +) =
Lo h
S ==)=(1;+S2)|——) = (—5 5) [-=) =—=h|-—).

So, we find that |xx) are all eigenkets of S .. These will also all be eigen-
kets of 82 S2 + S2 + S2 since we have

S%|xxy = hz(%)(l + %)Ixx} = éhz |xx)

4 (11.8)
1 1 3 '
2 _ g2t 1 _ 22
S5lxxy=nh (2)(1+2)|xx> 4h [xx),
S*=(S1+82)-(S; +S
(21 22) (S1+82) (11.9)
=S] +Sz+2S1-S2.
Note that we have a commutation assumption here [S 1i»S 2,-] = 0, since

we have written 2S; - S, instead of }; S 1;S2; + 25 1;. The justification
for this appears to be the promotion of the spin operators in eq. (11.3) to
operators in the complete Hilbert space, since each of these spin operators
acts only on the kets associated with their index.

Are all the product kets also eigenkets of S>? Calculate

S?[+—)y = (S2+ 53 +2S; -Sy) [+-)

3 3
= (— "+ 1 hz) + 25 1S ok [H=) + 28 1,82y [+=) + 285 125 22 [+-) .

4
(11.10)
For the z mixed terms, we have
h h
2S11S2z|+_>:2(5)(_§)|+_>, (11.11)

SO

S?[+=) = A [+=) + 28 118 25 [+=) + 28 1,8 2 [+-) . (11.12)



11.1 TwoO SPINS.
Since we have set our spin direction in the z direction with

|

l+) —

(11.13)
|—>—>H,
1
we have
nlo 1l[1] #lo] =
Sx|+>_>§71 OLO}:E[Jzzlﬁ
nlo 1llo] nl
Sx|_>—>§ | 0‘ J_E[J=E|+>
: (11.14)

nlo =il[1] inlo] in
Sy|+) > — = — =—|-)
! 2| OH 2 1} 2

nlo =illo] -in[1] in
Sv|_>—>— = — :__|+>

And are able to arrive at the action of S? on our mixed composite state

S? |+=) = R2(+=) + |—+)). (11.15)

For the action on the |++) state we have

2 2
S? |++4) = (§ "+ 3 hz) [++) + 2% |——) + 242 f |—-=) +2 (E) (E) l++)

4 4 4 2\ 2
=27 |+4),
(11.16)
and on the |-—) state we have
3 3 (- h)?
2 Ny 252 L 252 ——
S l--) (471 +4h)| Y+2 2 [++)
n? \( h .
+2i27|++>+2(—§)(—5)|——) (11.17)

=20 |--).
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All of this can be assembled into a tidier matrix form

2 0 00
eI DR 0, (11.18)
0110
00 0 2
where the matrix is taken with respect to the (ordered) basis
{I++), [+=), =+) . =)} (11.19)
However,
s%.5:]=0
(11.20)

[SiaSj] = ihZe,-ijk.
k

Also, [SZ, S i] = 0. It should be possible to find eigenkets of S* and S .

S? |smy) = s(s+ 1) 1 |smy)

(11.21)
S lsmg) = hmg|smg) .
An orthonormal set of eigenkets of 8% and S, is found to be
[++) s=1landmg =1
L ([+=)+|-+)) s=landm, =0
V2 (11.22)
|—) s=1andmg; = -1
1
—= (+=)—-1-+)) s=0andm; =0.
35 ) v

The first three kets here can be grouped into a triplet in a 3D Hilbert space,
whereas the last treated as a singlet in a 1D Hilbert space. Form a grouping

H=H ®H,. (11.23)
Can write

1®1—1690 (11.24)

272 ’ ’

where the 1 and O here refer to the spin index s.



11.2 MORE ON TWO SPIN SYSTEMS.

Other examples.  Consider, perhaps, the / = 5 state of the hydrogen
atom

THjimi) = (G + DA jimy)

, . (11.25)
Jizljimy) = hmy |jimy),

I jama) = ja(ja + D) I? | jama)

. . (11.26)
Joz |jama) = hmy | jamo) .

Consider the Hilbert space spanned by |jim ) ®|jomz), a (2j1 + D(2jr+1)
dimensional space. How to find the eigenkets of J> and J,?

11.2 MORE ON TWO SPIN SYSTEMS.
READING: Covering §26.5 of the text [4].

1 1
-®- =160, 11.27
785 (11.27)

where 1 is a triplet state for s = 1 and O the “singlet” state with s = 0. We
want to consider the angular momentum of the entire system

N1®j2 =7 (11.28)
Why bother? Often it is true that
[H,J] =0, (11.29)

so, in that case, the eigenstates of the total angular momentum are also
energy eigenstates, so considering the angular momentum problem can
help in finding these energy eigenstates.

Rotation operator. ~ Form

e /T (11.30)
where

n-J=n.J.+n,J,+nJ,. (11.31)
Recall the definitions of the raising or lowering operators

T = Joxily, (11.32)
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or
1
Je= (s +10)
" (11.33)
Jy = 2—i(1+ —J).
‘We have
A 1 1
i3 = (e 4 )+ (U = 1) + e, (11.34)
l
and
Jeljmy = W(GGFm)(j £ m)) > ljim+1). (11.35)
So
(j'm'| e T jimy = 0, (11.36)
unless j = j'.
G’ e T jmy | (11.37)

isa(2j+1)x(2j+ 1) matrix. Combining rotations
<jml|e—i9hﬁa'.]/ he—ieuﬁb-.]/h |]m>

= Z <]m'| e 1Ophad/ B |jm"> <jm//| o ifaliyJ/ T Ljm) . (11.38)
m//

If

o ORI/ T =iOfard/ B =iy d/ T (11.39)
(something that may be hard to compute but possible), then

<]m'| e—iﬂﬁ'.]/h IJm) — Z <Jml| e—iehﬁa'.]/h |jm//> <J~m//| e—iB,,fle/h |]m) .
m//

(11.40)

For fixed j, the matrices {jm’| e ORI/ 7| jmy form a representation of the

rotation group. The (2 + 1) representations are irreducible. (This will not
be proven).

It may be that there may be big blocks of zeros in some of the matrices,
but they cannot be simplified any further?



11.2 MORE ON TWO SPIN SYSTEMS.

Back to the two particle system

J1® jo =? (11.41)
If we use
[jim1) ® |j2ma) . (11.42)

If a j; and a j, are picked then
(jims jomy| VM jymy: jomy) (11.43)

is also a representation of the rotation group, but these sort of matrices
can be simplified a lot. This basis of dimensionality (2j; + 1)(2j2 + 1) is
reducible.

A lot of this is motivation, and we still want a representation of j; ® j,.

Recall that

1 1 1 1 1 1

—®= = S i Y e 11.44

lo1 =160 (2+2)@(2 2) (11.44)
Might guess that, for j; > j»

hep=(Gi+p)e(i+ip-1& - (ji—j). (11.45)
Suppose that this is right. Then

I 11 9
5@ - = — @ =. 11.46
®2 2@2 ( )

Check for dimensions:

1l ® 1 =2 & 1 @& 0
3 x 3 =5 + 3 + 1.

(11.47)

Q:  What was this ®? It was just made up. We are creating a shorthand
to say that we have a number of different basis states for each of the
groupings. Check for dimensions in general

Qji+ D2+ 1) = (11.48)
We find

Jit+j2 Jit+j2 Ji—ja—1

Qi+ =) @j+D= Y @j+D)

e =0 =0 (11.49)

=2+ D22+ D.
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Using

ZN:” N(N+1)

n=0

- A

then
N1®p=0i+e0i+ji2-D&- (i - j2).
In fact, this is correct. Proof “by construction” to follow

[jim1) ®|jama),

T jm) = j(j+ 1) B2 | jm)
J.|jmy = mh|jm),

denote also by

ljm; j1j2)

(11.50)

(11.51)

(11.52)

(11.53)

(11.54)

but will often omit the ; j; j portion. Tab. 11.1 tabulates the j = j; + jo —k

progression of kets with k = 0,---2j,

Table 11.1: Clebsch-Gordan kets. ]

J=i1+ )2 J=i1+ja-1 J=i1—

[j1 + J2, J1 + j2)

1+ 2.1+ 2—1) Jitjp-Ljat+tp-1)

Ji+i2=-Lji+j2-2)

lj1 = J2. 1 =

1= Jj2, =G =

J1+j2,—Gi+j2=D) | lh+ji2-L-(Gi+j2-1)

lj1 + j2, =(j1 + J2))

Look at

L1+ Jj2. J1 + j2)

(11.55)
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Jo A1+ jo, j1+ j2)y = (i + ) hlji + j2, j1 + j2) s (11.56)

J(ljim1) ® |jama)) = (my + ma) h(|jim1) ® | jama)), (11.57)
we must have
L1 + Jo, 1+ j2) = €9 (Lj1j1) ® ljajn))- (11.58)

So |j1 + j2, j1 + j2) must be a superposition of states |jim;) ® | jom;) with
my +my = j; + jo. Choosing ¢ = 1 is called the Clebsch-Gordan con-
vention.

lj1+ J2. j1+ J2) = lj1j1) ®lj2j2) - (11.59)
‘We now move down column.
T_1j1 + s j1 + jay = R2G1+ j2)) 2 11 + s 1 + ja— 1) (11.60)

So

S J_lj1+ j2, 1+ j2)
i+ i+ 2= 1y = =L .] ] 1/12
1(2(j1 + j2))
_ Vi-+ )i ®ljaja)

A2 + )2

(11.61)

11.3 RECAP: TABLE OF TWO SPIN ANGULAR MOMENTA.
Let’s review our table above.

First column.  Let us start with computation of the kets in the lowest po-
sition of the first column, which we will obtain by successive application
of the lowering operator to the state

lj1 + jo, J1+ J2) = 1j1j1) ®lj2j2) - (11.62)

Recall that our lowering operator was found to be (or defined as)

J_ljymy = NG +m)(j—m+ Dhljm—1), (11.63)
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so that application of the lowering operator gives us

Jitja i+ ja2— 1>

_ - 1hju ®lpj)

(201 +42)"* 1

_ Vi-+ )l ®ljaja)

(201 +2)" 1

(VG + DG =1+ DaljiGr = 1)) ® ljzjz)
(201 + )" n

+MAW%Wham&rn+DMhm—D»
(201 +j2)"?

. 1/2 . 1/2

1 . . .. 2 .. . .

:(1.)|Mn—m®mm+(’.)|nm®mm—nx
J1t+ )2 J1+ 2

(11.64)

Proceeding iteratively would allow us to finish off this column.

Second column.  Moving on to the second column, the top most element
in the table

r+i2=Lj+p=1), (11.65)
can only be made up of |jjm;) ®|jomy) withmy +my = j; + jo» — 1. There
are two possibilities

mp = ji my =jr-1

m =j1—-1 my =j.

(11.66)

So for some A and B to be determined we must have

i+i2-Lja+p-1=Aljjn®lR202—- D)+ Bl - 1D)®lj2j2).
(11.67)

Observe that these are the same kets that we ended up with by application
of the lowering operator on the topmost element of the first column in our
table. Since |j; + jo, j1 + j2 — 1) and |j; + jo» — 1, j1 + j» — 1) are orthog-
onal, we can construct our ket for the top of the second column by just
seeking such an orthonormal superposition. Consider for example

0 = (a({bl+c{d)(Ab) + Cl|d))

(11.68)
=aA + cC.
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With A = 1 we find that C = —a/c, so we have

Alb>+CId>=Ib>—gld>

(11.69)
~clby—ald).
So we find, for real a and c that
0= (a{b|+c{d)(c|b)-aldy), (11.70)
for any orthonormal pair of kets |a) and |d). Using this we find
1/2
|j1+j2—1,j1+j2—1>=(. - ) lj1j1) ®1j2(j2 = 1))
Jit )2
(11.71)

1/2
—(. ) /11 = D) ®lj2j2) -
J1t )2

This will work, although we could also multiply by any phase factor if
desired. Such a choice of phase factors is essentially just a convention.
The Clebsch-Gordon convention.  This is the convention we will use,
where we

e choose the coefficients to be real.

o require the coefficient of the m; = j; term to be > 0

This gives us the first state in the second column, and we can proceed to
iterate using the lowering operators to get all those values. Moving on to
the third column

J1+j2=2,j1+j2-2), (11.72)

can only be made up of |jim) ®|j2my) with my +my = ji + jo — 2. There
are now three possibilities

mp = ji my =jp—2
m. =j1=2 my =j (11.73)
m =ji—-1 my =j—1,

and 2 orthogonality conditions, plus conventions. This is enough to deter-

mine the ket in the third column. We can formally write

ljm; j1j2) = Z |j1my, jomo) jimy, joma|jm; j1j2), (11.74)

my,nmy
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where

ljimi, jama) = |jim1) ® | jamz), (11.75)
and

(imu, jamaljm; jij2) (11.76)
are the Clebsch-Gordon coefficients, sometimes written as

(im, joma|jmy) . (11.77)
Properties

1. (jimy, jamp|jm) # 0 only if j; — jo < j < ji + j+ 2. This is some-
times called the triangle inequality, depicted in fig. 11.1.

-

Jz_

§

Figure 11.1: Angular momentum triangle inequality.

2. (jimy, jomy|jm) # 0 only if m = my + my.
3. Real (convention).
4. (j1J1, J2(j— j)IjJ) positive (convention again).
5. Proved in the text. If follows that
(jrmi, jomaljmy = (=127 Gr(=m), ja(=m2)l j(=m)) . (11.78)

Note that the (jimy, jomy|jm) are all real. So, they can be assembled into
an orthogonal matrix. Example

R I |
0 L L g
11 V2 v2 ||+ (11.79)
) jo o o 1f{I-+
o L =L olll——
oo fo 2= = ol




11.3 RECAP: TABLE OF TWO SPIN ANGULAR MOMENTA.

Example. Electrons.  Consider the special case of an electron, a spin 1/2
particle with s = 1/2 and my = +1/2 where we have

J=L+S8, (11.80)
and
1
W@@bm», (11.81)

possible values of jare [+ 1/2

1 1 1
l®§=(l+§)@(l—§). (11.82)

Our table representation is then

Table 11.2: Total angular momentum states for electron. ]

j=1+1 j=1-1
|l+%,k+%>
o=y | =41-3)
[ G,
1+, -+ D)

Here |l + %, m> can only have contributions from
' / 1 ® ‘1 1
M2 1%122
P +1 ®1T
MR 22)

|l -1, m> from the same two. So using this and conventions we can work
out (in §28 page 524, of our text [4]).

(11.83)

1 1 1 1\ |11
[+ —, =+ I+ -+ 172 Lm——= ‘__
+2m> +Vm+1(+2+m) " 2>X22
1 1 1\ |11 (11.84)
+ (I+=Fm)l/? l,m+—> ——>.
V2i+1 2 2/ |22
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11.4 TENSOR OPERATORS.

