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Computing the adjoint matrix

I started reviewing a book draft that mentions the adjoint in passing, but I've forgotten what I knew
about the adjoint (not counting self-adjoint operators, which is different.) I do recall that adjoint matrices
were covered in high school linear algebra (now 30+ years ago!), but never really used after that.

It appears that the basic property of the adjoint adj M of a matrix M, when it exists, is

M(adj M) = |M|I, (1.1)

so it’s proportional to the inverse, where the numerical factor is the determinant of that matrix. Let’s try
to compute this beastie for 1D, 2D, and 3D cases.

1.1 Round L
1.1.1 Simplest case: 1 x 1 matrix.

For a one by one matrix, say

the determinant is just |[M| = m11, so our adjoint is the identity matrix
adjM = [1]. (1.3)

Not too interesting. Let’s try the 2D case.

1.1.2 Less trivial case: 2 X 2 matrix.

For the 2D case, let’s define our matrix as a pair of column vectors

M = [ml mz] , (1-4)
and let’s write the adjoint out in full in coordinates as
adj M = {”“ ”12} . (1.5)
21 a2



We seek solutions to a pair of vector equations

maj; + moay = [M|ey

(1.6)
miaqp + mpdyy = |M|82.
We can immediately solve either of these, by taking wedge products, yielding
(my Amp)a; + mepA-mpay = M| (e1 Amy
my-A-miag + (m1 A mz) ay| = ‘M’ mi A e (1 7)

(my A mp) ap + maA-mizay = | M|
myAnag + (mp Amy) axp = | M|

A~~~ N /N

)
)
e /\mz)
mi; Aep).

Provided the determinant is non-zero, we can divide both sides by m; A my = |M|ey; to find a single
determinant for each element in the adjoint

an = ‘el mz‘
a1 = ’m1 el‘ (1.8)
a2 = ’ez mz‘
ax = ’m1 ez‘
or
}91 mz‘ ‘ez mz‘
adjM = , (1.9)
mi e [mi e
or with A = adjM
Ajj =€y lej m,

) (1.10)

where €;, is the completely antisymmetric tensor, and the Einstein summation convention is in effect
(summation implied over any repeated indexes.)

Check: ~ We should verify that expanding these determinants explicitly reproduces the usual represen-
tation of the 2D adjoint:

1
‘61 mz‘ = Z;i =M
mi e = [0 gf = (1.11)
‘ez mz‘ = 0 = —my2 |
1 mao
’ml 92‘ = Zi (1) =My,




or

adj M = [ 22 _”“2] . (1.12)
—Mmy1 M
Multiplying everything out should give us determinant weighted identity
M(adj M) = [mu mu] [ m23 —mlz}
Mp1 Mpp| | —Mp1 My

1 0 1.13
(mllmZZ - m12m21) [0 1] ( )

= M1,

as expected.

1.1.3 3D case: 3 x 3 matrix.

For the 3D case, let’s also define our matrix as column vectors
M=[m; m; mj], (1.14)
and let’s write the adjoint out in full in coordinates as
air 42 a3

ade= az1 dpy A3 | . (1.15)
az1 Aasy 4as3

This time, we seek solutions to three vector equations

miaq +mpdy] + M3dz; = \M]el
miap; + maay + maaz = |Mle; (1.16)
m;ai3 + Mpass + maazz = |M|es,

and can immediately solve, once again, by taking wedge products, yielding

(mq Amp Amg3)a; + my Amo/AM3ay + M3 Amy/AmMzaz = [M|e; Amy Ams
my AmrAmzag + (my Amy Amg)ay +mp AmsAmzaz = [M{m; Ae; Amg
m; Amy/AMay + mp AmyAmMay + (my Amp Amg)az = [M|mg Amp A eq
(my Amy Amg)ap + my AmyAM3ax + M3 Amy/A M3z = [M|ex; A my Amg
my AmAmzag + (my Amy Amg)axp +mp AmsAmzazn = [M{m; A ey Amg (1.17)
my Amy /A agp + My Amg/AMoa + (my Amy Amg)azp = [M{m; Amp A ey
(my A my Amg3) a3+ my AmyAMm3a + ma Amy/Amzaz = [M|e3 A my Amg
my AmAmzags + (my Amy Amg)ax +m AmzAmzaz = [M{m; A ez Amg
my Amy /A a3 + My Amy/AMoas + (my Amy Amg)azz = [M{m; Amp Aes,



