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Green’s functions for the Helmholtz (wave equation) operator in various
dimensions

My favorite book on mathematical physics derives the Green’s function for the 3D Helmholtz (wave
equation) operator. I tried to derive the 2D Green’s function the same way and had trouble. In this series
of blog posts, I'll attempt that again, but will start with the easier 1D and 3D cases. Presuming that I
don’t hit any conceptual troubles trying both of those from first principles, I'll attempt the seemingly
trickier 2D case again.

1.1 Motivation and background.

We seek a solution to non-homogeneous Helmholtz equation
0= (V2 + kz) U(x) — V(). (1.1)

This is a problem that can be solved using Fourier transform techniques. Following [2], let’s write our
transform pair in the symmetrical form:
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Expressing U(x), V(x), in terms of their Fourier transforms, eq. (1.1) becomes
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We can now inverse transform to find U(x), which gives
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The general solution is given by
U(x) = / G(x, X)V(X')dx, (1.6)

where G(x, x') is called the Green’s function, and has the form
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Equivalently, if we presume that a solution of the form eq. (1.6) can be found, and operate on that with
the Helmholtz operator V2 + k2, we find

(V2 +#) Ux) = / (V2 +8) G X)V(x)dx = V(x), (1.8)
which requires that our Green'’s function G(x, x’) has the functional form

(V2 + kz) G(x,x') = 8(x — X). (1.9)

1.2 Evaluating the Green’s function in 1D.

For the one dimensional case, we want to evaluate

Gu) = — - / = i elrdp, (1.10)
an integral which is unfortunately non-convergent. Since we are dealing with delta functions, it is not
surprising that we have convergence problems. The technique used in the book is to displace the pole
slightly by a small imaginary amount, and then take the limit.
That is
G(u) = lim Ge(u), (1.11)
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For u > 0 we can use an upper half plane infinite semicircular contour integral, as illustrated in fig. 1.1,
where we let R — 0.
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Figure 1.1: Contour for u > 0.

The residue calculation for that contour gives
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For u < 0 we can use a lower half plane infinite semicircular contour, as illustrated in fig. 1.2. For this



Figure 1.2: Contour for u < 0.

contour, we find '
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We find that our Green’s function is

(xu)=gii%%532d”ﬂ. (1.15)

Let’s plug this into the convolution integral to see the form of the general solution

U(x) = —ﬁ o sgn(x — x')e =1y (x")dx. (1.16)

We want to break this integral into two regions
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separating the integral into regions where x > x’ and x < x’ respectively. That is
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This isn’t the most general solution, as we can also add any solution to the homogeneous Helmholtz
equation. That is
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The real and imaginary parts of this equation must also be independent solutions. For example, taking
the real parts, we find the following general solution

U(x) = A cos (kx) + B sin (kx)+% / ) Sm(k(;{‘_x/) = / sin (k=) y ey, (1.20)

1.2.1 A strictly causal solution.
It is interesting that the specific solution above has equal causal and acausal contributions. Such a solu-

tion (outside of QFT) is generally undesirable. We can construct a specific solution that is either causal
or acausal by picking just one of the integrals above, instead of averaging. For example, let
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We can verify that this is a specific solution to our equation using the identity
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Taking the first derivative of f(x), we find
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where we have, somewhat lazily, treated the infinite limit as a constant. Effectively, this requires that the
forcing function V(x) is zero at —co. Taking the second derivative, we have
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or
d2
T2 f+ K f(x) = V(x). (1.25)

This verifies that eq. (1.21) is also a specific solution to the wave equation, as expected and desired.
It appears that the general solution is likely of the following form
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with a € [0, 1].
It’s pretty cool that we can completely solve the 1D forced wave equation, for any forcing function,
from first principles. Yes, I took liberties that would make a mathematician cringe, but we are telling a
story, and leaving the footnotes to somebody else.

1.2.2 More specific boundary constraints.

Just as we have the freedom to add any homogeneous solution to our specific convolution based solution,
we may do so for the Green’s function itself. Our process above, implicitly assumes that we are interested
in infinite boundary value constraints. Should we wish to impose different boundary constraints, we can
form

Gu) = Acf 4+ Bk _ jsz‘;zf]l(u)ejk\Ll\’ (1.27)
but must then use the boundary value constraints to determine the desired form of the Green’s function,

using the two degrees of freedom to do so. That’s also an interesting topic, and would be good to also
visit in a followup post.