§29 of the text.
Recall how we characterized a rotation

r — R(r). (11.85)

Here we are using an active rotation as depicted in fig. 11.2. Suppose that

R(r)

Figure 11.2: active rotation.

(R, = D My, (11.86)
J
so that
U = e 0d/h (11.87)

rotates in the same way. Rotating a ket as in fig. 11.3. Rotating a ket

)
- .{(’:’)

Figure 11.3: Rotating a wavefunction.

[ (11.88)



using the prescription

|’y = Iy,

and write

¥’y =UIMI).

Now look at

WoW),

and compare with

(*)

W|oly'y = wl UTIMIOUIM] ||y).

We will be looking in more detail at (x).

11.4 TENSOR OPERATORS.

(11.89)

(11.90)

(11.91)

(11.92)
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ROTATIONS OF OPERATORS AND SPHERICA
TENSORS.

12.1 SETUP.

READING: §28 [4].
Rotating with U[M] as in fig. 12.1 to the new position

,@7)"’5 -

L’m‘fu-f & f‘

Figure 12.1: Rotating a state centered at F.

Fo= ) My, (12.1)
J
where

WIR; W) =1, (12.2)

WU IMIRUIMI ) = 7 = " Mij#
i (12.3)

= (Y| (UTIMIR,UM]) | .
So

UTIMIRUIM] = ) MijR;. (12.4)
j
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ROTATIONS OF OPERATORS AND SPHERICAL TENSORS.

Any three operators V,, Vy, V; that transform according to

Ut IMIV;UIM] = Z MV,
J

form the components of a vector operator.

12.2  INFINITESIMAL ROTATIONS.

(12.5)

Consider infinitesimal rotations, where we can show (problem set 11,

problem 1) that

[Vi, ]j] =ih Z Eijka.
k

(12.6)

Note that for V; = J; we recover the familiar commutator rules for angular

momentum, but this also holds for operators R, P, J, ... Note that

U'iM] = UIM™'] = UIM"],
SO

UtMIV,UT M) = UTIMTViUIMT = Y MG,
J

SO
WIVily) = W U IMI(UIMIV;UT[M]) UIM). 1)
In the same way, suppose we have nine operators
Tijs Lj=xY,2
These transform according to

UIMIti;UIM] = ) MMy Tim,
Im

(12.7)

(12.8)

(12.9)

(12.10)

(12.11)

and we will call these the components of (Cartesian) a second rank tensor

operator. Suppose that we have an operator S that transforms as

UMISU[M] =S.

We will call S a scalar operator.

(12.12)



12.3 A PROBLEM.

12.3 A PROBLEM.

This all looks good, but it is really not satisfactory. There is a problem.
Suppose that we have a Cartesian tensor operator like this, lets look at
the quantity

Zni = Z UIM]7;U'[M]
i i
= Z Z MiiMyiTim
i Im
= Z Z MM} T, (12.13)
i Im

We see buried inside these Cartesian tensors of higher rank there is some
simplicity embedded (in this case trace invariance). Who knows what
other relationships are also there? We want to work with and extract the
buried simplicities, and we will find that the Cartesian way of expressing
these tensors is horribly inefficient. What is a representation that does not
have any excess information, and is in some sense minimal?

12.4 HOW DO WE EXTRACT THESE BURIED SIMPLICITIES?

Recall
UM |jm’) (12.14)
gives a linear combination of the |jm’).

UM |jm”"y = Z |jm’ (jm' | UMY | jm'")
— Z ']m D(J) ” ]

We have talked about before how these D%)m [M] form a representation
of the rotation group. These are in fact (not proved here) an irreducible
representation.

(12.15)
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Look at each element of qu{,)m,/ [M]. These are matrices and will be
different according to which rotation M is chosen. There is some M for
which this element is nonzero. There is no element in this matrix element
that is zero for all possible M. There are more formal ways to think about
this in a group theory context, but this is a physical way to think about
this. Think of these as the basis vectors for some eigenket of J2.

vy = " imy Cm” |

i (12.16)
= Z am// |jm”> 5
m//
where
G = (jm" W) . (12.17)
So
UMYy = = > UIM|jm") jmn' )
m/
= > UIM|jm'
m/
= > im”y G| ULM] | jm' ) e (12.18)
ml’ml/
_ -\ (D =
- Z |Jm >Dm",m'am,
ml,mll
= Z Gy | "),
ml/
where
Gy = > DY, G (12.19)
m’
Recall that
F= Y My (12.20)
J
Define (2k + 1) operators 739, g = k,k—1,--- — k as the elements of a
spherical tensor of rank k if
uIMIT AU M) = Y DU T (12.21)
q/

Here we are looking for a better way to organize things, and it will turn
out (not to be proved) that this will be an irreducible way to represent
things.



12.5 MOTIVATING SPHERICAL TENSORS.

12.5 MOTIVATING SPHERICAL TENSORS.

We want to work though some examples of spherical tensors, and how
they relate to Cartesian tensors. To do this, a motivating story needs to be
told. Let us suppose that i) is a ket for a single particle. Perhaps we are
talking about an electron without spin, and write

(rly) = Yim(0, ¢) f(r)

- Z G Yo (6, B), (12.22)
ml’
for a,,» = Oy and after dropping f(r). So
UMY = 3" DD, i Vi (6, ). (12.23)
m// m/

We are writing this in this particular way to make a point. Now also as-
sume that

(rly) = Yim(6, ¢), (12.24)
so we find

(| UIM]I) = > Yir (6, 9D,

(12.25)
= Ylm(g’ ¢)’
Yin(0, 9) = Yim(x,y, 2), (12.26)
o)
Y1 (6,3, = > Vi (3,3, D), (12.27)
m//
Now consider the spherical harmonic as an operator Y,,(X, Y, Z)
UMY (X, Y, 2)U ' [M] = > Yier(X, Y, 2D, (12.28)

m

So this is a way to generate spherical tensor operators of rank 0, 1,2, - - -.

12.6 SPHERICAL TENSORS (CONT.)

READING: §29 of [4].
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ROTATIONS OF OPERATORS AND SPHERICAL TENSORS.

Definition.  Any (2k + 1) operator T'(k,q), g = —k,---,k are the ele-
ments of a spherical tensor of rank k if

UIMIT (k, q)U ' [M] = Z T(k,q)DS), (12.29)
q/

where D;’;) was the matrix element of the rotation operator
DY), = (kg'| UM |kq") . (12.30)

So, if we have a Cartesian vector operator with components V., V), V,
then we can construct a corresponding spherical vector operator

VotiVy

T(1,1) = =V
\/5 +1

71,00 =V, =V, - (12.31)

T(1,-1) :—% = V..

By considering infinitesimal rotations we can come up with the commu-
tation relations between the angular momentum operators

[Jo, Tk, )] = (kT @)k £ g+ DT (k, g + 1)
[J.. Tk, @)] = hqT (k. q).
Note that the text in (29.15) defines these, whereas in class these were
considered consequences of eq. (12.29), once infinitesimal rotations were

used. Recall that these match our angular momentum raising and lowering
identities

Jilkg) = hJ(kFq)k+q+ 1) lk,qg+1)

(12.32)

(12.33)
J:lkg) = hqlk,q) .
Consider two problems
T(k,q) lkq)
[Ji, T(k, CI)] o Jilkg) (12.34)

. Tk,q)] © J lkg).

We have a correspondence between the spherical tensors and angular mo-
mentum kets

Ti(k1,q1) q1 = —ki,-- .k lk1g1) lk2g2)
T (k2,q2) g = ~ky,-++,ky q1=—ki,---ki g2 =~ky, - ko.



12.6 SPHERICAL TENSORS (CONT.)

(12.35)
So, as we can write for angular momentum
These are the C.G coeflicients
lkay = > ki q0) o, 42) | (rqikagoleg) (12.36)
91,92
lk1q1; kaga) = Z lkq'y (kg |kig1kaqa)
k.q'
We also have for spherical tensors
T(k,q) = Z T1(k1, q1)Ta(ka, q2) <k1q1kaqolkq)
= . (12.37)
T1(k1, g0 T2k, g2) = ) Tk, q') kg’ [k1gikaga)
k.q’

Can form eigenstates |kq) of (total angular momentum)? and (z-comp of
the total angular momentum). FIXME: this will not be proven, but we are
strongly suggested to try this ourselves.

spherical tensor (3) < Cartesian vector (3) (12.38)

(spherical vector)(spherical vector) Cartesian tensor.

We can check the dimensions for a spherical tensor decomposition into
rank O, rank 1 and rank 2 tensors.

spherical tensor rank 0 (1) (Cartesian vector)(Cartesian vector)
spherical tensorrank 1  (3) (3)(3)
spherical tensor rank 2 (5) 9

dimension check sum 9
(12.39)

Or in the direct product and sum shorthand

1e1=00102. (12.40)
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ROTATIONS OF OPERATORS AND SPHERICAL TENSORS.

Note that this is just like problem 4 in problem set 10 where we calculated
the CG kets for the 1 ® 1 = 0@ 1 & 2 decomposition starting from kets
[1m) [1m’).

122)

21) 111)

20) 110) [00) (12.41)
1) 11m)

22)

Example. How about a Cartesian tensor of rank 37

Aijk (12.42)

Iel®l=190012)
=(1e0so(le)e(112)

1 &« O 1 & 2) &« B & 2 & 1)
3+ 1 + 3 + 5 + 7 + 5 + 3=27.
(12.43)

Why bother?  Consider a tensor operator 7'(k, g) and an eigenket of an-
gular momentum |e jm), where « is a degeneracy index. Look at

T(k, g)ljm) UIMIT (k, ¢) lajm) = UIMIT (k, ) U [MIU[M] e jm)
= > DYDY Tk, q) |erjm’y.
q'm

(12.44)
This transforms like |kg) ® | jm). We can say immediately
(o jm'| T(k, q) lajm) =0, (12.45)
unless
k—jl<j<k+]
=glsy / (12.46)

m =m+q.

This is the “selection rule”.
Examples.
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e Scalar 7(0,0)
(@’ j'm’| T(0,0)lajm) = 0, (12.47)
unless j = j  and m = m’.

e V., V), V.. What are the non-vanishing matrix elements?

Voi=Va
Viz——F=—, (12.48)
) V2
(@ j'm'| Viylajmy =0, (12.49)
unless
i—1<j<j+1
-l =g (12.50)
m =m=1.
(o jm'| V. |ajm) = 0, (12.51)
unless
—1<j<j+1
j-1=<j<J 12.52)

m =m.

Very generally one can prove (the Wigner-Eckart theory in the text §29.3)

(a2 joma| T'(k, q) lay jimy) = (a2 j2| T(k) |y j1) - (jamalkqy; jimy),
(12.53)

where we split into a “reduced matrix element” describing the “physics”,
and the CG coefficient for “geometry” respectively.






SCATTERING THEORY.

13.1 SETUP.

READING: §19, §20 of the text [4].
Figure 13.1 shows a simple classical picture of a two particle scattering
collision We will focus on point particle elastic collisions (no energy lost

@/4

Figure 13.1: classical collision of particles.

in the collision). With particles of mass m; and m; let the total mass be
M =my + my, (13.1)

with a corresponding reduced mass of

1 1 1

-—= —+—, (13.2)

Mmooy
so that interaction due to a potential V(r; —r») that depends on the differ-
ence in position r = rj —r has, in the center of mass frame, the Hamilto-
nian

p2
H=>—+V(. (13.3)
2

In the classical picture we would investigate the scattering radius ry asso-
ciated with the impact parameter p as depicted in fig. 13.2.
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Figure 13.2: Classical scattering radius and impact parameter.

13.2 1D QM SCATTERING. NO POTENTIAL WAVE PACKET TIME EVOLU-
TION.

Now lets move to the QM picture where we assume that we have a parti-
cle that can be represented as a wave packet as in fig. 13.3. First without

Y(x,t =0)

Figure 13.3: Wave packet for a particle wavefunction Re(¥(x, 0)).

any potential V(x) = 0, lets consider the evolution. Our position and mo-
mentum space representations are related by

f b (x, HPdx = 1 = f l(p, 1)*dp, (13.4)

and by Fourier transform

Wx 1) = f \/‘ip_hJ(p, Hers/ . (13.5)
T

Schrodinger’s equation takes the form

O, ) B2 P(x, 1)
i = ————=

o o ax? 10



13.2 1D QM SCATTERING. NO POTENTIAL WAVE PACKET TIME EVOLUTION.

or more simply in momentum space

i 0.0 _ p? P, 0).

= 13.7
ot 2u  Ox? (13.7)
Rearranging to integrate we have
oy _ip®
hak S , 13.8
ot 2u hlﬁ ( )
and integrating
2
— ip°t
Inyy = —-=——+InC, 13.9
ny o n (13.9)
or
- ipzt —_ ipzt
Y =Ce 2% =y(p,0)e %7, (13.10)

Time evolution in momentum space for the free particle changes only
the phase of the wavefunction, the momentum probability density of that
particle.

Fourier transforming, we find our position space wavefunction to be

dp — ipx/h_—ipt/2uh
w(x,1) = f W(p, 0)e' P/ e 1AM, (13.11)
V2rh
To clean things up, write
p = hk, (13.12)
for
dk ikx —ihk*t]2,
:,b(x,t):f—a(k,O))e e " (13.13)
\or
where
a(k,0) = Vhy(p,0). (13.14)
Putting
a(k, t) = a(k, 0)e™ 121 (13.15)
we have
dk ,
W(x, 1) = f ——a(k, 1))e'** (13.16)
\or

Observe that we have

f dklatk, ) = f dplpp, 0 = 1. (13.17)
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13.3 A GAUSSIAN WAVE PACKET.

Suppose that we have, as depicted in fig. 4.8, a Gaussian wave packet of
the form

W(x,0) = (mA2)! /4 gikoxo=3/287, (13.18)

This is actually a minimum uncertainty packet with

A
Ax = —,

\/% (13.19)
Ap

AV
Taking Fourier transforms we have

2\ 1/4
a(k,0) = (A_) ¢~ k—ko?A%2,
T

) (13.20)

A ]/4 2 A2 2
a(k, t) — (_) e—(k—k()) A /Ze—lhk t/2u = a(k, t)
/4

For ¢ > 0 our wave packet will start moving and spreading as in fig. 13.4.

Figure 13.4: moving spreading Gaussian packet.

13.4 WITH A POTENTIAL.

Now “switch on” a potential, still assuming a wave packet representation
for the particle. With a positive (repulsive) potential as in fig. 13.5, at a
time long before the interaction of the wave packet with the potential we
can visualize the packet as heading towards the barrier. After some time



13.4 WITH A POTENTIAL.

/‘-t.-r["""—ft =

> Vi) .
KE

K—

Figure 13.5: QM wave packet prior to interaction with repulsive potential.

long after the interaction, classically for this sort of potential where the
particle kinetic energy is less than the barrier “height”, we would have
total reflection. In the QM case, we have seen before that we will have
a reflected and a transmitted portion of the wave packet as depicted in
fig. 13.6. Even if the particle kinetic energy is greater than the barrier

Figure 13.6: QM wave packet long after interaction with repulsive potential.

height, or for a negative potential (both such potentials are depicted in
fig. 13.7), then we can still have a reflected component. Consider the

K.E.