Like before, provided the determinant is non-zero, we can divide both sides by m; A my A m3 = |[M|ej23
to find a single determinant for each element in the adjoint

_‘el mo mg‘ ‘ez my 1’1’13‘ ‘63 my mg‘
ade: ‘ml €1 1’1’13‘ ‘ml € m3‘ ‘ml €3 m3‘

_‘ml mo el‘ ‘ml mo ez‘ ‘ml mo 83‘

- B (1.18)
‘el myp m3‘ ‘ey_ mo l’ng‘ ‘63 mo l’n3‘
=|les m3 my| |e2 m3 my| |e3 mz my||,
[[e1 m; my| [ez m; my| |ez my my|]
or .
Ai]'=%‘e]' m, ms‘. (119)

Observe that the inclusion of the e; column vector in this determinant, means that we really need only
compute a 2 x 2 determinant for each adjoint matrix element. That is

(—1Y€irs€jap
(21)?

Mgy Mgs

. 1.20
Mpy Mg ( )

Al']' =

This looks a lot like the usual minor/cofactor recipe, but written out explicitly for each element, using
the antisymmetric tensor to encode the index alternation. It’s worth noting that there may be an error or
subtle difference from the usual in my formulation, since wikipedia defines the adjoint as the transpose
of the cofactor matrix, see: [1].

1.1.4 General case: n X n matrix.

It appears that if we wanted an induction hypotheses for the general n > 1 case, the ij element of the
adjoint matrix is likely

A= €isysp---5,_1
ij = 7 a4\

Sy my mo |

. My s tet Myys, 121
_ (_1)]€i717’2"'7’i1—]€j5]52"'5n—1 v 1.n ' ( )

((n—1)1)?

Mp, 45y =0 My 5,4

I'm not going to try to prove this, inductively or otherwise.



1.2 Round II.

We found determinant expressions for the matrix elements of the adjoint for 2D and 3D matrices M.
However, we can extract additional structure from each of those results.

1.2.1 2D case.

Given a matrix expressed in block matrix form in terms of it’s columns
M= [ml mz] , (1.22)
we found that the adjoint adj M satisfying M(adj M) = |[M|I had the structure

e mol Jer mo
adj M = (1.23)

m; e |my e

We initially had wedge product expressions for each of these matrix elements, and can discover our
structure by putting back those wedge products. Modulo sign, each of these matrix elemens has the
form

= ((einmy)it)
= (em; —ei-m))i™") (1.24
femi )
=e - m]i_l> ,
where i = ejp. The adjoint matrix is
adjp= | lma) e - (ma) ). (1.25)

If we use a column vector representation of the vectors mjifl, we can write the adjoint in a compact
hybrid geometric-algebra matrix form

(mqi)"

adjM = [_ (m2i>T] . (1.26)




Check:  Let’s see if this works, by multiplying with M
. — (myi)T
adj MM = (i) [m;  my]
(1.27)
_ [— (m2i>T m; — (mzi)T m2]

(mli)T mq (m1i)T my
Those dot products have the form
(mji)Tmi = (m]l) - m;
= ((mji) mi) (128)
= <—1m]-ml->
=—1i (m] VAN mz-) ,

so
i(my Amy) 0

dj MM = .
) 0 —i(m; Amy) (1.29)

= M.

We find the determinant weighted identity that we expected. Our methods are a bit schizophrenic,
switching fluidly between matrix and geometric algebra representations, but provided we are careful
enough, this isn’t problematic.

1.2.2 3D case.

