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Triangle area problem: REVISITED.

On LinkedIn, James asked for ideas about how to solve What is the total area of ABC? You should be

able to solve this! using geometric algebra.

I found one way, but suspect it’s not the easiest way to solve the problem.

To start with I've re-sketched the triangle with the areas slightly more to scale in fig. 1.1, where areas
A1 =40, Ay =30, Az = 35, A4 = 84 are given. The aim is to find the total area ) A;.
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Figure 1.1: Triangle with given areas.

(0]

If we had the vertex and center locations as vectors, we could easily compute the total area, but we
don’t. We also don’t know the locations of the edge intersections, but can calculate those, as they satisfy

D251A=B+t1(C—B)
E=5,C=A+f,(B—A) (1.1)
F=SgB=A+t3(C—A).

It turns out that the problem is over specified, and we will only need D, E. To find those, we may
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eliminate the t;’s by wedging appropriately (or equivalently, using Cramer’s rule), to find
siAN(C—B)=BA(C—B)

$5CA(B—A)=AA(B—A), 12
o .. BAC
'"AA(C—B)

_ AAB (1.3)
2= CAB-A)

Now let’s introduce some scalar area variables, each pseudoscalar multiples of bivector area elements,
withi = eje;

X=(AAB)i'=|A B
Y=(CAB)i~ \C B| (1.4)
Z=(AANQ)i”

Note that the orientation of all of these has been p1cked to have a positive orientation matching the
figure, and that the triangle area that we seek for this problem is 1/2|A A B| = X /2.
The intersection parameters, after cancelling pseudoscalar factors, are

o = BAC =Y
'""AAC-AANB Z-X 15
AANB X (1.5)
2T CAB-CAA Y+Z7'
so the intersection points are
Y
D=A—
Xx Z (1.6)
E=C .
Y+Z
Observe that both scalar factors are positive (i.e.: X > Z.)
We may now express all the known areas in terms of our area variables
1
Aq =5 (DACQ)i~
Ar+ Ay _%(A/\C)i’l
1
Aj+Ay+ A3 = (AANE)i!
2 1.7)
1 (1.
Ar=5((A=D)A(C=D))i!
1
As=>((A-C)A(E-CQ))i!
1
As= > ((B=C)A(F-Q))i "



As mentioned, the problem is over specified, and we can get away with just the first three of these
relations to solve for total area. Eliminating D, E from those, gives us

1Y 1 Z( Y
A1_§7X_Z(AAC)1 ‘2<X—z>’ (1.8)
A1+ Ay = 1 (ANC)il= 5, (1.9)
2 2
and ,
A1+A2+A3:§(A/\E)i‘1
1 X
_ 1 1.10
Z(A/\C)Y+Z ( )
_Z X
C2Y+Z

Let’s eliminate Z to start with, leaving

Aq (X —2A1 — 2A2) =Y (A1 + Az)

1.11
(A1+A2+A3) (Y+2A1+2A2) = (A1+A2) X. ( )
Solving for Y yields
(Al + Az) X X
Y=-2A-2A0+ ———FF—=(A1+A) | 2+ —F+— 1.12
A vy S A N v vy v (1.12)
and back substution leaves us with a linear equation in X
(A1 + Az)? I JREE SR P (X —2A; —2A,) (1.13)
! 2 A1+ A+ Az - ! 2/ '
This is easily solved to find
§_(A1+A2)A2(A1+A2+A3) (114)

2 Az (Al + Az) — A1A3

Plugging in the numeric values for the problem solves it, giving a total triangular area of 3 (A AB)i~! =
X /2 =315.
Now, I'll have to watch the video and see how he solved it.
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