Vi(x)

Va(x)

Figure 13.7: Kinetic energy greater than two potential energy distributions.

probability for the particle to be found anywhere long after the interac-
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tion, summing over the transmitted and reflected wave functions, we have

1=IMMMF
(13.21)

=jwf+fmﬁn%fw%

Observe that long after the interaction the cross terms in the probabili-
ties will vanish because they are non-overlapping, leaving just the proba-
bly densities for the transmitted and reflected probably densities indepen-
dently.

We define

T=fWMﬁWL
(13.22)

R=fWMﬁWx

The objective of most of our scattering problems will be the calculation
of these probabilities and the comparisons of their ratios.

Question.  Can we have more than one wave packet reflect off. Yes, we
could have multiple wave packets for both the reflected and the transmit-
ted portions. For example, if the potential has some internal structure there
could be internal reflections before anything emerges on either side and
things could get quite messy.

13.5 CONSIDERING THE TIME INDEPENDENT CASE TEMPORARILY.

We are going to work through something that is going to seem at first to
be completely unrelated. We will (eventually) see that this can be applied
to this problem, so a bit of patience will be required.

We will be using the time independent Schrédinger equation

h2

—ZL///:(X) = V(Wi(x) = Egi(x), (13.23)

where we have added a subscript k to our wave function with the intention
(later) of allowing this to vary. For “future use” we define for £ > 0

W3

= —. 13.24
2 (13.24)



13.5 CONSIDERING THE TIME INDEPENDENT CASE TEMPORARILY.

Consider a potential as in fig. 13.8, where V(x) = 0 for x > x, and x < x.

We will not have bound states here (repulsive potential). There will be

'f Ve )

_ﬁ

X 5(39);(1_

Figure 13.8: potential zero outside of a specific region.

many possible solutions, but we want to look for a solution that is of the
form

Yr(x) = Ce™, x> x (13.25)

Suppose x = x3 > xp, we have

Yi(x3) = Cek (13.26)
d .
% = kCe™ = gy(x3) (13.27)
X=X3
7 Iy (13.28)
dx? - ' N
Defining
d
() = %’ (13.29)
X

we write Schrodinger’s equation as a pair of coupled first order equations

d
% = Bi()
o 22 (13.30)
_TM = —V(OWr(x) + ——p(x).
u  dx 2u
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At this x = x3 specifically, we “know” both ¢ (x3) and ¢(x3) and have

i

d_ = ¢r(x)
X lx3 (13.31)
h2 d h2k2 o
-5 dgr(x)| - _ =V Wi(x3) + ——r(x3).
/,[ d.x X3 2#

This allows us to find both
d

d
* (13.32)

doy(x)
dx

x3

then proceed to numerically calculate ¢x(x) and ¥i(x) at neighboring
points x = x3 + €. Essentially, this allows us to numerically integrate back-
wards from x3 to find the wave function at previous points for any sort of
potential.

13.6 RECAP.

READING: §19, §20 of the text [4].
We used a positive potential of the form of fig. 13.9.

X1 X2 X3

Figure 13.9: A bounded positive potential.

12 02y(x) n2k?
_r = 13.33
o0 + V(0)yi(x) » ( )
For x > x3

Yi(x) = Ce~ (13.34)



13.6 RECAP. 173

pul) = D (13.35)
x
For x > x3
Pr(x) = ikCe™ (13.36)
di(x)
d:; = ¢r(x)
13.37)
1 dep(x k2 (
WD - oo + T
2;1 Cdx 2u
We will integrate these equations back to x;.
For x < x;
Yi(x) = Ae™* + Be k¥, (13.38)

where both A and B are proportional to C, dependent on k. There are cases
where we can solve this analytically (one of these is on our problem set).
Alternatively, write as (so long as A # 0)

ikx —ikx
Ur(x) — ™+ Bre for x < x; (13.39)

— et for x > x;.

Now want to consider the problem of no potential in the interval of inter-
est, and our window bounded potential as in fig. 13.10, where we model

Figure 13.10: Wave packet in free space and with positive potential.

our particle as a wave packet as we found can have the Fourier transform
description, for fjitia1 < 0, of

WX, ficia) = f e (13.40)
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Returning to the same coeflicients, the solution of the Schrédinger eqn for
problem with the potential eq. (13.39) For x < x,

w(xa t) = ‘ﬂi(X, t) + lﬁr(xv t)’ (1341)

where as illustrated in fig. 13.11, we have

Figure 13.11: Reflection and transmission of wave packet.

Yilx, 1) = f_a'(k tlnmal)e

. (13.42)
Ur(x, 1) = fﬁa(k’ finitia )Bke ™.
For x > x»
Y(x, 1) = Yi(x, 1), (13.43)
and
dk .
Yi(x, 1) = f \/—_ﬂa(k, finitial Vi€ (13.44)
Look at
l//r(x’ t) = X(_x’ t)a (1345)
where
X(X 1) = f_a(k t1n1t1al),8ke
(13.46)

~ B, f \/—z_ﬂa(k, finitial) €™,
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for ¢ = tinitial, this is nonzero for x < x;. So for x < x;

(X, tinitial) = 0. (13.47)
In the same way, for x > x»

(X, tinitia) = 0. (13.48)

What has not been proved is that the wavefunction is also zero in the
[x1, x2] interval.

Summarizing.  For t = fpjtal
f a'(k tlmtlal)e for x < x
(X, tinitial) = (13.49)

for x > x5, x > x;.

Note that we didn’t prove the x > x| case. For t = fgpa

) \/—,Bka(k thna)e"**  for x < x|
(X, thina) > 0 x € [x1,x2] (13.50)
f Yka(k Ifina1)€™ for x > x, .
The probability of reflection is
f W/ (x, tina)dx. (13.51)

If we have a sufficiently localized packet, we can form a first order approx-
imation around the peak of By (FIXME: or is this a sufficiently localized
response to the potential on reflection?)

(X, tinal) ~ﬁk0f—a/(k tina)e ", (13.52)

SO
f 0 (x, tina)Pdx ~ B = R. (13.53)

The probability of transmission is

f W2 (X, thinan)|*dx. (13.54)
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Again, assuming a small spread in y;, with yx = y;, for some kg

dk ‘
(X, thinal) = Yko f\/?a’(k, tﬁnal)elkx, (13.55)
JT

we have for x > xp
2 2
fllﬁ:(x, thna)2dx = | = T. (13.56)

By constructing the wave packets in this fashion we get as a side effect
the solution of the scattering problem. The

Yi(x) e+ e

ikx

Yre

(13.57)

are called asymptotic in states. Their physical applicability is only once
we have built wave packets out of them.



3D SCATTERING.

14.1 SETUP.

READING: §20, and §4.8 of our text [4]. For a potential V(r) ~ 0 for
r > ro as in fig. 14.1. From 1D we have learned to build up solutions

SN

Vi) \J

fo

Figure 14.1: Radially bounded spherical potential.

from time independent solutions (non normalizable). Consider an incident
wave

T = T (14.1)

This is a solution of the time independent Schrodinger equation

72 . .
—Zv%'k'r = Ee*T, (14.2)
where
n’K>
E=— (14.3)
2u

In the presence of a potential expect scattered waves.
Consider scattering off of a positive potential as depicted in fig. 14.2.
Here we have V(r) = O for r > r¢. The wave function

ek, (14.4)
is found to be a solution of the free particle Schrodinger equation
) kT K g

-—V = : 14.5
0 o e (14.5)
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[ Vex)

Figure 14.2: Radially bounded potential.

14.2 SEEKING A POST SCATTERING SOLUTION AWAY FROM THE POTEN-

TIAL.

What other solutions can be found for r > ry, where our potential V(r) =

0? We are looking for ®(r) such that

2 2k2
Evem =1 e,
2u 2u

(14.6)

What can we find? We split our Laplacian into radial and angular compo-

nents as we did for the hydrogen atom
2 a2 LZ
-—— P ——®O(r) = ED(r),
21 57 TR + 500 = EO(w)

where

9* 1 0 1 0

2 2

L= =+ —— — .
(692 T @n6oe sin? 96¢2)

Assuming a solution of

d(r) = R(NY;" (0. ¢),
and noting that

L2V, ¢) = B+ )Y, ¢),
we find that our radial equation becomes

W 5 R+ 1) h2k?
2ur or?

(rR(r)) + WR(F) = ER(r) = WR(}*).

14.7)

(14.8)

(14.9)

(14.10)

(14.11)



14.3 THE RADIAL EQUATION AND ITS SOLUTION.

Writing
R(r) = @, (14.12)
r
we have
2 3 2 212
h (’)u(r)+hl(l+1)u(r):hk @ (14.13)
2ur o2 2ur 2u r
or
a5, U+
(er +k°— P u(r) = 0. (14.14)
Writing p = kr, we have
2 1
4 DY 2o (14.15)
dp2 p2

14.3 THE RADIAL EQUATION AND ITS SOLUTION.

With a last substitution of u(r) = U(kr) = U(p), and introducing an ex-
plicit / suffix on our eigenfunction U(p) we have

> I(l+1)
——— + =—— | Uip) = Un(p). (14.16)
dp p?
We would not have done this before with the hydrogen atom since we had
only finite E = %%k?/2u. Now this can be anything.
Making one final substitution, U;(p) = pf;(0) we can rewrite eq. (14.16)
as

2
(p %+Zpi+(p —l(l+1)))f1 (14.17)

This is the spherical Bessel equation of order / and has solutions called
the Bessel and Neumann functions of order /, which are

1 .
Jilp) = (—p)’(li) (%) (14.182)
pdp) \ p

cosp)

n(p) = (=p)! (p dp) (— p (14.18b)
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We can easily calculate
Uo(p) = pjo(p) = sinp
sin p

Ui(p) = pji(p) = —cosp + R

(14.19)

and can plug these into eq. (14.16) to verify that they are a solution. A
more general proof looks a bit trickier. Observe that the Neumann func-
tions are less well behaved at the origin. To calculate the first few Bessel

and Neumann functions we first compute

1 dsinp l(cosp sinp)
pdp p  p\ p p*
_cosp sinp

e P

(1 d)2 sinp 1( sinp ,CO8pP cosp+3sinp)
pdp) p  p\ p? IS o
) 1 3 cosp
=sinp ——+—)—3 ,
(p3 P’ o
and
1d cosp l(sinp +cosp)
pdpp  p\p p?
_sinp cosp
P
(1 d )2_ cosp 1 (cosp _2sinp _sinp _5C08p
pdp p P\ p? PP o
1 3 sin p
- 3) e
3758 o
so we find
_ sinp
Jolp) ==
qip) = - =F

(14.20)

(14.21)

(14.22)

(14.23)

(14.24)



14.4 LIMITS OF SPHERICAL BESSEL AND NEUMANN FUNCTIONS.

and
_ _cosp
nop) =-=, |
mp) =-5F-=F (14.25)
_ 1_3 i _3
n(p) = cosp(p p3)+smp( pz).

Observe that our radial functions R(r) are proportional to these Bessel and
Neumann functions

{ 1ol (14.26)

or

R(r) ~ ji(p), m(p). (14.27)
14.4 LIMITS OF SPHERICAL BESSEL AND NEUMANN FUNCTIONS.

With n!'! denoting the double factorial, like factorial but skipping every
other term

nl=nn-2)n-4)---, (14.28)

we can show that in the limit as p — 0 we have

o

Jilp) — TS (14.29a)
20—
n(p) — —(p(,—ﬂf, (14.29b)

(for the [ = O case, note that (—1)! ! = 1 by definition). Comparing this to
our explicit expansion for jj(p) in eq. (14.24) where we appear to have a
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1/p dependence for small p it is not obvious that this would be the case.
To compute this we need to start with a power series expansion for sin p/p,
which is well behaved at p = 0 and then the result follows (done later). It
is apparently also possible to show that as p — oo we have

Jilp) = 1 sin (p - l—”) (14.30a)
P 2
ny(p) — —l cos( - l—ﬂ) (14.30b)
Jol 2

14.5 BACK TO OUR PROBLEM.

For r > rg we can construct (for fixed k) a superposition of the spherical
functions

D2 (Avjitkr) + Byni(kr) Y70, ), (1431)
[ m

we want outgoing waves, and as r — oo, we have

sin (kr - %”)

Jitkr) — (14.32a)
kr
cos (kr - 17”)
nkr) » - ———== (14.32b)
kr
Put A;/B; = —i for a given [ we have
; _In _In
i _ism (kr 2) ~ cos (kr 2) N iei(kr—ﬂl/Z), (14.33)
kr kr kr kr
for
1 .
Z Z Blk—e’(k’_”l/z)Yl’"(H, ). (14.34)
r
[ m

Making this choice to achieve outgoing waves (and factoring a (—i)' out
of B; for some reason, we have another wave function that satisfies our
Hamiltonian equation

ikr
= Z > -1'BiY}6.9). (14.35)



14.6 SCATTERING GEOMETRY AND NOMENCLATURE.

The B; coefficients will depend on V(r) for the incident wave ek, Sup-
pose we encapsulate that dependence in a helper function fx(6,¢) and
write

ezkr

Jx(6,9). (14.36)

r

We seek a solution yk(r)

hz 21,2
(—2—V2 + V(r)) Yi(r) = Yi(r), (14.37)
u 2u
where as r — oo
. eikr
Yi(r) > X7 + — 16, ). (14.38)

Note that for r < rg in general for finite r, Y (r), is much more compli-
cated. This is the analogue of the plane wave result

Y(x) = & + Bre *x. (14.39)
14.6 SCATTERING GEOMETRY AND NOMENCLATURE.

We can think classically first, and imagine a scattering of a stream of
particles barraging a target as in fig. 14.3. Here we assume that d() is far

Figure 14.3: Scattering cross section.

enough away that it includes no non-scattering particles. Write P for the
number density

P number of particles
"~ unit volume

(14.40)
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and

Number of particles flowing through

J =Pyy = (14.41)

a unit area in unit time

We want to count the rate of particles per unit time dN through this solid
angle d() and write

do(Q))
dN =J dQ. 14.42
( 4 ) (14.42)
The factor
do(Q))
14.43
10 ( )
is called the differential cross section, and has “units” of
area
_ 14.44
steradians ( )

(recalling that steradians are radian like measures of solid angle [21]). The
total number of particles through the volume per unit time is then

do(Q)) 3 do(Q)) 3
fJ e dQ—Jf ol =l (14.45)

where o is the total cross section and has units of area. The cross section
o his the effective size of the area required to collect all particles, and
characterizes the scattering, but is not necessarily entirely geometrical.
For example, in photon scattering we may have frequency matching with
atomic resonance, finding o ~ A2, something that can be much bigger
than the actual total area involved.