1.3 3D Green’s function.

The 3D Green’s function that we wish to try to evaluate is
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We will have to displace the pole again, but we will get to that in a bit. First let’s make a spherical change
of variables to evaluate the integral, with

p = p (sina cos ¢, sin a sin ¢, cos &) (1.29)
r = |r|es.

This gives
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Let t = cos a, to find
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In the last step, we’ve displaced the pole so that we can evaluate it using an infinite upper half plane
semicircular contour, as illustrated in fig. 1.3. Which pole we choose depends on the sign we pick for the
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Figure 1.3: Contours for 3D Green’s function evaluation



“small” pole displacement €. For the € > 0 case, we find
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The Green'’s function has the structure of either an outgoing or incoming spherical wave, with inverse
radial amplitude:

Goxx) =~ 134
(x,x) = —m- (1.34)
1.4 2D Green’s function.
Okay, now let’s do the 2D Green'’s function evaluation. Our starting place is
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With a change of variables to polar coordinates, letting

p = p (cos¢,sin¢)
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we can make the integral explicit

Unlike the 3D case, where the angular dependence could be trivially evaluated, we are no longer so
lucky. What on earth can we do with the ¢ integral? Just like Hilter’s lament about “undoable integrals
in Jackson”, we are faced with the same enemy. As it turns out, due to the cylindrical symmetry of the
problem, we are also staring down the gun of Bessel functions. Both Mathematica and Grok point out
that we can evaluate integrals of this form, like so:
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From [2] we have two representations of J,, a series representation and integral representation
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In particular, this means that
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This is a damped sine like function, as illustrated in fig. 1.4.
In §6.9, both of these are derived from a generating function representation of the Bessel functions,
and one of the intermediate steps in that construction has
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where the [—7, 7] range was the result of a contour integration using a unit circle parameterization,
which could have also used [0, 27r]. That means, sure enough, that we have
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as claimed by both Grok and Mathematica.


https://youtu.be/mm-4PltMB2A
https://youtu.be/mm-4PltMB2A
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Figure 1.4: Bessel function of zeroth order.

This means that the evaluation of the Green’s function is now reduced to the limit of one final integral
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where we’ve also displaced the problematic pole by a small imaginary amount as before. Grok incor-
rectly claimed that this was an even integral, and then argued that the end result is a Hankle function
(that may be the case, but it’s reasoning to get there was clearly wrong.) Mathematica, on the other hand,
can evaluate this integral
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It's not clear to me why Mathematica writes the argument as 1 over a reciprocal root. Perhaps that has
something to do with the branch cut that Mathematica uses for it’s square root function? If I plug in
representitive numeric values, it simplifies in the expected way, as illustrated in fig. 1.5.

In[129]:= With[{k = 7},
1/ (1/Sqrt[0.0000001 -Ik]"2) //N]

out[129]= 1. x 1077 - 7. i

Figure 1.5: Mathematica weird Bessel argument.

The take away appears to be that the limiting form of the 2D Green’s function, for k > 0, is

G(x,x') = —%KO (—jk‘x — x") . (1.45)
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A peek at [1] shows that Ky can be expressed in terms of a Hankel function of the first kind (order 0)
H{V(2) = Jo(z) + }Yo(2), plotted in fig. 1.6.
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For real positive a, we have

SO

15}

1.0k

. 7T
Ko(—jo) = 22 @),

G(x,x') = —A]IH(()l)(k\x —X|).

11

— ReH|"(x)
— ImH"(x)

1H" ()

Figure 1.6: Hankel function of the first kind (order 0).

(1.46)

(1.47)



Bibliography

[1] M. Abramowitz and I.A. Stegun. Handbook of mathematical functions with formulas, graphs, and mathe-
matical tables, volume 55. Dover publications, 1964. 1.4

[2] EW. Byron and R.-W. Fuller. Mathematics of Classical and Quantum Physics. Dover Publications, 1992.
11,14

12



	Green's functions for the Helmholtz (wave equation) operator in various dimensions
	Motivation and background.
	Evaluating the Green's function in 1D.
	A strictly causal solution.
	More specific boundary constraints.

	3D Green's function.
	2D Green's function.


