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Green’s function for the wave equation

The Green’s function(s) G(r, τ) for the 3D wave equation(
∇2 − 1

c2
∂2

∂t2

)
G(r, τ) = δ(r)δ(τ), (1.1)

where
r = x − x′

r = |r|
τ = t − t′,

(1.2)

is
G(r, τ) = − 1

4πr
δ(±τ − r/c). (1.3)

Here the positive case is the retarded solution, and negative the advanced solution. The derivation of
these Green’s functions can be found derived in many places, including [1], [2], and [3]

I wasn’t familiar with the 1D and 2D Green’s functions for the wave equation. Grok says they are,
respectively

G(r, τ) = − c
2

Θ(±τ − r/c)

G(r, τ) = − 1
2π

√
τ2 − r2/c2

Θ(±τ − r/c).
(1.4)

At least for the time being, I thought that I’ll attempt to verify these, instead of deriving them. For the
1D case, this turns out to be fairly straightforward. Perhaps unexpectedly, that isn’t true for the 2D case,
and I’ll have to revisit that case in other ways. In this post, I’ll show the verification of the 1D Green’s
function, and my partial attempt to verify the 2D case.

1.1 1D Green’s function verification.

We will use the Heaviside theta representation of the absolute value.

|x| = xΘ(x) − xΘ(−x). (1.5)
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Recall that the derivative of the absolute value function is a sign function

|x|′ = Θ(x) − Θ(−x) + xδ(x) + xδ(−x)
= Θ(x) − Θ(−x) + 2xδ(x)
= Θ(x) − Θ(−x)
= sgn(x),

(1.6)

where xδ(x) is zero in a distributional sense (zero if applied to a test function.)

sgn(x)′ = Θ(x)′ − Θ(−x)′

= δ(x) + δ(−x)
= 2δ(x).

(1.7)

Now let’s evaluate the x partials.

∂

∂x
Θ(τ − r/c) = −1

c
δ (τ − r/c)

∂

∂x
∣∣x − x′

∣∣
= −1

c
δ (τ − r/c) sgn(x − x′).

(1.8)

The second derivative is

∂2

∂x2 Θ(τ − r/c) = −1
c

(
−1

c
δ′ (τ − r/c) (sgn(x − x′))2 + δ (τ − r/c) 2δ(x − x′)

)
=

1
c2 δ′ (τ − r/c)− 2

c
δ (τ) δ(x − x′).

(1.9)

The transformation above from δ (τ − r/c) → δ(τ) is because the spatial delta function δ(x − x′) is zero
unless x = x′, and r = 0 at that point.

The time derivatives are easier to compute

∂2

∂t2 Θ(τ − r/c) =
∂

∂t
δ(τ − r/c)

= δ′(τ − r/c).
(1.10)

Putting the pieces together, we have(
∇2 − 1

c2
∂2

∂t2

)
Θ(τ − r/c) =

1
c2 δ′ (τ − r/c)− 2

c
δ (τ) δ(x − x′) − 1

c2 δ′(τ − r/c)

= −2
c

δ (τ) δ(x − x′).
(1.11)

Dividing through by −2/c gives us(
∇2 − 1

c2
∂2

∂t2

)
G(x − x′, t − t′) = δ

(
t − t′

)
δ
(
x − x′

)
, (1.12)
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as desired. The δ derivative terms can be given meaning, but they conveniently cancel out, so we don’t
have to think about that this time.

It’s easy to see that the advanced Green’s function has the same behaviour, since the two time partials
will bring down a factor of (±1)2 = 1 in general, which does not change anything above.

1.2 Attempted verification of the claimed 2D Green’s function.

Now let’s try to verify Grok’s claim for the 2D Green’s function, starting with a few helpful side calcula-
tions.

∇|r| = ∑
m

em∂m

√
∑
n
(xn − x′n)

2

=
1
2

2
x − x′

|x − x′|
= r̂

(1.13)

∇
(
τ2 − r2/c2)−1/2

= −1
2
(
τ2 − r2/c2)−3/2

(
−2r

c2

)
∇r

= −1
2
(
τ2 − r2/c2)−3/2

(
−2r

c2

)
r̂

=
r
c2

(
τ2 − r2/c2)−3/2

r̂

(1.14)

∇
(
τ2 − r2/c2)−3/2

= −3
2
(
τ2 − r2/c2)−5/2

(
−2r

c2

)
∇r

= −3
2
(
τ2 − r2/c2)−5/2

(
−2r

c2

)
r̂

=
3r
c2

(
τ2 − r2/c2)−5/2

r̂

(1.15)

∇Θ (±τ − r/c) = −1
c

δ (±τ − r/c)∇r

= −1
c

δ (±τ − r/c) r̂
(1.16)

∇δ (±τ − r/c) = −1
c

δ′ (±τ − r/c)∇r

= −1
c

δ′ (±τ − r/c) r̂
(1.17)
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∇ · r̂ = ∇ · x − x′

r

=
1
r
∇ ·

(
x − x′

)
+
(
x − x′

)
·∇1

r

=
2
r

+
(
x − x′

)
·
(
− 1

r2 r̂
)

=
2
r
− 1

r

=
1
r

.