147 APPENDIX.
Q: Are Bessel and Neumann functions orthogonal?

Answer:  There is an orthogonality relation, but it is not one of plain
old multiplication. Curious about this, I find an orthogonality condition in
[19]

foo JQ(Z)J/}(Z)% = %M (14.46)
0 z

a,2 —,32
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from which we find for the spherical Bessel functions

sin(% (l—m))
(I+1/2)2 —(m+1/2)*

f Jip)jm(p)dp = (14.47)
0

Is this a satisfactory orthogonality integral? At a glance it does not appear
to be well behaved for / = m, but perhaps the limit can be taken?

Deriving the large limit Bessel and Neumann function approximations.
For eq. (14.30) we are referred to any “good book on electromagnetism”
for details. I thought that perhaps the weighty [10] would be to be such a
book, but it also leaves out the details. In §16.1 the spherical Bessel and
Neumann functions are related to the plain old Bessel functions with

Jix) = 4 2£Jl+1/2(x) (14.482)
X

ny(x) = \/gNzn/z(x)- (14.48Db)

Referring back to §3.7 of that text where the limiting forms of the Bessel
functions are given

2
J,(x) = /= cos (x Iz 5) (14.492)
X 2 4
2 . ]
N,(x) > 4/ —sin (x -— - —). (14.49b)
X 2 4

This does give us our desired identities, but there is no hint in the text how
one would derive eq. (14.49) from the power series that was computed by
solving the Bessel equation.

Deriving the small limit Bessel and Neumann function approximations.
Writing the sinc function in series form

2k

sinx <+ P X
— = ;(—1) T (14.50)
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we can differentiate easily

ldsinx <, 4 x2h=2
—— = =) (D) ———
xdx x Z( A )(2k+ 1!

= (- 1)2( DFQk +2) ———

2k
(2k +3)!
2k

_ 1\ o
= ( l)kzzo( b 2k+3(2k+1)!'

Performing the derivative operation a second time we find

(14.51)

1d\ sinx ‘ K22
(}5) x _(_1)2( D 3 s

o (14.52)

:i(_l)k 1 1 x
2k +52k+32k+ 1)

It appears reasonable to form the inductive hypotheses

2k

[ . ©
(li) smx _ 1 Y -1 @k+DV _x s3
X =0

xdx Qk+D+ DI Qk+ 1)

and this proves to be correct. We find then that the spherical Bessel func-
tion has the power series expansion of

N,k kDI
Jl(x)_;( D ek s n s (14.54)

and from this the Bessel function limit of eq. (14.29a) follows immedi-
ately. Finding the matching induction series for the Neumann functions is
a bit harder. It is not really any more difficult to write it, but it is harder to
put it in a tidy form that is. We find

2k1

_COS)C__ _ k
x Z( )(Zk)'

1d cosx k2k—1 x
_Z(_) 2k (2k-2)!

2k-3
(14.55)

(1 d z_cosx__z_lk(2k—l)(2k—3) 23
=2V Ty ke



14.8 VERIFYING THE SOLUTION TO THE SPHERICAL BESSEL EQUATION.

The general expression, after a bit of messing around (and I got it wrong
the first time), can be found to be

14\ cosx _ 11 L x2k=D-1
- = - 2(k -
( ) D=1 aer

xdx =3 =0

(14.56)

I+1 Qk+D - D! K 2k-1
+(-1) Z( e oy S

We really only need the lowest order term (which dominates for small x)
to confirm the small limit eq. (14.29b) of the Neumann function, and this
follows immediately. For completeness, we note that the series expansion
of the Neumann function is

~

—1 -

—_

2k-1-1

12(k = j) = |(2k)!

n(x) =

I
(=]

J

(-

(14.57)

M8 EM

L Qk+31=1)11 k%1
D Qk-D!'! Qk+D!

T
=

14.8 VERIFYING THE SOLUTION TO THE SPHERICAL BESSEL EQUATION.

One way to verify that eq. (14.18a) is a solution to the Bessel equation
eq. (14.17) as claimed should be to substitute the series expression and
verify that we get zero. Another way is to solve this equation directly. We
have a regular singular point at the origin, so we look for solutions of the
form

F=x) ant, (14.58)

k=0
Writing our differential operator as
2

L=x %uxj + XU+ 1), (14.59)
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we get

0=Lf
= Z ap (e + )k + 7= 1)+ 20k + ) = I(L+ 1) X7 + apok+7+2

k=0
=ap(r(r+ 1) =11+ 1))x" (14.60)

+ar((r+ Do +2) = 10+ D)x'™!

—_

ar((k+ Pk +r—1)+ 20k +r) = I + 1) + ag )

Mg 2

+

=~

=2
Since we require this to be zero for all x including non-zero values, we
must have constraints on r. Assuming first that ag is non-zero we must

then have

O=r(r+1)=I(l+1). (14.61)
One solution is obviously » = [. Assuming we have another solution
r = [+ k for some integer k we find that r = —/—1 is also a solution.
Restricting attention first to » = [, we must have a; = 0 since for non-

negative [ we have (I + 1)({+2) —I(I+ 1) = 2(I+ 1) # 0. Thus for non-zero
ao we find that our function is of the form

f= an®. (14.62)
k

It does not matter that we started with ay # 0. If we instead start with
a; # 0 we find that we must have r = [ — 1, =/ — 2, so end up with exactly
the same functional form as eq. (14.62). It ends up slightly simpler if we
start with eq. (14.62) instead, since we now know that we do not have any
odd powered ay’s to deal with. Doing so we find

0=Lf

an ((k + D2k + 1= 1) + 22k + I) = I(1 + 1)) x*H 4 gy x?kH+2

M I

(an2kk + 1) + 1) + azg_1y ) x>

~
1l

1
(14.63)
We find
@i -1
ap-1y  2kQEk+D+1)

(14.64)
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Proceeding recursively, we find

N (=1f 2k+1
=qae2l+ D! * 14.65
f=aCl+1) ;(2k)!!(2(k+l)+l)!!x (14.65)
With ag = 1/(2/+ 1)! ! and the observation that
1 2k+ D!'!
o @k DU (14.66)
k! 2k +1)!
we have f = ji(x) as given in eq. (14.54).
If we do the same for the r = —[ — 1 case, we find
ary -1
= , (14.67)
a-1  2kQ2k-0-1)
and find
—1*
G2k _ 1) . (14.68)
a QN QCEk-D-DQRKk-D-3)---(-2[l+1)
Flipping signs around, we can rewrite this as
1
Dk _ . (14.69)
a QCNQU-bH+DQRUI-k+3)---2I-1)
For those values of [ > k we can write this as
2(0-k)—D!!
an _ QU=B-1 (14.70)

ay  QR)INQRI-D!

Comparing to the small limit eq. (14.29b), the £ = 0 term, we find that we
must have

a _
i -1. (14.71)
After some play we find
QU-k-D!! -
— ifl>k
Aoy = (g’;)f_’m _ . (14.72)
ifl<k

CONCGE-D-DN!
Putting this all together we have

X2k_l_1 (_l)k—l x2k—l—l

QO & Qk-D- D! 2!
(14.73)

n(x) = — Z QU -k - D!

0<k<l
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14.9 SCATTERING CROSS SECTIONS.

READING: §20 [4]
Recall that we are studying the case of a potential that is zero outside
of a fixed bound, V(r) = 0 for r > ry, as in fig. 14.4, and were looking for

/f‘\
Vi?) |

(o

Figure 14.4: Bounded potential.

solutions to Schrodinger’s equation

212
> Wk (r), (14.74)
u

h2
=5 VAU(E) + VIOK(n) =
y)

in regions of space, where r > ry is very large. We found
) eikr
Yi(r) ~ €T + — fic(6, ). (14.75)
r

For r < rg this will be something much more complicated. To study scat-
tering we will use the concept of probability flux as in electromagnetism

V-j+p=0. (14.76)
Using

w(r, 1) = Y(r) Yi(r), (14.77)
we find

i, 0 = (t//k(r)*Vt/fk(r) (Vi (m)yk(r)), (14.78)
when

W)

K2
——Vzwk(r>+V(r)wk<r)— =

(14.79)



14.9 SCATTERING CROSS SECTIONS.

In a fashion similar to what we did in the 1D case, let us suppose that we
can write our wave function

WA, i) = f Pk, fngia)V(F), (14.80)

and treat the scattering as the scattering of a plane wave front (idealizing

a set of wave packets) off of the object of interest as depicted in fig. 14.5.

We assume that our incoming particles are sufficiently localized in k space

G-
L plownr

o e
4%. ,,,,,,,

Figure 14.5: plane wave front incident on particle.

as depicted in the idealized representation of fig. 14.6. We assume that

A
‘k W.

|
|
|
J
Figure 14.6: k space localized wave packet.
a(K, tinitial) 18 localized.
N " eikr
Y(r, tinitial) = fd k(a/(k, tinitial )€ + a(K, linitial)Tfk(e, ¢))- (14.81)
We suppose that

(K, finitial) = cr(K)e ™ M miial /20 (14.82)
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where this is chosen (a(K, finitia) 18 built in this fashion) so that this is
non-zero for z large in magnitude and negative. This last integral can be
approximated

ikr
C f.0) ~ fi(6.9) f dka(k, tinigia)e™"

r r

f d*ka (K, tinitial) (14.83)

-0

This is very much like the 1D case where we found no reflected compo-
nent for our initial time. We will normally look in a locality well away
from the wave front as indicted in fig. 14.7. There are situations where we

(o A

, /
(\ J
Figure 14.7: point of measurement of scattering cross section.

do look in the locality of the wave front that has been scattered.

Incoming wave.  Our income wave is of the form
i = Aelkeem k12, (14.84)

Here we have made the approximation that k = |k| ~ k,. We can calculate
the probability current

hk
j=2—A, (14.85)
J7i

(notice the v = p/m like term above, with p = hk). For the scattered wave
(dropping A factor)

ikr —ikr

A —ikr ikr
=5 (fl;*(e, ¢>e—v(fk<e, ¢>e—) - V(fli‘(t‘), ¢)e—)fk<e, ¢>e—)
i r r r "

h 3k

e—ikr ikr —ikr ikr )
b

ikE fi(0, 6)— = (0, 8) —— (~ikE)(0. ) —

r



14.9 SCATTERING CROSS SECTIONS.

(14.86)
We find that the radial portion of the current density is
.. h 2ik
Bj=--f |27
H (14.87)
= =S
ur
and the flux through our element of solid angle is
babilit
fdA-j = .proally' X area
unit area per time
__ probability
" unit time
Ik | fi (0, $)1
_ TKIAG.OP 5
;_l‘k r (14.88)
= —Ifu(6, ) d)
J7
do[dQ)
= jincoming |k (O, ¢)|2 d().
We identify the scattering cross section above
do 5
— = |fk(6, 9", 14.89
70 /i (6, @)l ( )
o= f |fi(6, $)PPdQ. (14.90)

We have been somewhat unrealistic here since we have used a plane wave
approximation. Should that plane wave be replaced by a more general
wave packet (as crudely sketched in fig. 14.8), we will actually obtain the
same answer. For details we are referred to [12] and [15].

Working towards a solution. ~ We have done a bunch of stuff here but are
not much closer to a real solution because we do not actually know what
Jx is. Let us write Schrodinger
n’ n’k?
—2—V2¢k(r) + VIYi(r) = ——¢i(r), (14.91)
M 2u
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VN

o -
.
ol

Figure 14.8: Plane wave vs packet wave front.

instead as
(V2 + Ky (r) = s(r),

where

2
S(r) = #V(rw/k(r)

(14.92)

(14.93)

where s(r) is really the particular solution to this differential problem. We

want

homogeneous articular
Y(r) = g0 (r) + ¢ (r),

and

wﬁomogeneous (l‘) _ eik'r.

(14.94)

(14.95)



BORN APPROXIMATION.

READING: §20 [4]
We have been arguing that we can write the stationary equation

(V2 + K2) ya(r) = s(r), (15.1)
with
2
() = V), (152)
wk (l‘) _ wﬁomogeneous (l‘) 4 lﬁiarticular (I‘) (l 53)

Introduce Green function
(V2 +K) GO, r) = 8(r - 1'). (15.4)

Suppose that I can find GO(r, '), then
particular _ 0 ’ N\ 35
I/ )= | G(r,r)s(x)d’r". (15.5)

It turns out that finding the Green’s function GO(r,’) is not so hard. Note
the following, for k = 0, we have

V2G)(r, 1) = 6(r - '), (15.6)

(where a zero subscript is used to mark the £ = 0 case). We know this
Green’s function from electrostatics, and conclude that

1 1

Go(r,x) = —— . 15.7
ot X = ] (7
For r # r’ we can easily show that
1 iklr—1’|
GO, r) = ——2 (15.8)

4 r—1'|
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This is correct for all r because it also gives the right limit as r — r’. This
argument was first given by Lorentz. An outline for a derivation, utilizing
the usual Fourier transform and contour integration arguments for these
Green’s derivations, can be found in §7.4 of [3]. A direct verification,
not quite as easy as claimed can be found in L. We can now write our
particular solution

1 eiklr—r/l

_ kr __ &
O = ) o

s(e)d’r’. (15.9)

This is of no immediate help since we do not know y(r) and that is
embedded in s(r).
2’u ik|r—r’|

VX W (r)d . 15.10
puell B ACRL7ACY (15.10)

Yi(r) = &7 -

Now look at this for r > r’
1/2
|r - r’| = (r2 +()=2r- r’) /

"2 1 1/2
:r(1+ () —2—1‘-1”)

r2 r2
12 r’ 21\1/2 (15.11)
=r(l—§r—2r‘r +0(?)]
72
=r—f'-r’+0(r—).
r
We get
ikr 2# eikr —ikf-r’ ’ N 3.
Yk(r) — e e e Vi )yk()d’r
T
. (15.12)
kr
ik-r e'
= + £ (6, s
e fx(0, ) .
where
A@@=—;%j¥%wwwmme. (15.13)
JT

If the scattering is weak we have the Born approximation

fi(0,8) = ——£ - f Ty (e Py (15.14)

2nh
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or

. u eikr o .

() = e - - — f e My ()R Py (15.15)
2nhs 1

Should we wish to make a further approximation, we can take the wave

function resulting from application of the Born approximation, and use

that a second time. This gives us the “Born again” approximation of

) ikr o
Wk(r) — etk-r _ Hoe fe—zkr.r V(l’/) %
r

2mh?
ikr’
P - é L ! P
(ezkr _ 2ﬂh2 ’ fe ik r V(l‘”)e‘lkr d3r/l)d3r/
T r
ikr
K. e e -
— kT _ 5 /’lh2 fe ikt-r V(r/)ezkr &Sr
T r
’u2 eikr ikr’

N / e . ’\I. /7 k. /7
e—lkl"l‘ V(l‘l) - fe—zkr r V(r//)ezkr d3l‘”d3l‘,.
r

(15.16)

Q2R






HARMONIC OSCILLATOR REVIEW.