Now, let’s look at the 3D case, where we assume a column vector representation of the matrix of interest
M=[m; m; mj], (1.30)
and try to simplify the expression we found for the adjoint
le; my; m3| |e2 my; m3| |e3 m; my]
adjM = [|e; m3 my| |e; m3 my| |e3 mz my||. (1.31)

’el m; my| ]ez m; my| ]e3 m; mz‘



As with the 2D case, let’s re-express these determinants in wedge product form. We’ll write I = eqp3, and

find

le; m; my|= e/\m]/\rnk)l1

e; AmjAmy) I~ 1>

We see that we can put the adjoint in block matrix form

(mz X m3)T
adjM = | (m3 x my)"

(m1 X mz)T

Check:

adj MM [m; m; ms]

mq (mz X m3)T mp
m, (m3 X m1)T my
m; (mg X mz)T my

L
E T

(
(l

:< e m]/\mk ez-(m]-/\mk))l_1>
(e

(mz X m3)T m3
(m3 X m1)T ms
(m1 X mz)T m3

(1.32)

(1.33)

(1.34)

Essentially, we found that the rows of the adjoint matrix are each parallel to the reciprocal frame
vectors of the columns of M. This makes sense, as the reciprocal frame encodes a generalized inverse of

sorts.

1.3 Bivector transformation .

The draft of the book I was reading pointed out if a vector transforms as

v — My,

then cross products must transform as

axb— (adjM)" (axDb).

(1.35)

(1.36)



Bivectors clearly must transform in the same fashion. We also noticed that the adjoint is related to the
reciprocal frame vectors of the columns of M, but didn’t examine the reciprocal frame formulation of the
adjoint in any detail.

Before we do that, let’s consider a slightly simpler case, the transformation of a pseudoscalar. That is

M(a) A M(b) A M(c) = Y (ma;) A (mjaj) A (myay)
ik
= Z (mi Amj A mk) aibjck
ik
= Z (m1 Amy A m3) eijkaibjck (1.37)
ijk
= |M| ) _eipaibjcy
ijk
=|M|(aAbAc).

This is a well known geometric algebra result (called an outermorphism transformation.)

It's somewhat amusing that an outermorphism transformation with two wedged vectors is a bit more
complicated to express than the same for three. Let’s see if we can find a coordinate free form for such a
transformation.

M(a) A M(b) = Z (miai) N (m]b])
i
=) (mi Amy) aib,
]

(1.38)
:E(mi/\m]-) ; Zj
= Z (m; Amj) ((anb)-(ejAe)).
i<j

Recall that the reciprocal frame with respect to the basis {m;, my, m3 }, assuming this is a non-degenerate
basis, has elements of the form

m! = (my A mj) ;
m; Amy Amg
1
2
= A _ 1.39
m (m3 ml) mq A myp A ms3 ( )
1

3
= Amy) ————— .
m (ml mz) m; Amy Amg

This can be flipped around as
m; A mz = m'|M|I
m3 Am; = m?|M|I (1.40)

m; Amy = m®|M|I



M(a) A M(b)
=(m; Amy)((aAb)-(exNer))+(myAms3)((aAb)-(esANep))+(m3sAmg)((aAb)-(egAez))

= I|M| (m3 ((aAb)-(esAer))+m! ((aAb)-(esAer))+m?((aAb)- (e /\e3)))

(1.41)
Let’s see if we can simplify one of these double index quantities
[((anb)-(exAer))=(I((aAb)-(ex/e1)));
— (I(anb) (e A 1))
= ((aADb) e1x21); (1.42)
- ((aAb)es),
=aAbAe;
We have
M(a) A M(b) = | M| ((a AbAe)m'+(aAbAe)m?+(aAbAes) m3> (1.43)
Using summation convention, we can now express the transformation of a bivector B as just
B — |M|(BAe;)m'. (1.44)

If we are interested in the transformation of a pseudovector v defined implicitly as the dual of a bivector
B = Iv, where
BAe = (Ivei>3 = I(v-ei). (1.45)

This leaves us with a transformation rule for cross products equivalent to the adjoint relation eq. (1.36)
(axb) — (axb)-e]|Mm', (1.46)

As intuited, the determinant weighted reciprocal frame vectors for the columns of the transformation
M, are the components of the adjoint. That is

(adjiM)" = |M| [m! m? m?]. (1.47)
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