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Some line integral examples of the Fundamental theorem of geometric
calculus

On my discord server, Frank asked about his attempt to demonstrate an example line integral computa-
tion of the fundamental theorem of geometric calculus.

Before working through his example, and some others, it is first worth restating the line integral spe-
cialization of the Fundamental theorem of geometric calculus:

—| Theorem 1.1: Fundamental theorem of geometric calculus (line integral version.)

Given multivectors F, G, a single variable parameterization x = x(u), with line element dx = dux,,

<
X, = 0x/du, d=x"0/du, and x" - x, = 1, then the line integral is related to the boundary by

<~
/Fdx d G = FGl,,.

It is very important to point out that the derivative operator here is the vector derivative, and not the
gradient. Roughly speaking, the vector derivative is the projection of the gradient onto the tangent space.
In this case, the tangent space is just the line in the direction x,,, which may vary along the parameterized
path.

Here are some examples of some one variable parameterizations, all in two dimensions

1. x = uey +yper. We compute

_du_
Xu = ox e
u _
> (1.1)
dx = dueq
d
a - ela.
and dxd = 9/du. The fundamental theorem is really just a statement that
d
/@ (FG)du = FG|,,. (1.2)
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2. x = aueq + fuey, where «, B are constants. i.e.: a line, but not necessarily on the horizontal this time.
This time, we compute
Xy = neq + e

w1 _aer+pe

X =" =" 5.
Xy a*+ B (13)
dx = du (aeq + fey)
__ 1 9
~ wep+Beyou’
Again, we have dxd = d/du, and the story repeats.
3. x = Re1é?, i = eje;. This time we are going along a circular arc.
Let £ = e1e?, and 0 = eze’®. We can compute
Xgp = R82€i9 = Ré
o_1__1 _1,
i
xeA Reye! R (1.4)
dx = doo
6o
a -_ E%-

This time, probably to no suprise, we have dxd = 9/00, so the fundamental theorem for this pa-
rameterization is a statement that

/;0 (FG)d6 = FG| . (1.5)

4. x = re%, where 6 is a constant. We’ve already computed this above with a Cartesian representation
of a line, but can do it again this time with an explicitly radial parameterization. We compute

X, = ee'®
1 .
X = — =ee®
X
r 0 (1.6)
dx = dree'?
o 0
9 =¢%_—.
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This time, dxd = 9/dr, and the fundamental theorem for this parameterization is a statement that

/aar(FG)dr - FG|,,. (1.7)



Observe that we do not get the same result if we use the gradient instead of the vector derivative. We
may only make a gradient substitution for the vector derivative when the dimension of the hypervol-
ume integral equals the dimension of the vector space itself. For a line integral that would mean we
are restricting the domain of the underlying vector space to R!, which isn’t a very interesting case for
geometric algebra.

In Frank’s example, he was working with a generating vector space of R?, with the horizontal param-
eterization x = ue; + ype; that we used in the first example (with F = 1,G = xyi, where i = eje;, the
pseudoscalar for the space).

Let’s see what happens if we compute a similar integral, but swapping out the vector derivative with
the gradient

/ XV xyi = / due; (e19y + edy) (xyi)
= /du91 (ery +exx)i
= /du (y+ix)i (1.8)
=/du(y0+iu)i
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As well as the pseudoscalar term that we had when evaluating the fundamental theorem integral, this
time we have an extra scalar term, a contribution that goes back to the y component of the gradient.
There is nothing wrong with performing such an integral, but it’s not an instance of the fundamental
theorem, and the same tidy answer should not be expected. In Frank’s original example, he also didn’t
put the x adjacent to the differential operator, which is required to get the perfect cancelation of the
tangent space vectors that we’ve seen in the evaluations above.
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