Consider

P21,
Hy=—+— X-. A.l
0=+ smw (A.1)

Since it has been a while let us compute the raising and lowering factor-
ization that was used so extensively for this problem. It was of the form

Hy = (aX —ibP)(aX +ibP) + - -- (A.2)

Why this factorization has an imaginary in it is a good question. It is not
one that is given any sort of rationale in the text [4]. It is clear that we
want a = Ym/2w and b = 1/ V2m. The difference is then

Hy — (aX — ibP)(aX + ibP) = —iab [X, P] = —i% X, P]. (A.3)

That commutator is an i i value, but what was the sign? Let us compute
so we do not get it wrong

[x,p]¢ = =ik [x,d,] ¥
= =i h(x0y — Ox(xh))
= —ih(—y)
= i,

(A.4)

so we have

RN e e

Factoring out an /w produces the form of the Hamiltonian that we used

before
ma)X . 1 P ma)X+, 1 p +l
“UN22" ""Nomno 22" " "N |7 2)

(A.6)
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The factors were labeled the uppering (¢') and lowering (a) operators
respectively, and written

Hy = ha)(

a > h w/ (A.7)
— X — i+ /
2m hw

Observe that we can find the inverse relations

Il
l\)lv—‘

—

SE
B

n
X = a+al
2mw ( ) (A.8)

P=i m;:lw(aT—a).

Question:  What is a good reason that we chose this particular factor-
ization? For example, a quick computation shows that we could have also
picked

. 1
Hy = hw (aa' - 5) (A.9)

I do not know that answer. That said, this second factorization is useful in
that it provides the commutator relation between the raising and lowering
operators, since subtracting eq. (A.9) and eq. (A.7) yields

la.a|=1. (A.10)
If we suppose that we have eigenstates for the operator a'a of the form
a‘alny = A, n), (A.11)

then the problem of finding the eigensolution of Hj reduces to solving this
problem. Because a'a commutes with 1/2, an eigenstate of a'a is also an
eigenstate of Hy. Utilizing eq. (A.10) we then have

d'a(a|ny) = (aa’ - Daln)
=a(a'a-1)n)
=a(ly = 1) |n)
= (A, — Dalny,

(A.12)



A.1 PROBLEMS.

so we see that a |n) is an eigenstate of a’a with eigenvalue A, — 1. Simi-
larly for the raising operator

a'a(@’ |n)) = a'(aa")n))
a'(@'a+1)ny) (A.13)
a' (A, + 1) In)),

and find that a' |n) is also an eigenstate of a’a with eigenvalue 4, + 1.

Supposing that there is a lowest energy level (because the potential
V(x) = mwx?/2 has a lower bound of zero) then the state |0) for which
the energy is the lowest when operated on by a we have

al0) = 0. (A.14)
Thus

a'al0) =0, (A.15)
and

g = 0. (A.16)

This seems like a small bit of slight of hand, since it sneakily supplies
an integer value to Ao where up to this point 0 was just a label. If the
eigenvalue equation we are trying to solve for the Hamiltonian is

Hyn) = E, |n), (A.17)

then we must have

1 1
E,=lw|l,+=|= hw|n+=]. (A.18)
2 2
A.l  PROBLEMS.
Exercise A.1 Hermite recurrence relations.

Recall that Hermite polynomials are basis functions for the SHO wave
functions ([4] eq. 9.58). Show that

iHn(X) =2nH, 1(x).
dx

201
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Answer for Exercise A.1

We could just look up this formula, and if we did so can find it in
various places, such as [1], or [6, Eq. 18.9.25].
To derive it ourself, we can start with the Rodgigues’ formula definition
of the Hermite polynomials
2 dl’l 2

H, =(-1)"" e . (A.19)
dxn

Let us write D = d/dx, and take the derivative of H,
(=1)"DH, = D(e* D"e™)
= 2xe" D'e™ + e D" (—2xe_x2)

n
= 2xe" D'e™ +e° Z (Z)Dk(—bc)Dn_ke_"2
k=0 (A.20)

1
= 2xe" D'e™ +e° Z (Z)Dk(—ZJC)D"_I‘e_x2
k=0

2 — 2 _ 1 2

= 2%l 4 o (=258 —20D""e )
2 4 2

= 2ne* DV le7¥,

Rearranging proves the result.



SIMPLE ENTANGLEMENT EXAMPLE.

On the quiz we were given a three state system |1),|2) and |3), and a two
state system |a), |b), and were asked to show that the composite system
can be entangled. I had trouble with this, having not seen any examples of
this and subsequently filing away entanglement in the “abstract stuff that
has no current known application” bit bucket, and then forgetting about
it. Let us generate a concrete example of entanglement, and consider the
very simplest direct product spaces. What is the simplest composite state
that we can create? Suppose we have a pair of two state systems, say,

) = H e H,

0
(B.1)
2 ="l em.
1
and
eikx
{(x|+) = ——, where |+) € H»
Varn (B2)
—ikx :
(x|+) = where |-) € H;.
2m
We can now enumerate the space of possible operators
A €apy DA +) (+ +ai- [H A @+) (-]
+a—+ D@ =) (+] +aj— D {A[®]-) (-]
+a1244 1) QO +) (+] + @i 1) 2l @ +) (-]
+ap-+ |1)2|®|-)(+| +an——-|1)2|®|-) (-
12-+ D) 2@ =) (+] +ann— 1) 2| ®@[|-) (-] (B3)

+ a2+ 12) (N @ [+) (+] + az14+- 2) (1@ [+) (-]
+az—+ [2) (@ [=) (+] +az1- 2){1[®@[-) (-]
+a2.412) 2@ [+) (+] +an+ [2) 2[®[|+) (-]
+an-+|2) 2/® =) (+| +an—-2) 2| |-) (-]
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We can also enumerate all the possible states, some of these can be entan-
gled

W) € hiv ID®1+) + hi- [1) ® =) + oy 2) ® +) + ho- [2) ®[—) . (B.4)
Finally, we can enumerate all the possible product states
W) € (aili)) ® (bg |8))

=a1by |)®+) +a1b-11)®|=) +arb, 2) ® |+) + axb_|2) ®|—).
(B.5)

In this simpler example, we have the same dimensionality for both the
sets of direct product kets and the ones formed by arbitrary superposition
of the composite ket basis elements, but that does not mean that this rules
out entanglement. Suppose that, as the product of some operator, we end
up with a ket

W) =11He+) +12)®|-). (B.6)
Does this have a product representation of the following form
) = (a;ili)) ® (bg |B)) = aibgli) ®|B) ? (B.7)

For this to be true we would require

a]b+ = 1
azb_ =1
(B.8)
alb_ =0
02b+ = 0.

However, we can not find a solution to this set of equations. We require
one of a; = 0 or b_ = O for the third equality, but such zeros generate
contradictions for one of the first pair of equations.



PROBLEM SET 4, PROBLEM 2 NOTES.

I was deceived by an incorrect result in Mathematica, which led me to
believe that the second order energy perturbation was zero (whereas part
(c) of the problem asked if it was greater or lesser than zero). I started
starting writing this up to show my reasoning, but our Professor quickly
provided an example after class showing how this zero must be wrong,
and I did not have to show him any of this.

Setup.  Recall first the one dimensional particle in a box. Within the box
we have to solve

P2
S=¥ = Ey, (C.1)
2m
and find
v~ e% V2mEx (C.2)
With
V2mE
k= M2 (C.3)
h
our general state, involving terms of each sign, takes the form
g = Ae™ + Bemk, (C.4)
Inserting boundary conditions gives us
W(=L/2)|[e*5 + eik5 || A ©3)
W(L)2) ||e*5 + 75 || B| '
The determinant is zero
e — el = 0, (C.6)

which provides our constraint on k

2k = 1, (C.7)
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We require 2kL = 2zn for any integer n, or

n
k=—. C38
7 (C.8)

This quantizes the energy, and inverting eq. (C.3) gives us
2
1 ( hnn
=—|—]. (ORY)
2m ( L ) €2)

To complete the task of matching boundary value conditions we cheat and
recall that the particular linear combinations that we need to match the
boundary constraint of zero at +L/2 were sums and differences yielding
cosines and sines respectively. Since

. mx
simn| ——-

_— sin(ﬂ). (C.10)
x=+L/2 2

So sines are the wave functions for n = 2,4, ... since sin(nmr) = 0 for
integer n. Similarly

cos(ﬂx) = cos(@). (C.11)
x=%L/2 2
Cosine becomes zero at 7/2,37/2, - - -, so our wave function is the cosine
forn=1,3,5,---. Normalizing gives us
2 | cos (XX n=1,3,5,---
Yn(x) = \/j , () (C.12)
L sm(”—zx) n=246,---

Two non-interacting particles. Three lowest energy levels and degenera-

cies. Forming the Hamiltonian for two particles in the box without in-

teraction, we have within the box
2 2

LA

H = s
2m  2m

(C.13)

we can apply separation of variables, and it becomes clear that our wave
functions have the form

Ynm(X1, X2) = Yn(X1 W (x2). (C.14)
Plugging in

Hy = Ey, (C.15)
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supplies the energy levels for the two particle wavefunction, giving

o = 2 ((2 (22 v

P (C.16)
Vs
= % (T) (n2 + mz)'»bnm-
Letting n, m each range over [1, 3] for example we find
Table C.1: Varying the wave numbers. ]
n m n? + m?
1 1 2
1 2 5
1 3 10
2 1 5
2 2 8
2 3 13
3 1 10
3 2 13
3 3 18
It is clear that our lowest energy levels are
1 ( hr)?
m\ L
2
S (fm (C.17)
2m\ L
4 ()’
m\ L]’

with degeneracies 1, 2, 1 respectively.

Ground state energy with interaction perturbation to first order.  With
co positive and an interaction potential of the form

U(X1,X2) = —cod(X) — X2). (C.18)
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The second order perturbation of the ground state energy is

2
H
11;11
E= E(O)+H1111 + Z | | (C.19)
nm;ﬁ]l
where
1 { hr\?
EY=—|—], C.20
1 m( L ) (C.20)
and
H; o = =€0 Wl (X1 = X2) [Wrab) - (C.21)

To proceed, we need to expand the matrix element

<'7”nm|5(X1 - XZ) |wab>

= fdxldxzdyldyz Wamlx1x2) (x1x2] 6(X1 — X2) [y1y2) Y1y2lan)
_ f dxidxadyidys Wl x2) 5(x1 — £0)8(X = ¥) (M1 Yalran)

= fdxldxz (Wamlx1x2) 6(x1 — x2) (X121 app)

L/2
= f danm(x, x)wab(xa X).

-L/2
(C.22)
So, for our first order calculation we need
L/2
Hiyy = ‘00f dxpryy(x, )11 (x, x)
L/2
4 L/2
=7 dx cos*(nx/L) (C.23)
L~ J-rp
3o
- 2L

For the second order perturbation of the energy, it is clear that this will
reduce the first order approximation for each matrix element that is non-
zero. Attempting that calculation with Mathematica however, is deceiving,
since Mathematica reports these all as zero after FullSimplify. It appears,
that as used, it does not allow for m = nand m = n + 1 constraints properly
where the denominators of the unsimplified integrals go zero, and more
careful evaluation is required. See [13] for details.


https://github.com/peeterjoot/physicsplay/blob/796c8e3739ae1a9ca26270a0e91384afba45661d/notes/phy456/problem%20set%204,%20problem%202.nb

ADIABATIC PERTURBATION REVISITED.

Professor Sipe’s adiabatic perturbation and that of the text [4] in §17.5.1
and §17.5.2 use different notation for y,, and take a slightly different ap-
proach. We can find Prof Sipe’s final result with a bit less work, if a hybrid
of the two methods is used. Our starting point is the same, we have a time
dependent slowly varying Hamiltonian

H=H(®), (D.1)

where our perturbation starts at some specific time from a given initial
state

H(t) = Hy, t<0. (D.2)
We assume that instantaneous eigenkets can be found, satisfying

H() |n(1)) = Enx(0) In(2)) . (D.3)

Here I will use |[n) = |n(¢)) instead of the ’&n(t)> that we used in class
because its easier to write. Now suppose that we have some arbitrary state,
expressed in terms of the instantaneous basis kets |n)

W) = " bu(ye ™ P ), (D4)
where

!
an(t) = %fo dr'E,(1"). (D.5)

Here I have used B, instead of y,, (as in the text) to avoid conflicting with
the lecture notes, where this 5, is a factor to be determined. For this state,
we have at the time just before the perturbation

W(0)) = ) bu(0)e OO () (D.6)

The question to answer is: How does this particular state evolve? Another
question, for those that do not like sneaky bastard derivations, is where did
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that magic factor of e~ come from in our superposition state? We will
see after we start taking derivatives that this is what we need to cancel the
H(#) |n) in Schrodinger’s equation. Proceeding to plug into the evolution
identity we have

. d
= (m| (lhd_t —H(t)) )

=<m|(z '“"“ﬁ"oh)( +b( %+zﬁm))|n>+ih5n%|n>—m

n

i @B s s as o d o
= Tl n i )= 4 T Ry + T Z bu () —ny 7t

db, .. - i i = d
~ d;n bm + Z e lan+lﬂnelam lﬂmbn <m| E |I’l>
db
" & iBubm + b <m| )+ e e B, ) = |n>
dt n+m
(D.7)
We are free to pick 8, to kill the second and third terms
= iBubm + b <m| Im> (D.8)
or
, d
Bm l<MI IM> (D.9)
which after integration is
But) = i f dr’ {m(t >| = Im(0). (D.10)
In the lecture notes this was written as
) d
L(0) = i (m(2)| r Im(®)), (D.11)
so that
!
Bt = f dt'T,(1). (D.12)
0
As in class we can observe that this is a purely real function. We are left
with
db

= = > byem ml = |n> (D.13)

n+m
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where

Upym = Ap — Ay

(D.14)
ﬁnm ﬂn _,Bm-

The task is now to find solutions for these l_)m coefficients, and we can
refer to the class notes for that without change.






2ND ORDER ADIABATICALLY HAMILTONI

Motivation. In lecture 9, Prof Sipe developed the equations govern-
ing the evolution of the coefficients of a given state for an adiabatically
changing Hamiltonian. He also indicated that we could do an approxima-
tion, finding the evolution of an initially pure state in powers of A (like
we did for the solutions of a non-time dependent perturbed Hamiltonian
H = Hy+ AH’). I tried doing that a couple of times and always ended
up going in circles. I will show that here and also develop an expansion
in time up to second order as an alternative, which appears to work out
nicely.

