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Center of mass on line of symmetry

Suppose that we have equal density thin plate, with surface density p, with rotational symmetry about
some axis, as illustrated in fig. 1.1.
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Figure 1.1: An flat mass with rotational symmetry

In the plot example, I've plotted a positive function g(x) = |f(x)|, and rotated it, plotting —g(a — x)
below the axis, with the whole things bounded, in this case by x € [-2,5]. We don’t actually need those
bounds if the function is integrable everywhere (we just need a finite mass, i.e.: a finite area).

The problem of computing the center of mass coordinates is to find the values

M = /deA

JM = /UydA,

where M = [ 0dA. We are also only interested in 7, since we want to show that the center of mass lies
on the axis of symmetry. In symbols, with the surface mass density ¢ constant, that is

1
7= / ydxdy. (1.2)
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Let’s ignore the bounds in the example, and perform the integral for all x. If the area is bounded, then

that integral will be zero outside of some region. That is
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A change of variables u = a — x in the second integral gives
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which is exactly the first integral (other than a change of dummy variables.) That means

y=0.
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This wasn’t the most general function, as we used a well behaved function (not a relation), that isn’t
multivalued for any value of x, but this argument would still work (requiring superposition arguments

to generalize it.)
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