(1.18)

In summary, with X = τ2 − r2/c2

∇|r| = r̂

∇X−1/2 =
1
c2 rr̂X−3/2

∇X−3/2 =
1
c2 3rr̂X−5/2

∇Θ = −1
c

δr̂

∇δ = −1
c

r̂δ′

∇ · r̂ =
1
r

.

(1.19)

We will want a couple helper Laplacian operations, including

∇2X−1/2 = ∇ ·
(

1
c2 rr̂X−3/2

)
=

1
c2 (∇ · r̂)

(
rX−3/2

)
+

1
c2 (r̂ ·∇r) X−3/2 +

r
c2

(
r̂ ·∇X−3/2

)
=

1
c2 X−3/2 +

1
c2 X−3/2 +

r
c2

(
1
c2 3rX−5/2

)
=

2
c2 X−3/2 +

3r2

c4 X−5/2.

(1.20)

The Laplacian of the step is

∇2Θ = ∇ ·
(
−1

c
δr̂
)

= −1
c
(∇ · r̂) δ − 1

c
r̂ ·∇δ

= − 1
rc

δ − 1
c

r̂ ·
(
−1

c
r̂δ′

)
= − 1

rc
δ +

1
c2 δ′.

(1.21)
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We are now ready to compute the Laplacian of ΘX−1/2. Let’s expand the chain rule for that, so that
the rest of the job is just algebra

∇2 ( f g) = ∇ · ( f∇g) + ∇ · (g∇ f )

= f∇2g + ∇ f ·∇g + g∇2 f + ∇g ·∇ f

= f∇2g + 2∇ f ·∇g + g∇2 f .

(1.22)

We want to sub in
∇2Θ = − 1

rc
δ +

1
c2 δ′

∇2X−1/2 =
2
c2 X−3/2 +

3r2

c4 X−5/2

∇X−1/2 =
1
c2 rr̂X−3/2

∇Θ = −1
c

δr̂.

(1.23)

We get

∇2
(

ΘX−1/2
)

=
(
− 1

rc
δ +

1
c2 δ′

)
X−1/2 +

(
2
c2 X−3/2 +

3r2

c4 X−5/2
)

Θ − 2
1
c2 rX−3/2 1

c
δ

=
1
c2 X−1/2δ′ +

1
c2

(
2
(
τ2 − r2/c2) +

3r2

c2

)
X−5/2Θ − 1

rc
(
τ2 − r2/c2 + 2r2/c2) X−3/2δ

=
1
c2 X−1/2δ′ +

1
c2

(
2τ2 +

r2

c2

)
X−5/2Θ − 1

rc

(
τ2 +

r2

c2

)
X−3/2δ

(1.24)
We are ready to evaluate the time derivatives now. Let’s try it the same way with

∂tt ( f g) = ∂t ( f ∂tg + g∂t f )
= g∂tt f + f ∂ttg + 2 (∂t f ) (∂tg) .

(1.25)

A couple of the time partials can be computed by inspection

∂tΘ = ±δ

∂ttΘ = (±1)2 δ′,
(1.26)

and for the rest, we have

∂tX−1/2 = −1
2

X−3/2∂tX

= −1
2

X−3/22τ

= −τX−3/2,

(1.27)
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and
∂ttX−1/2 = −X−3/2 − τ∂tX−3/2

= −X−3/2 + 3τ2X−5/2.
(1.28)

Assembling the pieces, we have

∂tt

(
ΘX−1/2

)
=
(
−X−3/2 + 3τ2X−5/2

)
Θ + δ′X−1/2 + 2 (±δ)

(
−τX−3/2

)
= δ′X−1/2 +

(
−

(
τ2 − r2/c2) + 3τ2) X−5/2Θ ∓ 2τX−3/2δ

= δ′X−1/2 +
(
2τ2 + r2/c2) X−5/2Θ ∓ 2τX−3/2δ.