Review.  We assumed that an adiabatically changing Hamiltonian was
known with instantaneous eigenkets governed by

H(®) (1)) = hew, (1) (E.1)

The problem was to determine the time evolutions of the coeflicients l_)n(t)
of some state |/(?)), and this was found to be

(@) = > e O ,0)
3
ys() = f dt' (wy(t') = T5(1)) (E2)
T(1) = z<ws<r>| A0

where the I;S(t) coefficient must satisfy the set of LDEs

b (” = 2 bae™ O (o) = Iwn<r)> (E.3)
n#s
where
’)’sn(t) = ’ys(t) - ')’n(l)- (E4)

Solving these in general does not look terribly fun, but perhaps we can
find an explicit solution for all the by’s, if we simplify the problem some-
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what. Suppose that our initial state is found to be in the mth energy level
at the time before we start switching on the changing Hamiltonian.

Y(0)) = by(0) [ (0)). (E.5)

We therefore require (up to a phase factor)

bs(0)=0 if s # m.
Equivalently we can write
bs(0) = s (E.7)

Going in circles with a A expansion.  In class it was hinted that we could
try a A expansion of the following form to determine a solution for the b,
coefficients at later times

by(t) = s + AV (@) + - - (E.8)

I was not able to figure out how to make that work. Trying this first to first
order, and plugging in, we find

Az, _ T i (0 o L1
A= B0 = = ) G + B )0 (0] = D), (E)

n#s

equating powers of A yields two equations

d- D vt f ot D
W=~ Z} B0 (0] = ()
. d (E.10)
0=- Z 6mnelym(t) <$S(I)' E ’&n(t)> .

n#s
Observe that the first identity is exactly what we started with in eq. (E.3),
but has just replaced the b,,’s with bfll)’s. Worse is that the second equation
is only satisfied for s = m, and for s # m we have

: N d .
0=~ (0] = [Im(0). (E.11)

So this A power series only appears to work if we somehow had |$s(t)> al-

ways orthonormal to the derivative of |1,/A/m(t)>. Perhaps this could be done
if the Hamiltonian was also expanded in powers of A, but such a beastie
seems foreign to the problem. Note that we do not even have any explicit
dependence on the Hamiltonian in the final b, differential equations, as
we would probably need for such an expansion to work out.
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A Taylor series expansion in time. ~What we can do is to expand the
b,’s in a power series parameterized by time. That is, again, assuming we
started with energy equal to fw,,, form

2 d?-
o )+ 55

The first order term we can grab right from eq. (E.3) and find

by(t) = 65+ 7 (

)+-~- (E.12)
t=0

db,(t)
R PRI A0
== 3 {0 = iwn<z>>|
n#s (El3)
0 s=m

={ (0] £ )|
SFm
Let us write
Iy = [i#(0))
In'y = di In(0))
So we can write

db(t)
dt

(E.14)

= —(1 = &gm) (s|m’y, (E.15)
=0

and form, to first order in time our approximation for the coefficient is
by(t) = Sgm — t(1 = S m) (s|m’}. (E.16)

Let us do the second order term too. For that we have

d?

20

__ dysn(1)

= nZ# (( n(t) Onmi dr )< | > + Opm— (<lﬂ (t)| |¢n(t)>)) i
(E.17)

For the vy, derivative we note that

= w(0) =i (s]s’), (E.18)
t=0

215



216 2ND ORDER ADIABATICALLY HAMILTONIAN.

so we have
d* -
ﬁbs(t) o
- Z(_a — ) (") + Sumi(@sn(0) = i (s|s”) + i<n|n’>)) (s
n#s

+ (5n,n(<s’|n') + <s|n">).
(E.19)

Again for s = m, all terms are killed. That is somewhat surprising, but
suggests that we will need to normalize the coeflicients after the perturba-
tion calculation, since we have unity for one of them. For s # m we have

d? -
—b,(t
PP s(0)

= Z((n|m') — Opmi(wWgn(0) — i (s|s') + i(n’n'))) (s|n')

t=0  n#s
- 6nm((s'|n’) + (s|n"))
= —i(wgn(0) — i(s|s'> + i<m|m’>) (s‘m’) - (<S’|m’) + (s|m”))
+ Z <n|m') (s|n') .

n#s
(E.20)
So we have, for s # m
d* -
@bs(t) = (<m|m'> - (s’s’)) <s|m’> — iwgu(0) (s|m’>
=0 (E.21)
- (s'lm') - (s|m"> + Z <n|m') (s|n') .
n#s

It is not particularly illuminating looking, but possible to compute, and we
can use it to form a second order approximate solution for our perturbed
state.

by(t) = Sm — t(1 = Sgm) (s’ + (1 = Sgm) X
((¢mlm"y = (s]s"Y) Cslm"y = i m(0) (5]
2
_ (s'|m') - (s|m") + Z (n|m’> (s|n'))%

n#s

(E.22)
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New info. How to do the A expansion?  Asking about this, Federico
nicely explained. “The reason why you are going in circles when trying
the lambda expansion is because you are not assuming the term (¥ (¢)| (d/dt) |y (¢))
to be of order lambda. This has to be assumed, otherwise it does not make
sense at all trying a perturbative approach. This assumption means that
the coupling between the level s and the other levels is assumed to be
small because the time dependent part of the Hamiltonian is small or
changes slowly with time. Making a Taylor expansion in time would be
sensible only if you are interested in a short interval of time. The lambda-
expansion approach would work for any time as long as the time depen-
dent piece of the Hamiltonian does not change wildly or is too big.” In the
tutorial he outlined another way to justify this. We have written so far

H:{ H@) >0 £03)
H, t<0

where H(0) = Hy. We can make this explicit, and introduce a A factor into
the picture if we write

H(t) = Hy + AH' (D), (E.24)

where Hp has no time dependence, so that our Hamiltonian is then just
the “steady-state” system for A = 0. Now recall the method from [2] that
we can use to relate our bra-derivative-ket to the Hamiltonian. Taking
derivatives of the energy identity, braketed between two independent kets
(m # n) we have

0= (Into)] 5 (H® 320) - R ,0))

=($m<z>|(w|«zn(t)>+mr> ) - —|wn(t)> hwnditllﬁn(o))
= T(wn ~ wn>(wm(t)| [0(0) / (t)l (’) [0(0)) -
(E.25)

So for m # n we find a dependence between the bra-derivative-ket and the
time derivative of the Hamiltonian

(0] L2 ()

o — ) (E.26)

<wm<r>i [0 0) =
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Referring back to eq. (E.24) we see the A dependence in this quantity,
coming directly from the A dependence imposed on the time dependent
part of the Hamiltonian

()] 252 | 1(0))

on—om) (E.27)

N d .
(] = |In(0) = 2
Given this A dependence, let us revisit the perturbation attempt of eq. (E.9).
Our first order factors of A are now

d - iy 7 d .
b0 =~ Z] SO (00| — [da 1)

E.28
0 ifm=s ( )

_eYom(D <$‘v(l)| 4 |lﬁm(t)> iftm#s

So we find to first order

!
_— ;. ’ A d A
by(t) = Sps(1 + Aconstant) — (1 = 6yus)A f di' " (i (1) = [Fn(?))
0
(E-29)

A couple observations of this result. One is that the constant factor in the
m = s case makes sense. This would likely be a negative contribution
since we have to decrease the probability coefficient for finding our wave-
function in the m = s state after perturbation, since we are increasing the
probability for finding it elsewhere by changing the Hamiltonian. Also ob-
serve that since e’ ~ 0 for small  this is consistent with the first order
Taylor series expansion where we found our first order contribution was

N d .
(1= 0, (0] = I (). (E.30)

Also note that this —e®sn() <:Z/s(t’)| % |1Zm(t’)> is exactly the difference
from O that was mentioned in class when the trial solution of 1_73 = Ogm
was tested by plugging it into eq. (E.3), so it is not too surprising that we
should have a factor of exactly this form when we refine our approxima-
tion.

A question to consider should we wish to refine the A perturbation to
higher than first order in A: is there any sort of A dependence in the e
coming from the Iy, term in that exponential?



DEGENERACY AND DIAGONALIZATION.

F.l MOTIVATION.

In class it was mentioned that to deal with perturbation around a degener-
ate energy eigenvalue, we needed to diagonalize the perturbing Hamilto-
nian. I did not follow those arguments completely, and I had like to revisit
those here.

F.2 A FOUR STATE HAMILTONIAN.

Problem set 3, problem 1, was to calculate the energy eigenvalues for the
following Hamiltonian

H=Hy+ AH’
a 000
Ho = 0 b 0O
0 0 ¢c O
0 0 0 ¢ (E.1)
a 0 v g
Hl: O ﬁ 0 l‘t .
vi 0 v O
7wt 06

This is more complicated that the two state problem that are solved ex-
actly in §13.1.1 in the text [4], but differs from the (possibly) infinite
dimensional problem that was covered in class. Unfortunately, the solu-
tion provided to this problem did not provide the illumination I expected,
so let us do it again, calculating the perturbed energy eigenvalues for the
degenerate levels, from scratch. Can we follow the approach used in the
text for the two (only) state problem. For the two state problem, it was
assumed that the perturbed solution could be expressed as a superposition
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of the two states that formed the basis for the unperturbed Hilbert space.
That is

) =m|l)+nf2). (F.2)

For the two state problem, assuming that the perturbed energy eigenvalue
is E, and the unperturbed energy eigenvalue is EV we find

0=(MH-E)ly)

= (Ho+ AH") ) - E )
= (Ho + AH')(m|1) + n|2)) = E(m|1) + n|2))

= AH' (m|1) +n|2)) — E°(m|1) + n|2)) (F:3)
= (-E"+AH) )1y )] [m} :
n
Left multiplying by the brakets we find
1
0= [< '}(H—E)um
e
(F4)
_ [(EO_E),”[mH I mmm}’
CIH" 1) QIH 12)[)|n
or
0 _ V| =
((E E)+2a [Hij]) [n] 0. (F.5)

Observe that there was no assumption about the dimensionality of Hy and
H’ here, just that the two degenerate energy levels had eigenvalues E°
and a pair of eigenkets |1) and |2) such that Hy|i) = E%iy,ie[1,2]. It
is clear that we can use a similar argument for any degeneracy degree.
It is also clear how to proceed, since we have what almost amounts to a
characteristic equation for the degenerate subspace of Hilbert space for
the problem. Because H’ is Hermitian, a diagonalization

H =U'DU

b [0, (F.6)



F.3 GENERALIZING SLIGHTLY.

can be found. To solve for E we can take the determinant of the matrix
factor of eq. (F.5), and because I = U*U we have

0=|{(E°-E)UIU + /lU*DU|

= |U*||(E° - E)I + /ID‘ ‘U|
_|EY-E+aH, 0 ®7)
0 E’—E + AH",

(E° — E + AH' )(E® — E + AH"»).

So our energy eigenvalues associated with the perturbed state are (exactly)

E=E"+ AH' |, E° + AH». (F.8)

It is a bit curious seeming that only the energy eigenvalues associated
with the degeneracy play any part in this result, but there is some intuitive
comfort in this idea. Without the perturbation, we can not do an energy
measurement that would distinguish one or the other of the eigenkets for
the degenerate energy level, so it does not seem unreasonable that a per-
turbed energy level close to the original can be formed by superposition
of these two states, and thus the perturbed energy eigenvalue for the new
system would then be related to only those degenerate levels.

Observe that in the problem set three problem we had a diagonal ini-
tial Hamiltonian Hy, that does not have an impact on the argument above,
since that portion of the Hamiltonian only has a diagonal contribution to
the result found in eq. (F.5), since the identity Hy |i) = c|i),i € [3,4] re-
moves any requirement to know the specifics of that portion of the matrix
element of Hy.

F.3 GENERALIZING SLIGHTLY.

Let us work with a system that has kets using an explicit degeneracy index

Hy lma,,) = EY |ma,,) @m =1, ymme[1,N]. (F.9)
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Example:
Imay,) €]11)
21),122
121),122) (E10)
131)
141),142) ,143) .
Again we seek to find the energy eigenvalues of the new system
H = Hy+ AH'. (E.11)

For any m with associated with a degeneracy (y,, > 1) we can calculate
the subspace diagonalization

[l H' imjy| = UnDn U}, (F.12)
where
UnUj, = 1, (F.13)

and D,, is diagonal

D, = [5,- H ] : (F.14)

m,i
This is not a diagonalizing transformation in the usual sense. Putting it

together into block matrix form, we can write

Ui

U
U= _ : (F.15)

Un

and find that a similarity transformation using this change of basis matrix
puts all the block matrices along the diagonal into diagonal form, but
leaves the rest possibly non-zero

U™ [(ma |H’ lmj = *
m i |mawm,) .| U _ . (E16)
X



F.3 GENERALIZING SLIGHTLY.

A five level system with two pairs of degenerate levels.  Let us do this
explicitly using a specific degeneracy example, supposing that we have a
non-degenerate ground state, and two pairs doubly degenerate next energy
levels. That is

[ma,,) €[11)
121),122) (F.17)
131),]32).

Our change of basis matrix is

1100100
01 . 100
U=|o0! 2100 |. (F.18)
o'oo!
| |
01001 Y3
We would like to calculate
U'HU. (F.19)

Let us write this putting row and column range subscripts on our matrices
to explicitly block them into multiplication compatible sized pieces

It Oz Orras
U=102311 U2 02345
104511 Os523  Ussas
Hun Huxs Hiias

’ _
H =\H'y11 H323 Hozas|-

(F.20)

|H'4511 H'as23 H'as4s
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224 DEGENERACY AND DIAGONALIZATION.

The change of basis calculation then becomes

It Onzs Ounas |[|H'y H'ios H'iias
toryr — T

UHU= 0311 Uy, O23as||H'2si1 Hasps Hazas| X

T

(04511 Oas23 Uysys)[H'as1 H'asps H'ssas
I Oni2z Op14s
023,11 U2z 02345
(04511 O4523  Ussas]
L Onzs Onas [|H'iign H'1i2sUxsos H'1145Ussas

— T
=102311 Upps 02345 ||H'2a11 H'2323U2323 H'2345U4545

;
045,11 04523 Uys 5| 1H'as11 H'a523U2323  H'asasUssas

H' 1111 ‘ H'11.45U45.45

¥
23,23

’

:
UysasH 4545U45.45

(F21)

We see that we end up with explicitly diagonal matrices along the diagonal
blocks, but products that are otherwise everywhere else. In the new basis
our kets become

|ma,’n) = U lma,,). (F.22)

Suppose we calculate this change of basis representation for [21) (we
have implicitly assumed above that our original basis had the ordering
{I11y21),122),|31),32)}). We find

21y = U*21)
0
Lo 0 (F23)
=lo vz ollo
0
0 0 Ui,
With
U U
U, = | V2 U2
Usoi Uxm (F24)
ng Usin Usoy .
Uy, Uiy
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We find
21y = U”

21)
o]
Uon ) ) (F.25)
=|Ui,| = Ui RD+U; 5 122).

