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A fun ellipse related integral.

1.1 Motivation.

This was a problem I found on twitter ([2])
Find

I =
∫ π

0

dx
a2 cos2 x + b2 sin2 x

. (1.1)

I posted my solution there (as a screenshot), but had a sign wrong. Here’s a correction.

1.2 Solution.

Let’s first assume we aren’t interested in the a2 = b2, nor either of the a = 0, b = 0 cases (if either of a, b is
zero, then the integral is divergent.)

We can make a couple simple transformations to start with

cos2 x =
cos(2x) + 1

2

sin2 x =
1 − cos(2x)

2
,

(1.2)

and then u = 2x, for dx = du/2

I =
∫ 2π

0
2

du/2
a2 (1 + cos u) + b2 (1 − cos u)

=
∫ 2π

0

du
(a2 − b2) cos u + a2 + b2 .

(1.3)

There is probably a simple way to evaluate this integral, but let’s try it the fun way, using contour

1



integration. Following examples from [1], let z = eiu, where dz = izdu, and α =
(
a2 + b2) /(a2 − b2), for

I =
∮
|z|=1

dz/(iz)
(a2 − b2)

(
z + 1

z

)
/2 + a2 + b2

=
2

i (a2 − b2)

∮
|z|=1

dz
z
(
z + 1

z + 2α
)

=
2

i (a2 − b2)

∮
|z|=1

dz
z2 + 2αz + 1

=
2

i (a2 − b2)

∮
|z|=1

dz(
z + α −

√
α2 − 1

) (
z + α +

√
α2 − 1

) .

(1.4)

There is a single enclosed pole on the real axis. For a2 > b2 where α > 0 that pole is at z = −α +
√

α2 − 1,
so the integral is

I = 2πi
2

i (a2 − b2)

1
z + α +

√
α2 − 1

∣∣∣∣
z=−α+

√
α2−1

=
4π

a2 − b2
1

2
√

α2 − 1

=
4π

2
√
(a2 + b2)2 − (a2 − b2)2

=
2π√
4a2b2

=
π

|ab| ,

(1.5)

and for a2 < b2 where α < 0, the enclosed pole is at z = −α −
√

α2 − 1, where

I = 2πi
2

i (a2 − b2)

1
z + α −

√
α2 − 1

∣∣∣∣
z=−α−

√
α2−1

=
4π

a2 − b2
1

−2
√

α2 − 1

=
4π

b2 − a2
1

2
√

α2 − 1

=
4π

2
√
(a2 + b2)2 − (b2 − a2)2

=
2π√
4a2b2

=
π

|ab| .

(1.6)

Observe that this also holds for the a = b case.
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