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Elliptical motion from Newton’s law of gravitation.

We found previously that

r̂′ =
1
r

r̂
(
r̂ ∧ x′

)
. (1.1)

Somewhat remarkably, we can use this identity to demonstrate that orbits governed gravitational force
are elliptical (or parabolic, or hyperbolic.) This ends up being possible because the angular momentum
of the system is a conserved quantity, and this immediately introduces angular momentum into the mix
in a fundamental way. In particular,

r̂′ =
1

mr2 r̂L, (1.2)

where we define the angular momentum bivector as

L = x ∧ p. (1.3)

Our gravitational law is

m
dv
dt

= −GmM
r̂
r2 , (1.4)

or
− 1

GM
dv
dt

=
r̂
r2 . (1.5)

Combining the gravitational law with our r̂ derivative identity, we have

dr̂
dt

=
1
m

r̂
r2 L

= − 1
GmM

dv
dt

L

= − 1
GmM

(
d(vL)

dt
− dL

dt

)
.

(1.6)

Since angular momentum is a constant of motion of the system, means that

dL
dt

= 0, (1.7)
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our equation of motion is integratable

dr̂
dt

= − 1
GmM

d(vL)
dt

. (1.8)

Introducing a vector valued integration constant −e, we have

r̂ = − 1
GmM

vL − e. (1.9)

We’ve transformed our second order differential equation to a first order equation, one that does not
look easy to integrate one more time. Luckily, we do not have to integrate, and can partially solve this
algebraically, enough to describe the orbit in a compact fashion.

Before trying that, it’s worth quickly demonstrating that this equation is not a multivector equation,
but a vector equation, since the multivector vL is, in fact, vector valued.

vL = v (x ∧ (mv))
∝ v̂ (r̂ ∧ v̂)
= v̂ · (r̂ ∧ v̂) + v̂ ∧ (r̂ ∧ v̂)
= v̂ · (r̂ ∧ v̂)
= (v̂ · r̂) v̂ − r̂,

(1.10)

which is a vector (i.e.: a vector that is directed along the portion of x that is perpendicular to v.)
We can reduce eq. (1.9) to a scalar equation by dotting with x = rr̂, leaving

r = − 1
GmM

⟨xvL⟩ − x · e

= − 1
Gm2M

⟨xpL⟩ − x · e

= − 1
Gm2M

⟨(x · p + L) L⟩ − x · e

= − 1
Gm2M

L2 − x · e,

(1.11)

or

r = − L2

GMm2 − re cos θ, (1.12)

or

r (1 + e cos θ) = − L2

GMm2 . (1.13)

Observe that the RHS constant is a positive constant, since L2 ≤ 0. This has the structure of a conic
section, if we write

− L2

GMm2 = ed. (1.14)

This is an ellipse, for e ∈ [0, 1), a parabola for e = 1, and hyperbola for e > 1 ([1] theorem 10.3.1). In
fig. 1.1 is a plot with e = 0.75 (changing d doesn’t change the shape of the figure, just the size.)
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Figure 1.1: Ellipse with e = 0.75.
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