0
[ 0 |

Energy eigenvalues of the unperturbed Hamiltonian in the new basis.  Gen-
eralizing this, it is clear that for a given degeneracy level, the transformed
kets in the new basis are superposition of only the kets associated with
that degenerate level (and the kets for the non-degenerate levels are left

as is). Even better, we have for all |ma,’n) = U' |ma,,) that |mcx,’n) remain
eigenkets of the unperturbed Hamiltonian. We see that by computing the
matrix element of our Hamiltonian in the full basis. Writing

F=U'HU, (F.26)
or
H =UFU", (F27)
where F has been shown to have diagonal block diagonals, we can write
H=Hy+AUFU"
= UU'HyUU" + AUFU' (F28)
= U(U'HoU + AF)U".
In the |ma,’n) basis, our Hamiltonian’s matrix element is
H — U'HyU + AF. (F29)
When A = 0, application of this Hamiltonian to the new basis kets gives
Ho [ma’y = UTHoUU" |ma)
=U THO |ma)
= U'HY |ma)
= 7{,?1 (U i |ma/>)

(F.30)



226

DEGENERACY AND DIAGONALIZATION.

This is just
Ho |ma’y = Hyy [ma’) (F31)

a statement that the |ma’) are still the energy eigenkets for the unperturbed
system. This matches our expectations since we have seen that these differ
from the original basis elements only for degenerate energy levels, and
that these new basis elements are superpositions of only the kets for their
respective degeneracy levels.



REVIEW OF APPROXIMATION RESULTS.

G.] MOTIVATION.

Here I will summarize what I had put on a cheat sheet for the tests or exam,
if one would be allowed. While I can derive these results, memorization
unfortunately appears required for good test performance in this class, and
this will give me a good reference of what to memorize.

This set of review notes covers all the approximation methods we cov-
ered except for Fermi’s golden rule.

G.2 VARIATIONAL METHOD.

We can find an estimate of our ground state energy using

(FIHTY)

——P G.1
) @D

G.3 TIME INDEPENDENT PERTURBATION.

Given a perturbed Hamiltonian and an associated solution for the unper-
turbed state

H = Hy+AH', A1€[0,1]

(G.2)
Hy |Wma(0)> = Em(o) |'7bma(0)> >

we assume a power series solution for the energy

E, = Em(o) + AE, "V + /lem(z) +e.- (G.3)
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For a non-degenerate state |i,,) = [¥;1), with an unperturbed value of
|¢/(0) ‘//,(,?D, we seek a power series expansion of this ket in the per-
turbed system

Il!/m>=Zcmm(O> |¢, <0> +’IZ D 'wm(o)>

+ A2 Z am® [wma®) +
o |lﬁm(0)> +A4 Z érl(y;m(l) |'7”mz(0)> + /12 Z E’my;m(z) |$n<z(0)> +

ntm,a nm,a

(G4)

Any states n # m are allowed to have degeneracy. For this case, we found
to second order in energy and first order in the kets

©) 'L Bl |
E,=E, +AH,;1.m +A1 E e
: EO _ O

nfm,x ~m n

H. . ’
Wy o< [ @) + 2 —E(Off’”;(o) W) +
n#m,a n

H;I(I BT <'7bna(0)|H |"b (O)>

(G.5)

G.4 DEGENERACY.

When the initial energy eigenvalue E,, has a degeneracy y,, > 1 we use
a different approach to compute the perturbed energy eigenkets and per-
turbed energy eigenvalues. Writing the kets as |ma), then we assume that
the perturbed ket is a superposition of the kets in the degenerate energy
level

|ma)’ = Z c; |mi). (G.6)

i

We find that we must have

((EO —E)+2 [H;m;mj]) J|=0 (G.7)

67771



G.4 DEGENERACY.

Diagonalizing this matrix [H;m.,mj] (a subset of the complete H’ matrix

element)

[gmit H' 1mjy| = U [5 H ] (G.8)

we find, by taking the determinant, that the perturbed energy eigenvalues
are in the set

E=Ey+dH,,, i€[l,yul (G.9)

To compute the perturbed kets we must work in a basis for which the
block diagonal matrix elements are diagonal for all m, as in

[<mil H' Imj>] = [6,- jﬂ,;i,l.] : (G.10)

If that is not the case, then the unitary matrices of eq. (G.8) can be com-
puted, and the matrix

Ui
U,
U = . , (G.11)
Uy
can be formed. The kets
may = U [ma) (G.12)

will still be energy eigenkets of the unperturbed Hamiltonian
Hy [ma) = E° |ma), (G.13)

but also ensure that the partial diagonalization condition of eq. (G.8) is
satisfied. In this basis, dropping overbars, the first order perturbation re-
sults found previously for perturbation about a non-degenerate state also
hold, allowing us to write

m,Bsoz
Is@) = |sa) + 4 ;ﬂ ORI (G.14)
m+s
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G.5 INTERACTION PICTURE.

We split of the Hamiltonian into time independent and time dependent
parts, and also factorize the time evolution operator

H = Hy + H;(2)
i - (G.15)
las) = e 0 M (1)) = U L1) 0r(0)) -
Plugging into Schrodinger’s equation we find
.. d
lhd_t lar(0)) = Hi(0) (1)
L0 — (G.16)
h— = H;U :
N i
H;(t) — eiHol‘/ hH](t)e—iHot/ h‘
G.6 TIME DEPENDENT PERTURBATION.
We moved on to time dependent perturbations of the form
H(t) = Hy+ H'(1)
(G.17)
Hop®) = e [y ®),

where hw, are the energy eigenvalues, and |(//£,O)> the energy eigenstates

of the unperturbed Hamiltonian. Use of the interaction picture led quickly
to the problem of seeking the coefficients describing the perturbed state

ORI O

n

). (G.18)

and plugging in we found

ihis = ) H, (0 cy(r)
n

(G.19)

Wsp = Wy — Wy

HY,(0) = (0| H' () |




G.7 SUDDEN PERTURBATIONS.

Perturbation expansion in series.  Introducing a A parameterized depen-
dence in the perturbation above, and assuming a power series expansion
of our coefficients

H' () » AH'(¥)

(G.20)
es(®) = 20 + 2P0 + 2P @) + - -

we found, after equating powers of A a set of coupled differential equa-
tions

ine%@ =0
iné1) = ) H,,(ne“'c) )
n

. G.21
i) = ) HY (e e (e) (€20

Of particular value was the expansion, assuming that we started with an
initial state in energy level m before the perturbation was “turned on” (ie:
A1=0)

hy(t)) = e~iomt

W) (G22)

so that c;‘”(t) = O6nm. We then found a first order approximation for the
transition probability coefficient of

inely = H (e, (G.23)

G.7 SUDDEN PERTURBATIONS.

The idea here is that we integrate Schrodinger’s equation over the small
interval containing the changing Hamiltonian

1 !
Iw(t)>=|w(to)>+ﬁ f H(!) [y ar, (G.24)
to

and find

‘ Watter) = [Ybefore - ‘ (G.25)

An implication is that, say, we start with a system measured in a given en-
ergy, that same system after the change to the Hamiltonian will then be in
a state that is now a superposition of eigenkets from the new Hamiltonian.
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G.8 ADIABATIC PERTURBATIONS.

Given a Hamiltonian that turns on slowly at r = 0, a set of instantaneous
eigenkets for the duration of the time dependent interval, and a represen-
tation in terms of the instantaneous eigenkets

H(t) = Hy, t<0
H(®) [n(0)) = En() [in(0))
W) = ) bu(tye

) (G.26)

ay(t) = lhfot dr'E, ().

Plugging into Schrodinger’s equation we find

ﬂ == > by " <¢m(r)| Iwn(t)>

n+m

Yum(8) = (1) — (1) — (Bu(t) — Biu(2))

t (G.27)
Balt) = f ATt

Lu(0) = i{dn(0)] — Iwn(t)>

Here I',,(¢) is called the Berry phase.

Evolution of a given state. ~ Given a system initially measured with en-
ergy E,,(0) before the time dependence is “turned on”

¥ (0)) = |¢

), (G.28)

we find that the first order Taylor series expansion for the transition prob-
ability coeflicients are

by(t) = B = 1(1 = Som) ($(0)] — Iwmu)) (G.29)

If we introduce a A perturbation, separating all the (slowly changing) time
dependent part of the Hamiltonian H’ from the non time dependent parts
Hy as in

H(t) = Hy + AH' (1), (G.30)
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then we find our perturbed coeflicients are

bs(t) = Sms(1 + Aconstant)

(G.31)
—(r—@wﬂjﬁm%WM”<ws Mma»
G.9 WKB.
We write Schrédinger’s equation as
d2
0=—— +KU
dx (G.32)
P2 = 2m(E-V)
h b

and seek solutions of the form U o ¢*. Schrodinger’s equation takes the
form

~(¢'(x))* + ¢ (x) + K*(x) = 0. (G.33)

Initially setting ¢”’ = 0 we refine our approximation to find

, / k’(x)
¢’ (x) = k(x) ey = (G.34)

To first order, this gives us

U(x) \/%eii Jdsk(x), (G.35)
X

What we did not cover in class, but required in the problems was the Bohr-
Sommerfeld condition described in §24.1.2 of the text [4].

fxz dx+2m(E - V(x)) = (n + %)ﬂ'h (G.36)

X1

This was found from the WKB connection formulas, themselves found
my some Bessel function arguments that I have to admit that I did not
understand.






CLEBSH-GORDAN ZERO COEFFICIENTS.

H.] MOTIVATION.

In §28.2 of the text [4] is a statement that the Clebsh-Gordan coefficient
(myma| jm) (H.1)

unless m = mj + my. It appeared that it was related to the operation of
J, but how exactly was not obvious to me. In tutorial today we hashed
through this. Here is the details lying behind this statement

H.2 RECAP ON NOTATION.

We are taking an arbitrary two particle ket and decomposing it utilizing
an insertion of a complete set of states

my =" (i} ) [2ms) (Grmf | (ams) Lim (H.2)

ity
with j; and j, fixed, this is written with the shorthand

[j1m1) | joma) = Imymy)

. . . . (H.3)
Grmi| (Gamal |jm) = {myma| jm),
so that we write
|jm) = Z |m’1m'2> <m’1m§|jm>. (H.4)

’ ’
mym,

H.3 THE J; ACTION.

We have two ways that we can apply the operator J; to | jm). One is using
the sum above, for which we find
J; |jm)y = Z J; |m'1m’2> <m’1m§|jm>

7 ’
myny,

=h Z (m} +my) |m'1m’2> <m’1m'2|Jm>
iyl

(H.5)



236

CLEBSH-GORDAN ZERO COEFFICIENTS.

We can also act directly on |jm) and then insert a complete set of states

D |ty (| I L jim

’ ’
myny,

’ ’
mymy,

Jo |jm)
(H.6)

This provides us with the identity

m Z |m’1m'2> <m'1m'2|]m> = Z (m) +m}) |m'1m'2> <m’1m'2’]m> (H.7)
mym mym,
This equality must be valid for any |jm), and since all the kets |m’1 m’2> are

linearly independent, we must have for any m},m)
(m—m}| —m)) <m’1m§’jm> |m’1m§> =0. (H.8)

We have two ways to get this zero. One of them is a m = m| + m) con-
dition, and the other is for the CG coeff <m’1m§| jm> to be zero whenever
m # m| +m),. Itis not a difficult argument, but one that was not clear from
a read of the text (at least to me).



ONE MORE ADIABATIC PERTURBATION
DERIVATION.

.  MOTIVATION.

I liked one of the adiabatic perturbation derivations that I did to review
the material, and am recording it for reference.

1.2 BUILD UP.

In time dependent perturbation we started after noting that our ket in the
interaction picture, for a Hamiltonian H = Hy + H’(¢), took the form

las (1)) = e M |y (1)) = eV (1) |y (0)) . (1.1)

Here we have basically assumed that the time evolution can be factored
into a portion dependent on only the static portion of the Hamiltonian,
with some other operator U;(¢), providing the remainder of the time evo-
lution. From eq. (I.1) that operator Uj(¢) is found to behave according to

av; .
ih— = = M (e oy, (1.2)

but for our purposes we just assumed it existed, and used this for motiva-
tion. With the assumption that the interaction picture kets can be written
in terms of the basis kets for the system at = 0 we write our Schrodinger
ket as

) = > e g ky = > e May(n) Ky, (13)

k k

where |k) are the energy eigenkets for the initial time equation problem

Hylk) = E} |k). (L4)
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1.3 ADIABATIC CASE.

For the adiabatic problem, we assume the system is changing very slowly,
as described by the instantaneous energy eigenkets

H() k(1)) = Ex(0) k(1)) . (1.5)

Can we assume a similar representation to eq. (1.3) above, but allow |k) to
vary in time? This does not quite work since |k(¢)) are no longer eigenkets
of H()

) = > e () (o) # Y e M ay() (o)) (16)
k

k

Operating with ¢/0//" does not give the proper time evolution of [k(t)),
and we will in general have a more complex functional dependence in our
evolution operator for each |k(¢)). Instead of an wyt dependence in this
time evolution operator let us assume we have some function ay () to be
determined, and can write our ket as

W) = > e Dag(r) k(o)) (17)

k

Operating on this with our energy operator equation we have

0= ( —ih— )|w>

d .
—|g-inZ —lag
( zhdt)zk:e a [k) (1.8)
Z O ((Exay — i h(—idfay + a))) k) — i ha [K')).
k

Here I have written |k’) = d |k) /dt. In our original time dependent pertur-
bation the —ioz,’C term was —iwy, so this killed off the Ej. If we assume this
still kills off the E}, we must have

1 !
Qi = —f Ek(l,)d[/, (I1.9)
i Jo
and are left with

0=>"e ™0 (g} |k +a [£)). (1.10)
k



1.3 ADIABATIC CASE.

Bra’ing with (m| we have

0 = e7lanDg! 4 =iy (m|m’> + Z e~ g, <m|k’> , (L.11)
k#m
or
a, + ay (m'm’) =- Z e~ 1D glan(® g <m|k'> , (I.12)
k#m

The LHS is a perfect differential if we introduce an integration factor

[ mim’ .
e MM 5o we can write

- fot<’”|m'>(amef0t<mlm,>)' __ Z emion (D) gian (D g (m|k’). (1.13)
k#m

This suggests that we want to form a new function

by = ameh ™), (I14)
or

= be™ b, (L15)

Plugging this into our assumed representation we have a more concrete
form

Wy = 3 e R @ Ep ) . (L16)
k
Writing
T = i(k[K'), (1.17)
this becomes
Wy = 3 e b T4y i) (L18)
k

A final pass. Now that we have what appears to be a good representa-
tion for any given state if we wish to examine the time evolution, let us
start over, reapplying our instantaneous energy operator equality

. d
Oz(H—zhE)h//)

L d —i [l dr' (=T
(H—thE)Ze i dr @ TR, 1y (1.19)

k
~ih e h AT (il [k + b k) + b [K)
k
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ONE MORE ADIABATIC PERTURBATION DERIVATION.