(1.29)

The wave equation operation on ΘX−1/2 is(
∇2 − (1/c2)∂tt

)
ΘX−1/2 =

1
c2

(
2τ2 +

r2

c2

)
X−5/2Θ − 1

rc

(
τ2 +

r2

c2

)
X−3/2δ

− 1
c2

(
2τ2 + r2/c2) X−5/2Θ ± 2

c2 τX−3/2δ

= − 1
rc

(
τ2 +

r2

c2

)
X−3/2δ ± 2

c2 τX−3/2δ

=
1
c2

(
− cτ2

r
− r

c
± 2τ

)
X−3/2δ.

(1.30)

So, after all that we have(
∇2 − (1/c2)∂tt

)
G = − 1

2πc2

(
− cτ2

r
− r

c
± 2τ

)
δ(±τ − r/c)

(τ2 − r2/c2)3/2
. (1.31)

This is a very problematic expression. The delta function is zero everywhere but ±τ = r/c, but the
denominator blows up at ±τ = r/c, and the leading factor is also zero at that point:(

− c
r

τ2 − r
c
± 2τ

)∣∣∣
±τ=r/c

= − c
r

( r
c

)2
− r

c
+ 2

r
c

= 0.
(1.32)

So, we’ve computed something that has a 0×∞/0 structure at ±τ = r/c. Presumably, this has the infinite
value δ(x − x′)δ(y − y′)δ(t − t′) at that point.

I think that the root problem here is that the derivatives of
(
τ2 − r2/c2)−1/2 are not defined where

τ = ±r/c, so we have a zero result for any region of spacetime where that is not the case, but can’t say
much about it at other points without additional work.

Attempting to describe this physically, I think that we’d say that we have discovered that a constant
velocity wave of this form has to propagate on the “light cone”. We see something like that for the 3D
Green’s function too, which is explicitly zero off the light cone, not just after application of the wave
equation operator.
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Followup:

1. Is there a better representation of the 2D Green’s function than this one? I think it’s time to look
up some more advanced handling of Green’s function to get a better handle on this. I’d guess that
there’s a Green’s function for the 2D wave equation related to Bessel functions, like that of the 2D
Helmholtz operator.

2. It should also be possible to perform a limiting convolution verification, in the neighbourhood of
the light cone, and then look at the limit of that convolution. I’d expect that to be better behaved,
as it should avoid the singularity itself.

1.3 2nd attempted verification of the claimed 2D Green’s function.

Let’s try verifying the Green’s function using a convolution

I(x) =
(
∇2 − 1

c2 ∂tt

)
− 1

2π

∫ Θ(±(t − t′) − |x − x′|/c)

((t − t′)2 − |x − x′|/c2)1/2
d2x′dt′ (1.33)

1.4 Deriving the Green’s functions.

Having had trouble verifying the 2D Green’s function, let’s try deriving them ourselves.

1.4.1 Setup.

Let’s try solving the forced wave equation(
∇2 − 1

c2
∂2

∂t2

)
f (x, t) = g(x, t), (1.34)

using Fourier transform pairs

F(x, t) =
1(√

2π
)N+1

∫
ejk·x+jωt F̂(k, ω)dNkdω

F̂(k, ω) =
1(√

2π
)N+1

∫
e−jk·x−jωtF(x, t)dNxdt.

(1.35)

We can now transform eq. (1.34), expressing f , g in terms of their transforms(
(jk)2 − (jω)2 /c2

)
f̂ = ĝ, (1.36)
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or
f̂ =

ĝ
(ω/c)2 − k2 , (1.37)

or
f (x, t) =

1(√
2π

)N+1

∫
ejk·x+jωt ĝ(k, ω)

(ω/c)2 − k2 dNkdω

=
1

(2π)N+1

∫
ejk·x+jωt g(x′, t′)

(ω/c)2 − k2 dNkdωe−jk·x′−jωt′dNx′dt′

=
∫

dNx′dt′g(x′, t′)G(x, x′, t, t′),

(1.38)

where

G(x, x′, t, t′) =
1

(2π)N+1

∫
dNkdω

ejk·(x−x′)+jω(t−t′)

(ω/c)2 − k2 . (1.39)

1.4.2 Evaluating the 1D Green’s function

For the 1D case we have

G(x, x′, t, t′) =
1

(2π)2

∫
dkdω

ejk(x−x′)+jω(t−t′)

(ω/c)2 − k2 (1.40)

Let’s write u = x − x′, and τ = t − t′, and displace the poles by an imaginary offset jϵ

Gϵ(u, τ) = − 1

(2π)2

∫
dkdω

ejku+jωτ

(k − (ω/c + jϵ)) (k + (ω/c + jϵ))
. (1.41)

Let’s start by assuming that ϵ > 0. When u > 0, we can use a upper half plane contour in the k-plane,
enclosing ω/c + jϵ, to find

Gϵ(u, τ) = − 2π j

(2π)2

∫
dω

ejku+jωτ

k + (ω/c + jϵ)

∣∣∣∣
k=ω/c+jϵ

=
1

4π j

∫
dω

ejω(τ+u/c)

ω/c + jϵ
.