Bra’ing with (m| we find

t t
=i |y dt’' (wWn=Tw); =i |, dt' (w,=T,
O=e¢ lfo (W m)lrmbm +e lj(‘) (W n)b”n

+ e—ij(‘)f dt’(wm—l"m)bm <m|ml> + Z e—ij(‘)f dt’(wk—l"k)bk <m|k1> ) (120)
k#m
Since i, = (m|m’) the first and third terms cancel leaving us just
by == e b T (i), 1.21)

k+m

where wy, = Wy — Wy and Ty, = T =T
1.4 SUMMARY.

We assumed that a ket for the system has a representation in the form

W) = > e Day () k), 1.22)

k

where ax(f) and ax(f) are given or to be determined. Application of our
energy operator identity provides us with an alternate representation that
simplifies the results

Wy = > e h @ Top (1) k(o)) (1.23)
k
With
, d
'y = — m)
T = i¢mjm’) (1.24)
Wim = Wk — Wy
Lim =T =T,

we find that our dynamics of the coefficients are related by

b;,n - _ Z e_ij(;t dl‘,(wkm_rkm)bk <m'k/> . (125)

k+m



TIME DEPENDENT PERTURBATION REVISIBED.

With

W) = - e i), (J.1)

k

apply the energy eigenvalue operator identity
0=(Hy+H’ 'hd [t)

= —1h—

0 dt
=|Ho+H - ihi Z cre” " k) J.2)

dr] & ’
= D¢ (it + H' ¢~ ibl—iener — ihcl) k).
k

Bra with (m|
Z e_iwktH;nka — ihe—iwmtc’//n’ (J3)
k
or
’ 1 =i ’
Cm — E zkl e lwkthmkck‘ (J4)

Now we can make the assumptions about the initial state and away we
£0.






SECOND FORM OF ADIABATIC APPROXIMATIO

Motivation. In class we were shown an adiabatic approximation where
we started with (or worked our way towards) a representation of the form

W) = Y e b T g, iy, (K1)

k

where |i/¢(¢)) were normalized energy eigenkets for the (slowly) evolving
Hamiltonian

H(@) (1)) = Ex(0) (D)) - (K.2)

In the problem sets we were shown a different adiabatic approximation,
where are starting point is

(1)) = Z cx(®) [Yi(0)) - (K.3)

k

For completeness, here is a walk through of the general amplitude deriva-
tion that is been used.

Guts. We operate with our energy identity once again

. d
0= (H—zhE)chllQ
k (K.4)
= Z ckEx k) — i Fic Iky — i e [K')
k

where
d
K'Yy =—lk). K.5
k) = =1 (K.5)
Bra’ing with (m|, and split the sum into k = m and k # m parts

0 =cuEn —ihc, —ihcy <m|m’) —ih Z Cr (m'k') ) (K.6)
k+m
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Again writing

Ty =i{mlm'). (K.7)
We have
1
' = — - - ). K.
€ = - Cm(Ep = L) k;ka (m|k" (K.8)

In this form we can make an “Adiabatic” approximation, dropping the
k # m terms, and integrate

dc’ 1 !
f m_ 1 f (En(t') = RTn(?))dt, (K.9)
Cm ihJo
or
cm(t)=Aexp(% f (En(t') - hrm(t’))dt’). (K.10)
0

Evaluating at ¢ = 0, fixes the integration constant for

cm(t) =Cm(0)eXp(%j(;(Em(t')— hrm(t'))dt')- (K.11)

Observe that this is very close to the starting point of the adiabatic approx-
imation we performed in class since we end up with

W)= > c(0e b THON iy (K.12)

k

So, to perform the more detailed approximation, that started with eq. (K. 1),
where we ended up with all the cross terms that had both w; and Berry
phase I'y dependence, we have only to generalize by replacing c(0) with

cr(1).



VERIFYING THE HELMHOLTZ GREEN’S
FUNCTION.

Motivation. In class this week, looking at an instance of the Helmholtz
equation

(V2 +K2) ya(r) = s(r). (L.1)
‘We were told that the Green’s function
(v2 + k2) GO(r,r’) = 6(r—r'), (L.2)

that can be used to solve for a particular solution this differential equation
via convolution

mm=f@mwmw%, L3)
had the value
1 ikjr—r’|
Owry=-——" (L.4)
4 r — 1’|

Let us try to verify this. Application of the Helmholtz differential operator
V2 + k? on the presumed solution gives

iklr—r’|

(V2 + 1K) ya(r) = —41—ﬂ f (V2 +K) ——s()d’r'. (L.5)

r — 1’|

Whenr #1’. To proceed we will need to evaluate

ikjr—r’|
S (L.6)
Ir—r’|
Writing u = |r — r’| we start with the computation of
ﬁ& = 8_,u (f - i)eikﬂ
0 0 2
X M X\ U (L.7)

8/1(, l)e”‘”
= |ik-—-|—
Ox M) u
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We see that we will have

ikp 1 ik
vl - (ik - —) S

(L.8)
H T

Taking second derivatives with respect to x we find

2 iku 2 iku iku 2 2 iku
5_e_=@_ﬂ(ik_l)e_+8_ﬂ6_ﬂie_+(5_) (l-k_l) e
oxr u  Ox?

p) uo Oxoxp? p ulon
& 1\ e (o) 2ik 2\ e
= 2B k- — ) =+ [ZE) [ -E 2 )
ox? pl p \ox pooprop
(L.9)
Our Laplacian is then
ikp 1 ikp 2ik 2 ikp
e - (ik— —) ¢ v+ (—k2 A —2) VP (L10)
Ju K w woopr) H

Now lets calculate the derivatives of u. Working on x again, we have

0 0
R - — )2 + —_ )2 + _ )2
= = =y - 2)
1 1
= =2(x—x")
2 L.11
N i
_x=x
U
So we have
r-r
Vu =
a H (L.12)
(Vi = 1.
Taking second derivatives with respect to x we find
d? 0 x—-X
a2 = ox u
1 ou 1
== —(x—X’)(,],—l;—2
H K (L.13)
1 ,x—x" 1
=—=(x-x) —
2 T
1 1
=——(x-x)P’=
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So we find

Vzlu:f—l—}l, (L.14)
or

Ve = 5 (L.15)

Inserting this and (V,u)2 into eq. (L.10) we find
ikp ikp : ikp ik
v - (ik— l) ez, (—k2 _2k, 32) £ -2 w16
H " noorp 7

This shows us that provided r # r’ we have

(V2 +K) G, 1) = 0. (L.17)

In the neighborhood of [r — 1’| < . Having shown that we end up with
zero everywhere that r # r’ we are left to consider a neighborhood of the
volume surrounding the point r in our integral. Following the Coulomb
treatment in §2.2 of [14] we use a spherical volume element centered
around r of radius €, and then convert a divergence to a surface area to
evaluate the integral away from the problematic point

1 eiklr—r/l

-— V2 + k) ——s(r')d’r
4n all space |I' -r | L.18
1 iklr—r’| (L.18)
= V2 +k?) ——s(r)d’r.
47 Jir-r/|<e Ir — 1’|

We make the change of variables r’ = r + a. We add an explicit r suffix
to our Laplacian at the same time to remind us that it is taking derivatives
with respect to the coordinates of r = (x,y,z), and not the coordinates
of our integration variable a = (ay, ay, a;). Assuming sufficient continu-
ity and “well behavedness” of s(r’) we will be able to pull it out of the
integral, giving

1 eiklr—r’l
-— V; + k) ——s(r)d’r
4r r—r’|<e |I‘ -r |
1 eiklal
=-—— V2 +K?) —s(r + a)d’a (L.19)
r |a|<e( ' ) lal
s(r) etkial

=-— V2 +K?) —d’a.
4r |a|<e( r ) |al
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Recalling the dependencies on the derivatives of |r — 1’| in our previous
gradient evaluations, we note that we have

Vir—r'| = —V,al
(Velr='|)" = (Valal)® (L.20)
Vir-r| = Vilal,

so with a = r —r’, we can rewrite our Laplacian as

5 eiklr—r'l 5 eiklal ik|a|
= =V, |Va.—]. L.21
oo A ( g |a|) (h2h
This gives us
s(r)
S (Vi+ k2>
T Jjal<e |
=—@ ( lklal) d’a _3® kzﬂd% (L.22)
47 4 Jav |a|
— @ v el .ﬁdza_@ kZﬂcﬁa
4r * Jal 4n Jav - lal

To complete these evaluations, we can now employ a spherical coordinate
change of variables. Let us do the k? volume integral first. We have

eiklal € T 271 ika
f KRS Pa= f f f K2
av lal a=0 Jo=0 Jgp=0

€
= 4xk? f ae™da
a=0

ke (L.23)
=4x f ue™du
u=0

a*dasin 0d0de

= dr(—iu+ De|(€
= 4r ((~ike + e~ 1).
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To evaluate the surface integral we note that we will require only the radial
portion of the gradient, so have

1k|a| . O e A
( ||)a (aaaa)a
_ 0 eika
da a (L.24)
(lkl _ l)eika
a a?

elka

= (ika -1
(ika-1) S

Our area element is a® sin d6d¢, so we are left with

zk|a| ka
f ( ) adza—f f (tka-1) 5a 2 5in 0dOd¢
|a| =0 Jp=0 see (L.25)

= 4n (ike — 1) e'*€,

Putting everything back together we have

1 eiklr—r/|
— V2 +k?) ——s(r)d’r
47 Jan space r —r’|
= —s(r) ((_lkf + 1)eik€ —1+ (lk€ _ l) eike) (L26)
= —s(r) (ke + 1 + ike = e — 1).
This is just
1 okle=r'|
4n V2 +K?) —s(0)dr’ = s(r). (L.27)
47 Jan space r — 1’|

This completes the desired verification of the Green’s function for the
Helmholtz operator. Observe the perfect cancellation here, so the limit of
€ — 0 can be independent of how large k is made. You have to complete
the integrals for both the Laplacian and the k? portions of the integrals
and add them, before taking any limits, or else you will get into trouble
(as I did in my first attempt).
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MATHEMATICA NOTEBOOKS.

These Mathematica notebooks, some just trivial ones used to generate
figures, others more elaborate, and perhaps some even polished, can be
found in

https://github.com/peeterjoot/mathematica/tree/master/phy456/.

The free Wolfram CDF player, is capable of read-only viewing these
notebooks to some extent.

Files saved explicitly as CDF have interactive content that can be ex-
plored with the CDF player.

e Sep 15,2011 desai_S_24_2_1_verify.nb
Some integrals related to QM hydrogen atom energy expectation
values.

e Sep 24, 2011 ps2_p2_verify_normalization.nb

Some trig integrals that I didn’t feel like doing manually.

e Sep 24, 2011 exponential_integrals.nb
More Gaussian integrals and some that Mathematica didn’t know
how to do.

e Sep 28, 2011 problem_set_3_integrals.nb

Some Gaussian integrals.

e Oct 22,2011 24.4.3_attempt_with_mathematica.nb

Some variational method calculations for QM energy estimation.

e Oct 5, 2011 gaussian_fitting_for_abs_function.nb
Hankle function fitting for e”-b|x| and related plots.

e Oct 6, 2011 stackoverflow_expNth_unknown.nb

Stripped down example notebook for stackoverflow question about
Derivative[2] not behaving well.


https://github.com/peeterjoot/mathematica/tree/master/phy456/
http://www.wolfram.com/cdf-player/
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/desai_S_24_2_1_verify.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/ps2_p2_verify_normalization.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/exponential_integrals.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/problem_set_3_integrals.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/24.4.3_attempt_with_mathematica.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/gaussian_fitting_for_abs_function.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/stackoverflow_expNth_unknown.nb
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Oct 6, 2011 stackoverflow_question_about_listable.nb

Stripped down example notebook for stackoverflow question about
Listable attribute defaults.

Oct 8, 2011 gqmTwoL8figures.nb

Plot of Gaussian weighted cosine, its Fourier transform, and figure
for perturbation of Harmonic oscillator system.

Oct 9, 2011 gqmTwoL9figures.nb

Sinusoid plot turned on at t_0 and ongoing from there.

Oct 10, 2011 problem_set_4,_problem_2.nb

Some trig integrals that Mathematica didn’t evaluate correctly. Don’t
trust a tool without thinking whether the results are good!

Oct 15, 2011 desai_24_4_4.nb

Another worked variational method problem.

Oct 15, 2011 desai_24_4_5.nb

Another worked variational method problem.

Oct 15, 2011 desai_24_4_6.nb

Another worked variational method problem. Looks like I've learned
about the /. operator for evaluating variables with values.

Oct 15, 2011 gmTwoL 10figures.nb

Some sinc function plots. Learned how to use Manipulate to make
sliders.

Oct 16, 2011 desai_attempt_to_verify_section_16.3.nb

Some energy expectation value calculations.

Oct 17,2011 gmTwoL11figures.nb

Some vector addition and function translation figures.

Oct 18, 2011 problem_set_5_integrals.nb

Some integrals of first order linear polynomials.

Oct 19, 2011 gmTwoL12_figures.nb

Some step and rect function plots.


https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/stackoverflow_question_about_listable.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/qmTwoL8figures.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/qmTwoL9figures.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/problem_set_4,_problem_2.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/desai_24_4_4.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/desai_24_4_5.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/desai_24_4_6.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/qmTwoL10figures.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/desai_attempt_to_verify_section_16.3.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/qmTwoL11figures.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/problem_set_5_integrals.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/qmTwoL12_figures.nb

MATHEMATICA NOTEBOOKS.

Oct 31, 2011 plot_question.nb

Another stackoverflow mathematica question. Why no output in my
plot. Learned about Mathematica local and global variables as a
result.

Oct 31, 2011 ps7_rotation_matrix_orthonormal.nb

A sanity check on a rotation matrix calculated as part of a problem
set.

Dec 17,2011 gmTwoExamReflection.cdf

Exam problem 2a. Calculate the matrix of a Perturbation Hamilto-
nian —u,; - E with respect to the n = 2 hydrogen atom wave func-
tions.

March 28, 2013 24.4.3.newAttempt.nb

A new attempt at Desai 24.4.3 from scratch. This one has an error,
as did the original. The original is now fixed.

Apr 19, 2020 hydrogenGroundStateFig2.nb

Plot of the magnitude of the hydrogen ground state wavefunction.

Apr 19, 2020 hydrogenGroundState Variational.nb

An attempt to confirm the variational calculations for the Hydrogen
ground state energy. I cannot reproduce what was shown in class.

Apr 20, 2020 kineticEnergyGreaterThanPotentialFig9.nb

Plot of Kinetic Energy greater than various potentials (scattering).
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https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/plot_question.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/ps7_rotation_matrix_orthonormal.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/qmTwoExamReflection.cdf
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/24.4.3.newAttempt.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/hydrogenGroundStateFig2.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/hydrogenGroundStateVariational.nb
https://raw.githubusercontent.com/peeterjoot/mathematica/master/phy456/kineticEnergyGreaterThanPotentialFig9.nb
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