(1.42)

However, for u < 0 we need the lower half plane contour that encloses −ω/c − jϵ. Our residue calcula-
tion is

Gϵ(u, τ) = −−2π j

(2π)2

∫
dω

ejku+jωτ

k − (ω/c + jϵ)

∣∣∣∣
k=−ω/c−jϵ

=
1

4π j

∫
dω

ejω(τ−u/c)

ω/c + jϵ
.

(1.43)
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Merging the two cases, we have

Gϵ(u, τ) =
1

4π j

∫
dω

ejω(τ+|u|/c)

ω/c + jϵ

=
c

4π j

∫
dω

ejω(τ+|u|/c)

ω + jϵc

(1.44)

This can be integrated in the ω-plane, with the pole at −jϵc. For τ + |u|/c > 0, we need an upper half
plane infinite semicircular contour, but have no enclosed pole. For τ + |u|/c < 0, we have

Gϵ(u, τ) =
c(−2π j)

4π j
ejω(τ+|u|/c)

∣∣∣
ω=−jϵc

= − c
2

,
(1.45)

(in the limit.) Putting both pieces together, we have found the advanced Green’s function for the 1D
wave equation

G(u, τ) = − c
2

Θ(−τ − |u|/c). (1.46)

Having found the advanced solution with a positive pole displacement, it is reasonable to assume
that we will get the retarded solution, with a negative pole displacement ϵ < 0. This time, the upper
half plane infinite semicircular contour encloses the −ω/c − jϵ pole, and the lower half plane contour
encloses the ω/c + jϵ pole. This gives, us, for u > 0

Gϵ(u, τ) = − 2π j

(2π)2

∫
dω

ejku+jωτ

k − (ω/c + jϵ)

∣∣∣∣
k=−ω/c−jϵ

= − 1
4π j

∫
dω

ejω(τ−u/c)

ω/c + jϵ

= − c
4π j

∫
dω

ejω(τ−u/c)

ω − (−jϵc)

= −2π jc
4π j

ejω(τ−u/c)
∣∣∣
ω=−jϵc

Θ(τ − u/c)

= − c
2

Θ(τ − u/c),

(1.47)
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and for u < 0

Gϵ(u, τ) = −−2π j

(2π)2

∫
dω

ejku+jωτ

k + (ω/c + jϵ)

∣∣∣∣
k=ω/c+jϵ

=
1

4π j

∫
dω

ejω(τ+u/c)

ω/c + jϵ

=
c

4π j

∫
dω

ejω(τ+u/c)

ω − (−jϵc)

= −−2π jc
4π j

ejω(τ+u/c)
∣∣∣
ω=−jϵc

Θ(τ + u/c)

= − c
2

Θ(τ + u/c).

(1.48)

Combining the two cases, we’ve found the retarded solution

G(u, τ) = − c
2

Θ(τ − |u|/c). (1.49)

This matches Grok’s claim (which we also verified.)

1.4.3 The convolution integrals.

Let’s write out the convolution integrals for fun. They are

f (x, t) = − c
2

∫ ∞

−∞
dt′

∫ ∞

−∞
dx′Θ(±(t − t′) −

∣∣x − x′
∣∣/c)g(x′, t′). (1.50)

For the retarded case, we need only evaluate the step over the region

t − t′ −
∣∣x − x′

∣∣/c > 0, (1.51)

or
t −

∣∣x − x′
∣∣/c > t′. (1.52)

For the advanced case, we want the restriction

−t + t′ −
∣∣x − x′

∣∣/c > 0, (1.53)

or
t′ > t +

∣∣x − x′
∣∣/c, (1.54)

so the retarded convolution is

f (x, t) = − c
2

∫ ∞

−∞
dx′

∫ t−|x−x′|/c

−∞
dt′g(x′, t′), (1.55)

and the advanced convolution is

f (x, t) = − c
2

∫ ∞

−∞
dx′

∫ ∞

t+|x−x′|/c
dt′g(x′, t′). (1.56)
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1.5 TODO.

Next up will be an attempt to find the 2D Green’s function, and then for good measure, we should try to
find the 3D case ourselves.
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